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A B S T R A C T 

We examine the effect of thermal conduction on the low-angular momentum hot accretion flow (HAF) around non-rotating black 

holes accreting mass at very low rate. While doing so, we adopt the conductive heat flux in the saturated form, and solve the set 
of dynamical equations corresponding to a steady, axisymmetric, viscous, adv ectiv e accretion flow using numerical methods. 
We study the dynamical and thermodynamical properties of accreting matter in terms of the input parameters, namely energy 

( ε 0 ), angular momentum ( � 0 ), viscosity parameter ( α), and saturation constant ( � s ) regulating the effect of thermal conduction. 
We find that � s plays a pivotal role in deciding the transonic properties of the global accretion solutions. In general, when 

� s is increased, the critical point ( r c ) is receded away from the black hole, and flow variables are altered particularly in the 
outer part of the disc. To quantify the physically acceptable range of � s , we compare the global transonic solutions with the 
self-similar solutions, and observe that the maximum saturation constant ( � 

max 
s ) estimated from the global solutions exceeds 

the saturated thermal conduction limit ( � sc ) derived from the self-similar formalism. Moreo v er, we calculate the correlation 

between α and � 

max 
s and find ample disagreement between global solutions and self-similar solutions. Further, using the global 

flo w v ariables, we compute the Bernoulli parameter ( Be ) which remains positi ve all throughout the disc, although flo w becomes 
loosely unbound for higher � s . Finally, we indicate the rele v ance of this work in the astrophysical context in explaining the 
possibility of mass-loss/outflows from the unbound disc. 

Key words: accretion, accretion disc – black hole physics – conduction – hydrodynamics. 
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 I N T RO D U C T I O N  

he accretion of gas onto black holes (BHs) is believed to be one of
he primary sources of power for a wide range of active phenomena in
ur Universe, such as X-ray binaries (XRBs), gamma-ray bursts and 
ctive galactic nuclei (AGNs; e.g. Lamb, Lamb & Pines 1973 ; Treves
t al. 1988 ; Esin, McClintock & Narayan 1997 ; Fryer, Woosley &
artmann 1999 ; Davis, Done & Blaes 2006 ; Wilkinson & Uttley
009 ; Yuan et al. 2010 ; Veledina, Poutanen & Vurm 2013 ; Chatterjee
t al. 2020 ). In terms of their temperature, the accreting gas can
e classified into two very distinct categories, namely cold and hot 
ccretion flows. The cold accretion flows, commonly explained using 
ither standard thin disc model (Shakura & Sunyaev 1973 ) and/or the
lim disc model (Abramowicz et al. 1988 ), are radiatively efficient, 
nd remain optically thick. These models are characterized by high 
ass accretion rate usually exceeds the Eddington limit. Indeed, the 

old accretion models with temperatures in the range of 10 4 –10 7 K
uccessfully explain the spectrum of luminous AGNs (Liu et al. 
012 ; Netzer & Trakhtenbrot 2014 ), black hole X-ray binaries (BH-
RBs) in the high-soft state (Meyer, Liu & Meyer-Hofmeister 2000 ; 
exter & Quataert 2012 ), narrow-line Seyfert galaxies (Mineshige 
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t al. 2000 ; Wang & Netzer 2003 ; Haba et al. 2008 ), and ultra-
uminous X-ray sources (Watarai, Mizuno & Mineshige 2001 ; 
hen & Wang 2004 ; Godet et al. 2012 ; Soria et al. 2015 ). 
On the contrary, in a hot accretion model with a low mass accretion

ate, only a small fraction of the energy generated by turbulence is
adiated away and most of the thermal energy is stored in the accretion
ow, which is then advected into the BH. As a result, the temperature
f the gas becomes extremely high although its density and scale
eight remain smaller in comparison with the well-known standard 
hin disc (Shakura & Sunyaev 1973 ). Hot accretion flows (HAFs), the
ubject of this study, have a drastically reduced radiative efficiency, 
eading to this model being referred to as a radiatively inefficient
ccretion flow (Ichimaru 1977 ; Narayan & Yi 1994 ; Yuan & Narayan
014 ). 
It is noteworthy that HAF models successfully explain the observa- 

ional features of various BH systems including the supermassive BH 

n our Galactic center (Sgr A ∗; Manmoto, Mineshige & Kusunose
997 ; Yuan, Markoff & Falcke 2002 ; Yuan & Narayan 2014 ), M87
Re ynolds et al. 1996 ; P ark et al. 2019 ), and the other low-luminosity
 GNs (LLA GNs; Lasota et al. 1996 ; Nemmen et al. 2006 ; Nemmen,
torchi-Bergmann & Eracleous 2014 ; Younes et al. 2019 ), and also
H-XRBs in the hard/quiescence states (Esin et al. 1997 ; Hameury
t al. 1997 ; Yuan & Cui 2005 ; Liu, Done & Taam 2011 ). 

One of the most important findings of the numerical simulations 
s the existence of outflows in HAFs (e.g. Ohsuga et al. 2009 ; Yuan,

http://orcid.org/0000-0003-4399-5047
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u & Bu 2012a ; Yuan, Bu & Wu 2012b ; Yuan et al. 2015 ; Bu et al.
016b , c ; Mosallanezhad et al. 2022 ) that has been confirmed by
bservation of LLAGNs and XRBs (e.g. Wang et al. 2013 ; Cheung
t al. 2016 ; Homan et al. 2016 ; Ma et al. 2019 ; Park et al. 2019 ).
n the presence of outflows, mass, angular momentum, and energy
re remo v ed from the disc, which can hav e a profound effect on
he dynamics and structure of the flow (Yuan et al. 2018 ; Bu &
ang 2019 ). Therefore, the modelling of HAFs is able to make

he properties of winds/outflows easier. For instance, a recent study
f Yang et al. ( 2021 ) indicates that a larger BH spin and stronger
agnetic fields lead to stronger winds/outflows from the disc. 
Taking into account the temperature and density profiles of the

AFs with very low accretion rates, it appears that the collisional
ean free paths of the charged particles are much larger than the

ypical length-scale of accretion flows, i.e. r g = GM BH / c 2 , where r g 
s the gravitational radius, and G , M BH , and c are the gravitational
onstant, the BH mass, and speed of light, respectively (Mahadevan &
uataert 1997 ; Tanaka & Menou 2006 ; Johnson & Quataert 2007 ).
he plasma in HAFs is, therefore, expected to be collisionless with

hermal conduction playing a significant role. 
The effect of thermal conduction on the physical properties of

AFs has been explored in several studies based on self-similar
ssumptions (Tanaka & Menou 2006 ; Shadmehri 2008 ; Faghei
012b ; Khajenabi & Shadmehri 2013 ; Ghoreyshi & Shadmehri 2020 ;
osallanezhad et al. 2021 ). In an early attempt, Tanaka & Menou

 2006 ) reported that thermal conduction in HAFs possibly helps
he gas to be launched from the disc as outflows. In addition, the
ffect of thermal conductivity on the energy flux of outflows as
ell as the size of the outflowing region appears to be significant

Khajenabi & Shadmehri 2013 ). Meanwhile, numerical simulations
f HAFs indicate that the energy flux carried by the outflows in the
resence of thermal conduction can be increased by a factor of ∼10
Bu, Yuan & Stone 2011 ; Bu, Wu & Yuan 2016a ). Further, Narayan &
i ( 1995a , b ) suggested that the positive Bernoulli parameter is

equired for outflows to occur in an accretion disc. As a result, the gas
ecomes gravitationally unbound and escapes from the gravitational
otential of the central BH. It is noteworthy that a positive Bernoulli
arameter results from the self-similar framework as well (Nakamura
998 ; Yuan 1999 ; Abramo wicz, Lasota & Igumenshche v 2000 ; Yuan
t al. 2015 ). 

Although the self-similar solutions provide the physical insights
f the accretion flow, they fail to decipher the global behaviour of
he accretion flow, especially at the inner and outer disc boundaries
Narayan, Kato & Honma 1997 ; Chen, Abramowicz & Lasota 1997 ).
ecause of this, several authors investigated the global solutions to
AFs around BHs in a self-consistent manner (Abramowicz et al.
996 ; Narayan et al. 1997 ; Chen et al. 1997 ; Nakamura et al. 1997 ;
opham & Gammie 1998 ; Lu, Gu & Yuan 1999 ; Becker & Le 2003 ;
hakrabarti & Das 2004 ; Das 2007 ; Yuan, Ma & Narayan 2008 ;
as, Becker & Le 2009 ; Narayan & F abian 2011 ; K umar & Gu
018 ; Kumar & Yuan 2021 ; Das et al. 2022 ; Mitra et al. 2022 ). A
ioneering and fascinating study of the global structure and dynamics
onsidering single temperature HAFs was carried out by Narayan
t al. ( 1997 ). Upon comparing the global and self-similar solutions,
hey showed that the self-similar solutions satisfactorily mimic the
egions a v oiding the inner and the outer boundaries of the disc. Due
o this, the spectra derived by using the self-similar solutions require
odifications, as the swarm of high energy photons originated from

he regions near the inner boundary is not accounted appropriately.
n addition, Narayan et al. ( 1997 ) reported that the global solution
eads to a ne gativ e Bernoulli parameter in the outer regions of the
isc (see also Yuan 1999 ; Kumar & Gu 2018 ). Further, Yuan ( 1999 )
NRAS 523, 4431–4440 (2023) 
howed that the outer boundary conditions may significantly affect
he value of Bernoulli parameter and its sign, as well. In reality,
he Bernoulli parameter depends not only on the outer boundary
onditions, but also on factors, such as the viscosity parameter, the
diabatic index, and the advection parameter (Narayan et al. 1997 ;
opham & Gammie 1998 ; Narayan & Fabian 2011 ; Kumar & Gu
018 ). 
Over the course of accretion, the infall velocity approaches the

peed of light when the accreting matter enters the BH (Weinberg
972 ), while it becomes negligible at large distances away from the
H horizon (Frank, King & Raine 2002 ; Das 2007 , and references

herein). As a result, the accreting gas experiences a subsonic to
upersonic transition at a point called the critical point (Liang &
hompson 1980 ; Abramowicz & Zurek 1981 ). The critical point
epends on the value of the viscosity parameter and the outer
oundary conditions (Chakrabarti 1996 ; Narayan et al. 1997 ; Yuan
999 ; Chakrabarti & Das 2004 ; Yuan et al. 2008 ). Moreo v er, if there
re multiple critical points in accretion flows, the flows may undergo
hocks (Fukue 1987 ). The shocked disc may satisfy the observational
riteria for the formation of the observed outflows (Das et al. 2001 ;
ecker, Das & Le 2008 ; Das & Chattopadhyay 2008 ; Das et al. 2009 ;
ktar, Das & Nandi 2015 ; Aktar et al. 2017 , 2018 ). In particular,
as et al. ( 2009 ) demonstrated that the existence of shocks relies
n the level of viscous dissipation. However, Narayan et al. ( 1997 )
xamined similar transonic solutions for a wide range of the viscosity
arameter, but did not report any shock (see also Chen et al. 1997 ;
akamura et al. 1997 ; Lu et al. 1999 ; Yuan et al. 2008 ), possibly due

o the choice of selective boundary conditions. 
Considering all these, in this work, we intend to examine the

hree primary objectives concerning the HAFs. First, we aim to
nvestigate the global transonic solutions of HAFs that include
hermal conduction. This is particularly rele v ant for systems with
n extremely low mass accretion rate, such as Sgr A ∗ and M87,
here the accretion flows are weakly collisional. In such systems,

he electron collisional mean free path can be comparable to the
ypical size of the system, resulting in a significant influence of
hermal conduction on the dynamics of the accretion flow and energy
ransport from the inner to outer regions (Johnson & Quataert 2007 ;
uataert 2008 ). Our ne xt objectiv e is to determine the range of the

hermal conduction parameter within which the global solutions are
iable for the given set of physical input parameters. This is an
ssential step in our study, as it allows us to identify the critical
hreshold for thermal conduction for which the global solutions
ease to exist. Thirdly, we compare the results of global transonic
olutions with the self-similar solutions of HAFs in the presence of
hermal conductivity. This analysis provides a more detailed under-
tanding of the impact of thermal conduction on the dynamics of
AFs. 
The remainder of the manuscript is organized as follows: In Sec-

ion 2 , the basic equations, physical assumptions, and the boundary
onditions are introduced. The numerical results are presented in
etail in Section 3 . Finally, in Section 4 , we provide the discussion
nd summary of the present work. 

 H OT  AC C R E T I O N  FLOW S  WI TH  SA  T U R A  TED  

H E R M A L  C O N D U C T I O N  

e begin with a low angular momentum steady axisymmetric
iscous adv ectiv e accretion flow around a non-rotating BH. More-
 v er, we assume that the mass accretion takes place at very low
ate representing the radiatively inefficient HAF. In the subsequent
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ections, we study the properties of the HAF in the presence of
hermal conduction. 

.1 Dynamical equations 

n order to deal with the HAF, we adopt a cylindrical coordinate
ystem ( r , φ, z). We employ the same set of height-integrated
o v erning equations as delineated in Narayan et al. ( 1997 ) except the
nergy equation, where we include the effect of thermal conduction. 
n addition, we consider the hydrostatic equilibrium in the vertical 
irection and hence, the flo w v ariables are vertically averaged. 
ccordingly, in this formulation, the flow variables are expressed as 

unctions of the cylindrical radius r only. Under these assumptions, 
he go v erning equations are giv en by, 

˙
 = −4 πrH ρv, (1) 

 

d v 

d r 
= ( 
2 − 
2 

K 
) r − 1 

ρ

d( ρC 

2 
s ) 

d r 
, (2) 

r H v 
d( 
r 2 ) 

d r 
= 

d 

d r 

(
νρH r 3 

d 


d r 

)
, (3) 

ρv 

( γ − 1) 

d C 

2 
s 

d r 
− C 

2 
s v 

d ρ

d r 
= f νρr 2 

(
d 


d r 

)2 

− 1 

r 

d( rF s ) 

d r 
. (4) 

n the abo v e equations, ρ and 
 are the mass density and the angular
elocity of the gas, respectively. The radial velocity of the flow v is
ssumed to be ne gativ e for an inward flow of gas. Here, H ≡ C s /
K 

s the vertical half-thickness of the flow, where C s is the isothermal
ound speed and 
K is the Keplerian angular velocity. Adopting 
seudo-Newtonian potential 
 = −GM BH /( r − r s ) (P aczy ́nsk y &
iita 1980 ), the Keplerian angular velocity is given by, 

2 
K 

= 

GM BH 

r( r − r s ) 2 
, (5) 

here r s = 2 GM BH / c 2 is the Schwarzschild radius for a BH with
ass M BH . The last term on the right-hand side of equation ( 2 ) is the

cceleration due to the pressure gradient. Here, the pressure is defined 
y the isothermal sound speed C s and the density ρ as p = ρC 

2 
s . A

hakura–Sunyaev prescription (Shakura & Sunyaev 1973 ) is adopted 
or the kinematic coefficient of viscosity ( ν) as, 

= αC s H , (6) 

here α is the viscosity parameter. We assume that the viscosity 
arameter is a constant, and is independent of r . By substituting
quation ( 6 ) into equation ( 3 ), and using equation ( 1 ), we have, 

d 

d r 

(
ρH vr 3 


) = 

d 

d r 

(
αC 

2 
s ρH r 3 


K 

d 


d r 

)
, (7) 

hich on integration gives 

d 


d r 
= 

v
K ( � − � 0 ) 

αr 2 C 

2 
s 

, (8) 

here � = 
r 2 is the angular momentum per unit mass (hereafter
pecific angular momentum) for the accreting gas at radius r . The
ntegration constant � 0 represents the specific angular momentum 

 ventually swallo wed by the BH. In energy equation ( 4 ), γ is the
atio of specific heats of the gas. The advection parameter f ( = 1

Q rad / Q vis ) is assumed to be a constant which lies in the range 0
f ≤ 1. Here, Q vis and Q rad denote viscous heating and radiative 

ooling rates. Since the collisional mean free paths of the charged 
articles in HAFs are much larger than the typical length-scale of
he accretion flows, one may no longer apply the classical theory for
hermal conduction. Under these conditions, the heat flux is described 
s the saturated form of conduction. The last term on right-hand side
f equation ( 4 ) represents the transfer of energy due to the saturated
hermal conduction. Following Cowie & McKee ( 1977 ), the saturated 
onduction flux F s is obtained as, 

 s = 5 � s ρC 

3 
s , (9) 

here � s is the dimensionless saturation constant with 0 ≤ � s 

 1. It is noteworthy that the self-similar solutions describing the
ccretion flow tend to become non-rotating ( 
 → 0) when the 
aturation constant ( � s ) reaches its limiting value ( � sc ; Shadmehri
008 ; Ghasemnezhad, Khajavi & Abbassi 2012 ; Faghei 2012a ;
horeyshi & Shadmehri 2020 ). Accordingly, the physically accept- 

ble accretion solutions around a BH are given by the remaining
llowed range of the saturation constant, 0 ≤ � s ≤ � sc . 

.2 Critical point and boundary conditions 

sing equations ( 1 ), ( 4 ), ( 8 ), and ( 9 ), we get the radial gradient of
he sound speed as, (

γ + 1 

γ − 1 
+ 10 � s 

C s 

v 

)
d ln C s 

d r 
= −

(
1 − 5 � s 

C s 

v 

)
d ln | v| 

d r 

+ 

(
1 − 5 � s 

C s 

v 

)
d ln 
K 

d r 
− 1 

r 
+ 

f v
K 

αr 2 C 

4 
s 

(
� − � 0 

)2 
. (10) 

We next use equations ( 1 ) and ( 10 ) to eliminate d ρ/d r and
 C s /d r in equation ( 2 ) and thereby express the differential dynamical
quation as, 
[

2 γ + 5 � s ( γ − 1) C s /v 

( γ + 1) + 10 � s ( γ − 1) C s /v 
− v 2 

C 

2 
s 

]
d ln | v| 

d r 

= 

r 
(

2 

K 
− 
2 

)
C 

2 
s 

−
[

2 γ + 10 � s ( γ − 1) C s /v 

( γ + 1) + 10 � s ( γ − 1) C s /v 

]
1 

r 

+ 

[
2 γ + 5 � s ( γ − 1) C s /v 

( γ + 1) + 10 � s ( γ − 1) C s /v 

]
d ln 
K 

d r 
+ 

f 
K v 

αr 2 C 

4 
s 

×
[

γ − 1 

( γ + 1) + 10 � s ( γ − 1) C s /v 

]
( � − � 0 ) 

2 . (11) 

We numerically solve the differential equations ( 8 ), ( 10 ), and ( 11 )
o obtain the radial profile of v, C s and � . In doing so, one requires
o supply the boundary conditions. As stated in the introduction, 
he inflowing gas starts its journey from the outer edge of the disc
ith negligible radial velocity ( | v| � c , i.e. subsonic). Ho we ver,

he matter flows into the BH with supersonic velocity ( | v| ∼ c ) to
atisfy the inner boundary conditions imposed by the event horizon. 
herefore, the flow must change its sonic state at the critical point
 r c ) to become transonic at least once, if not multiple times. At the
ritical point, the radial velocity gradient takes the form d v /d r | c = 0/0
s both numerator N c and denominator D c simultaneously vanish 
t r c , and we have the critical point conditions N c = D c = 0, which
re explicitly yielded as, 

 c ≡ 2 γ + 5 � s ( γ − 1) C sc /v c 

( γ + 1) + 10 � s ( γ − 1) C sc /v c 
− v 2 c 

C 

2 
sc 

= 0 , (12) 

 c ≡
r c 

(

2 

K 
− 
2 

c 

)
C 

2 
sc 

−
[

2 γ + 10 � s ( γ − 1) C sc /v c 

( γ + 1) + 10 � s ( γ − 1) C sc /v c 

]
1 

r c 

+ 

[
2 γ + 5 � s ( γ − 1) C sc /v c 

( γ + 1) + 10 � s ( γ − 1) C sc /v c 

]
d ln 
K 

d r 
+ 

f 
K v c 

αr 2 c C 

4 
sc 

×
[

γ − 1 

( γ + 1) + 10 � s ( γ − 1) C sc /v c 

]
( � c − � 0 ) 

2 = 0 , (13) 
MNRAS 523, 4431–4440 (2023) 
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here v c , 
c , C sc , and � c denote the radial and the angular velocities,
ound speed, and the angular momentum at the critical point ( r c ),
espectively. Since the flow remains smooth along the streamline,
 v /d r must be real and finite all throughout. Hence, we calculate
 v /d r | c by applying the L 

′ 
H ̂ opital’s rule, leading to 

d v 

d r 

)
c 

= 

(
d N / d r 

d D/ d r 

)
r= r c 

. (14) 

n general, d v /d r | c possesses two distinct values at r c . When both
alues of d v /d r | c are real and of opposite sign, i.e. d v /d r | c < 0, and
 v /d r | c > 0, we obtain saddle type critical points (Das 2007 ; Das et al.
009 ; Mitra et al. 2022 , and references therein). Note that saddle type
ritical points are of special interest as the global transonic accretion
ow has to pass through it (Chakrabarti & Das 2004 ). 
Another boundary condition implies the vanishing of the viscous

hear stress at the horizon (Becker & Le 2003 ; Das et al. 2009 ).
ence, considering d 
/d r = 0, we obtain, 

lim 

r→ r s 

( r) ≡ 
0 = 

� 0 

r 2 s 

. (15) 

Applying the aforementioned conditions and adopting the method-
logy outlined in the following subsection, we obtain the comprehen-
ive global transonic accretion solutions around BHs in the presence
f thermal conduction. With careful adherence to this approach,
e can accurately model the behaviour and characteristics of the

ccretion flow that provide the precious insights into the underlying
hysical processes under considerations. 

.3 Globally conser v ed ener gy equation 

n order to obtain the energy transport rate per unit mass of a viscous
dv ectiv e flow in the presence of thermal conduction, we rewrite
quation ( 4 ) as 

 = 

v 2 

2 
− � 2 

2 r 2 
+ 
 + h + 

�� 0 

r 2 
+ 

5 � s C 

3 
s 

v 

−
∫ 

(
5 � s C 

3 
s 

vH 

d H 

d r 

)
d r , (16) 

here h [ = γ p / ρ( γ − 1)] is the specific enthalpy. We note that the
aturated conduction flux decreases in regions of the accreting flow
here the electrons become relativistic (Tanaka & Menou 2006 ).
herefore, the effect of thermal conduction can be negligible in the

nner regions ( r in ) of the disc. Accordingly, we set � s ∼ 0 at r in , and
edefine the energy transport rate per unit mass ( ε 0 ) at r in as 

 0 = 

v 2 

2 
− � 2 

2 r 2 
+ 
 + h + 

�� 0 

r 2 
. (17) 

e fix the energy ε 0 at r in and obtain the global solutions following
he methodology as delineated in Appendix A . It is important to note
hat ε 0 is conserved for a viscous advective accretion flow. Moreover,
e express the Bernoulli parameter ( Be ; Nakamura et al. 1997 ) that

ontains the local information of radial motion, azimuthal motion,
ravity, and thermodynamic terms, and is given by, 

e = 

v 2 

2 
+ 

� 2 

2 r 2 
+ 
 + h. (18) 

eedless to mention that in absence of any viscosity, � = � 0 and
ence, we have ε 0 = Be . 

 N U M E R I C A L  RESULTS  

n obtaining the accretion solutions, we employ a unit system with
M BH = c = 1. This allows us to simplify our calculations and
NRAS 523, 4431–4440 (2023) 
btain results that are seamlessly compared with previous studies.
he structure of HAFs is influenced by a variety of factors, including

he energy transport rate ε 0 at r in , angular momentum transport rate
 0 at the horizon, the viscosity parameter α, the saturation constant
 s , and the ratio of specific heats, γ . In this study, we choose
= 1.5 unless stated otherwise, and set f = 1 for the purpose

f representation. To find the critical point location, we utilize the
teration methodology as described in Becker & Le ( 2003 ), Das
t al. ( 2009 ), and Kumar & Gu ( 2018 ) (see Appendix A for more
etails). We then solve the coupled differential equations ( 8 ), ( 10 ),
nd ( 11 ) simultaneously for a given set of input parameters ( ε 0 , � 0 ,
, � s ) to obtain the global solution for HAFs in the presence of

hermal conduction. This approach allows us to accurately model the
ehaviour of HAFs and gain insights into the complex processes that
o v ern their structure. 

.1 Global transonic solutions 

e choose a set of input parameters, ( ε 0 , � 0 , α) = (0.001, 2.75, 0.05),
nd integrate the flow equations ( 8 , 10 , 11 ) towards the outer edge
 r edge ) of the disc starting from r in = 2.001 considering � s = 0. The
btained results are depicted in Fig. 1 , where the solid (black) curve
moothly connects the horizon with r edge = 1000 via a critical point
t r c = 6.233. Solutions of this kind where a subsonic flow ( v � c )
rom a large distance smoothly crosses the BH horizon supersonically
re called global accretion solutions. Next, we increase the saturation
onstant to � s = 0.000 25, and notice that the obtained global solution
dashed curve in red) deviates from the global solution with � s = 0.
t is interesting to note that the global accretion solutions obtained
or different � s remain quite insensitive, particularly in the inner
egions of the disc. Ho we ver, the ef fect of thermal conduction on the
ccretion solutions is prominently visible in the region far from the
H horizon. We keep increasing the saturation constant to a critical
alue � s = 0.000 425 (dot–dashed curve in green), beyond that the
ow fails to connect the outer edge as the solution becomes closed
Sarkar, Das & Mandal 2018 ), shown using a dotted (magenta) curve.
f we keep increasing � s , we continue to obtain closed solutions
epicted in long-dashed (blue) and dot–dashed (purple) curves. Note
hat these solutions are apparently unphysical unless they join via
hock with other solutions passing through another critical point
sually located far away from the horizon (Fukue 1987 ; Chakrabarti
989 , 1996 ; Das et al. 2001 ; Chakrabarti & Das 2004 ; Das 2007 ;
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Figure 2. Variation of the critical point location ( r c ) as a function of � s . In 
panel (a), we fix ( α, � 0 ) = (0.05, 2.75), and show r c for ε 0 = 0.001, 0.0025, 
and 0.005. In panel (b), we choose ( ε 0 , α) = (0.001, 0.05), and obtain results 
for dif ferent v alues of the angular momentum at the horizon as � 0 = 2.75, 
2.85, and 2.95. In panel (c), we set ( ε 0 , � 0 ) = (0.001, 2.75), and vary the 
viscosity parameter as α = 0.05, 0.06, and 0.07. In each panel, open circles, 
squares, and asterisks represent the location of critical points r c . See text for 
the details. 
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2.75, 0.05). See text for the details. 
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as et al. 2009 ; Das et al. 2022 , and references therein). Finally,
e find an upper limit of the saturation constant, � s = 0.025,

bo v e which accretion solutions cease. We observe that the critical
oint shifts outwards when increasing the saturation constant (see 
ection 3.2 ). This finding contradicts the previously reported results 
Faghei 2012b ) and hence, we intend to analyse this in detail in the
ollowing Subsection 3.2 . 

.2 Dependency of critical point on input parameters 

n Fig. 2 , we find a unique correspondence between the critical point
ocation and the saturation constant ( � s ) for different combinations 
f ( ε 0 , � 0 , α). In Fig. 2a , we choose ( ε 0 , � 0 , α) = (0.001, 2.75,
.05), and start with � s = 0. For this configuration, we obtain the
ritical point at r c = 6.233, and as � s is increased, the critical point
hifts outwards. In reality, as � s is increased, the flow temperature 
t a given radial coordinate is decreased (see Fig. 3 b for more
etails), and hence, C s is also decreased there. Further, since Mach 
umber M r c [ = ( v/C s ) r c ] at r c remains largely insensitive to � s , r c 
hifts outward with the increase of � s to restore M r c . This result is
hown using open circles joined using solid (black) lines. Next, we 
eep ( � 0 , α) fixed, and increase energy to ε 0 = 0.0025 and 0.005
hat causes the critical point location to reduce (see open squares in
lue and open asterisks in red). Indeed, as energy is increased, the
emperature of the disc is also increased, which causes the critical
oints to mo v e inwards to maintain the higher temperature. In Fig. 2b ,
e fix ( ε 0 , α) = (0.001, 0.05) and vary angular momentum as � 0 =
.75, 2.85, and 2.95, respectively . Finally , in Fig. 2c , we only vary
he viscosity parameter as α = 0.05, 0.06, and 0.07 keeping other
arameters fixed. When � 0 or α is increased, the frictional force 
ncreases within the flow that eventually yielding enhanced viscous 
eating. Hence, the critical points mo v e inwards with the increase
f � 0 or α, although we observe an anti-correlation between � s and
ny one of the global input parameters, namely ε 0 , � 0 , and α, o v er
he variation of r c . However, the overall variation of the critical point
ocation ( r c ) with ε 0 , � 0 , and α appears to remain similar as was
eported earlier (Chakrabarti & Das 2004 ; Das et al. 2009 ; Das et al.
022 ; Mitra et al. 2022 ). 

.3 The effect of thermal conduction on flow variables 

n Fig. 3 , we depict the behaviour of flow variables corresponding to
he global transonic solutions in the presence of thermal conduction. 
ere, we set the input parameters as ( ε 0 , � 0 , α) = (0.0025, 2.75, 0.05).
he solutions are illustrated for different values of the saturation 
onstant as � s = 0.0, 0.0005, and 0.0010, which are plotted
sing solid (black), dashed (red), and dot–dashed (green) curves, 
espectively. In panel (a), the subsonic accretion flow from r edge =
000 starts accreting with negligible velocity and gradually gains 
adial velocity as it proceeds towards the BH. At r c , flow becomes
upersonic and ultimately crosses the horizon supersonically. Note 
hat flow velocity exceeds the speed of light just outside the horizon.
his happens due to the limitation of the pseudo-Newtonian potential 
hich deviates to mimic the space-time geometry of the BH there. For 
 s = 0.0, 0.0005, and 0.0010, the critical points are obtained at r c =

.0924, 6.1113, and 6.1219, respectiv ely. We find that radial v elocity
s increased marginally with � s at the inner part of the disc shown at
he inset, ho we ver, noticeably de viation is observed to wards the outer
art of the disc. In a convergent flow, the temperature ( T ) is increased
ith the decrease of r mainly due to the geometrical compression.
o we ver, the presence of thermal conduction generally leads to the

eduction of temperature, because the heat generated by the viscous 
issipation is transferred away due to the thermal conduction. As 
MNRAS 523, 4431–4440 (2023) 
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Figure 4. Comparison of the global (solid curves) and self-similar (dashed 
curves) solutions in the presence and absence of thermal conduction. In 
panels (a), (b), (c), and (d), radial velocity ( | v| ), sound speed ( C s ), angular 
momentum ( � ), and local disc thickness ( H / r ) are plotted, respectively. Here, 
we choose the input parameters for the global solutions as ( ε 0 , � 0 , α) = 

(0.0025, 2.75, 0.05; same as in Fig. 3 ). The thin and thick curves represent 
results for � s = 0 and � s = 0.001, respectiv ely. F or the self-similar solutions, 
we choose f = 1 and γ = 1.5. See text for the details. 
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xpected, the reduction of temperature at the outer edge of the disc
s observed (see panel b of Fig. 3 ), which are in agreement with
he results of the numerical simulation (Wu, Yuan & Bu 2010 ). In
anel (c), we display the variation of the angular momentum � with
 corresponding to the solutions presented in panel (a). We find
hat the angular momentum transport is very inefficient particularly
t the inner part of the disc, although the increase of � is seen at
igher radial coordinates. Meanwhile, Faghei ( 2012b ) argued that
or enhanced � s , viscous turbulence is reduced that weakens the
fficiency of angular momentum transport inside the disc. We further
ompare the flow angular momentum profile with the Keplerian
ngular momentum ( � Kep ) distribution (dotted curve in blue) and
bserve that � of HAFs remains sub-Keplerian all throughout. In
anel (d), we demonstrate the relative thickness of the disc H / r at all
adii. From the figure, it is clear that H / r � 1 is generally maintained
t the inner region; ho we ver, the flo w is intended to become quasi-
pherical H / r ∼ 1 towards the outer re gions. Moreo v er, we find that
he disc thickness is reduced in the outer regions as the influence
f thermal conduction is increased. This is naturally expected, as
he increased � s generally reduces the disc temperature ( T ) at the
uter part of the disc that eventually resulted the reduction of the disc
eight. 

.4 Self-similar solutions 

n this paper, our main objective is to study the global transonic
olutions of HAFs in the presence of thermal conduction. In addition,
e also intend to conduct a comparative analysis of HAFs by means
f the self-similar solutions (Narayan & Yi 1994 ). These analyses
rovide the valuable insights of the similarities and differences
etween the two solutions. Indeed, the self-similar solutions satisfac-
orily describe the structure of an accretion flow far from boundaries
nd hence, such solutions are obtained for r 	 r s that reduces
he pseudo-Newtonian potential in the Ne wtonian form. Follo wing
arayan & Yi ( 1994 ), we choose the self-similar treatment in the

ollowing forms 

( r) = −αC 1 v K , (19) 

( r) = C 2 
K , (20) 

 

2 
s ( r) = C 3 v 

2 
K 
, (21) 

here v K ( = 

√ 

GM BH /r , G = M BH = 1) is the Keplerian velocity,
nd C 1 , C 2 , and C 3 are constants. By substituting the self-similar
olutions (equations 19 , 20 , 21 ) into the equations ( 2 )–( 4 ), we obtain
 closed set of dimensionless equations that allow us to determine
he constants C 1 , C 2 , and C 3 . The closed set of dimensionless
quations are given by, 

− 1 

2 
α2 C 1 

2 = C 2 
2 − 1 + 

5 

2 
C 3 , (22) 

 1 = 

3 

2 
C 3 , (23) 

 1 

γ − 1 
− 3 

2 

] 
C 1 = 

9 

4 
f C 2 

2 + 10 
� s 

α

√ 

C 3 . (24) 

fter some algebraic manipulations, an equation for C 1 is obtained
s 

9 f α2 

8 
C 1 

2 + 

[ 1 

γ − 1 
− 3 

2 
+ 

15 f 

4 

] 
C 1 − 10 

√ 

6 � s 

3 α

√ 

C 1 − 9 f 

4 
= 0 . 

(25
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s reported in Tanaka & Menou ( 2006 ), that the solution of equa-
ion ( 25 ) yields the significant changes in the radial and rotational
elocity profiles when thermal conduction is active inside the flow. In
articular, they pointed out that in the presence of thermal conduction,
he accreting flow rotates with lower rate, while its inward motion
ecomes faster. Meanwhile, we mentioned in Section 2.1 that the
ccreting flow reaches a non-rotating limit at a specific saturation
onstant � sc . Accordingly, we calculate � sc using equations ( 22 )–
 24 ) subject to the condition C 2 = 0. With this, we have 

 sc = 

√ 

−10 + 2 
√ 

18 α2 + 25 
5 − 3 γ

40( γ − 1) 
. (26) 

quation ( 26 ) clearly indicates that � sc strictly depends on both
iscosity parameter α and ratio of specific heats γ , when self-similar
olutions are adopted. What is more is that for � s > � sc , C 2 

2 in
quation ( 24 ) becomes ne gativ e resulting unphysical solutions as it
eads to 
2 < 0. 

In Fig. 4 , we compare the global transonic solutions with the self-
imilar solutions. While doing so, we choose the same set of input
arameters for the global solutions as used in Fig. 3 , i.e. ( ε 0 , � 0 ,
) = (0.0025, 2.75, 0.05). And, for the self-similar solutions, we use
= 0.05, f = 1, and γ = 1.5, respectively. In panel (a), the profile

f the radial velocity | v| is presented and in panel (b), we show the
ariation of sound speed C s . For the self-similar solutions, the effects
f thermal conduction on | v| , and C s appear to be insignificant even
or high saturation constant � s = 0.001. This happens because both
adial velocity and sound speed follow simple power law as | v| , C s ∼
 

−1/2 having ignorable impact of thermal conduction. On the contrary,
he impact of � s is seen to be prominent on the global solutions. In
ddition, the Mach number M ( = | v| / C s ) in global solutions generally
ecreases with radius, whereas it remains independent on r for self-
imilar solutions (Faghei 2012b ). In fact, self-similar solutions do
ot possess critical point as they remain subsonic across the length-
cale of the disc. In panel (c), we illustrate the variation of angular
omentum � for the same solutions presented in Fig. 4 (a). We
nd that � is reduced with the increase of saturation constant � s 

articularly towards the outer part of the disc, which is in agreement
ith the results of Tanaka & Menou ( 2006 ). Moreo v er, � steeply rises
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Figure 5. Correlation between α and maximum value of saturation constant 
� 

max 
s that renders the global transonic accretion solutions around BHs. Here, 

circles, squares, and asterisks are for � 0 = 2.55, 2.75, and 3.05 and these points 
connected with solid (blue), dotted (maroon), and dashed (red) lines represent 
the results for ε 0 = 0.0010, 0.0025, and 0.0050, respectively. The shaded 
(violet) region corresponds to the self-similar solutions (see equation 26 ) 
where slanting solid line refers the limiting value of saturation constant 
( � 

max 
s = � sc ). See text for the details. 
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t larger radii as � ∝ r 1/2 in self-similar approach, although HAFs
emain sub-Keplerian all throughout provided α does not assume 
igh end values. In panel (d), we present the variation of the local
isc thickness H / r as a function of r . We observe that in the self-
imilar model, H / r remains almost constant ( H / r ∼ 0.6) in the outer
egions of the disc, whereas flow geometry becomes quasi-spherical 
 H / r ∼ 1) for the global solutions. 

.5 Parameter space for global and self-similar solutions 

n this section, we put effort to determine the � s that admits global
ccretion solutions for a given set of input parameters ( ε 0 , � 0 ,
). Upon tuning the ( ε 0 , � 0 ), we compute the maximum value of
aturation constant � 

max 
s for a given α and present the obtained results 

n Fig. 5 . Here, open circles, open squares, and open asterisks are
or � 0 = 2.55, 2.75, and 3.05 and these points join using solid (blue),
otted (maroon), and dashed (red) lines corresponds to the results 
or ε 0 = 0.0010, 0.0025, and 0.0050, respectiv ely. We observ e that
or a set of ( ε 0 , � 0 ), � 

max 
s increases with the increase of α, which

s in agreement with the results obtained from self-similar solutions 
Ghasemnezhad et al. 2012 ; Faghei 2012a ). Further, we notice that
or a given ε 0 , when � 0 is small (high), the flow with relatively
igher (lower) viscosity admits global transonic solutions. On the 
ther hand, for a given α, when ε 0 is increased (decreased), the
cceptable range of � 

max 
s is also increased (decreased), irrespective 

o the choice of � 0 values. The shaded (violet) region corresponds
o the self-similar solutions (see equation 26 ) where slanting solid
ine refers the limiting value of saturation constant ( � 

max 
s = � sc ).

ere, we choose f = 1 and γ = 1.5. When � s > � 

max 
s , the global

olutions become infeasible and ceases to exist (see Section 3.4 ). It
s noteworthy that for lower � 0 , � sc agrees well with � 

max 
s obtained

rom the global solutions. When � 0 is higher, a coarse agreement is
bserved for flows with lower ε 0 values. With this, we argue that the
hysically moti v ated global accretion solutions are pre v alent than
he simplistic self-similar solutions. 
Next, we compare the limiting range of � 

max 
s = � sc as a function

f viscosity parameter α for dif ferent γ v alues. The obtained results
re shown in Fig. 6 , where � 

max 
s is plotted as a function of α. In

he figure, the ef fecti ve domain shaded in violet is for γ = 1.5,
hereas the same in red is obtained for γ = 1.6. It is evident that

he acceptable range of the saturation constant � s decreases as γ is
ncreased (see also Tanaka & Menou 2006 ). Based on these findings,
e infer that self-similar solutions obtained using relatively lower 
seems to be potentially more viable in articulating the features of

lobal accretion solutions of HAFs (see Fig. 5 ). 

.6 Bernoulli parameter 

n this section, we study the Bernoulli parameter Be (see equation
 18 )) which coarsely accounts the evidence of outflow likely to be
riginated from the accretion disc. Accordingly, in Fig. 7 , we display
he typical variation of Bernoulli parameter Be as a function of radial
oordinate ( r ). In the figure, thick curves correspond to the results
btained from the global accretion solutions, where input parameters 
re chosen as γ = 1.5, f = 1.0, α = 0.05, ε 0 = 0.0025, and � 0 = 2.75.
ere, the solid (black), dashed (red), and dot-dashed (green) curves 

epresent results corresponding to � s = 0.0, 0.0005, and 0.0010. 
ote that the o v erall profile of Be is in agreement with the smooth

olutions reported in Das et al. ( 2009 ; see also Kumar & Gu 2018 ).
e find that the Bernoulli parameter Be of global transonic solutions

emain positive throughout the disc which is again in agreement with
arayan et al. ( 1997 ). The positive Bernoulli parameter suggests that

he accreting gas are unbound and therefore, a part of the accreting
as may escape (equi v alently mass-loss) in the form of outflow with
 net positive (kinetic) energy a v oiding the strong gravitational pull
f the BH. With this, the accreting gas tends to become energetically
ound. Ho we ver, these outflo ws are expected to be quite weak as the
erminal Lorentz factor ranges � = Be + 1 ∼ 1.01 (Das et al. 2009 ).
ndeed, shock-induced global accretion solutions seems potentially 
romising to generate powerful outflows having � ∼ 6 (Das et al.
009 ); ho we ver, implementation of the shock physics is beyond the
cope of the present paper and will be reported elsewhere. 

It is worthy to compare the Bernoulli parameter obtained from the
lobal and self-similar solutions. Although the Bernoulli parameter 
f the global transonic solution al w ays remain positi ve, ho we ver,
MNRAS 523, 4431–4440 (2023) 
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M

Figure 7. Plot of Bernoulli parameter ( Be ) as a function of radial coordinate 
for different values of the saturation constant � s . Here, we choose the input 
parameters as γ = 1.5, f = 1.0, and α = 0.05. Thick curves represent results 
obtained from the global solutions using ε 0 = 0.0025, and � 0 = 2.75, whereas 
thin curves are for the self-similar solutions. The solid (black), dashed (red), 
and dot–dashed (green) curves denote results for � s = 0, 0.0005, and 0.0010, 
respectively. The dotted (magenta) horizontal line corresponds to Be = 0. See 
text for the details. 
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n the self-similar approach, it often alters its sign from positive to
e gativ e as the accreting flow mo v es towards the BH from the outer
dge. In Fig. 7 , we present the profile of Be obtained from the
elf-similar solutions using thin curves, where γ = 1.5, f = 1.0,
= 0.05 are used as input parameters. As before, the results plotted

sing the solid (black), dashed (red), and dot–dashed (green) curves
re for � s = 0.0, 0.0005, and 0.0010, respectively. We observe that
e becomes ne gativ e only at the inner part of the disc, where the
otential energy o v ercomes the remaining terms in equation ( 18 )
ielding strongly bound flow. This happens because the radial and
otational velocities close to the BH in the self-similar solutions are
maller than those in the global solutions. Further, we notice that the
ffect of thermal conduction on the Bernoulli parameter Be is seen
o be opposite. We infer that this finding possibly arises as the radial
ependence of the disc variables in the self-similar solutions (see
quations 19 −21 ) differs considerably from the global solutions
hen the thermal conduction is active inside the HAFs. 

 SUMMARY  A N D  DISCUSSION  

n this paper, we present a comprehensive study of a low angular
omentum steady axisymmetric viscous adv ectiv e accretion flow

round a non-rotating BH in the presence of thermal conduction.
ere, the conductive heat flux is described in the saturated form.
his is because, the accretion flow becomes weakly collisional in
uch systems (Quataert 2004 ; Tanaka & Menou 2006 ). We adopt
he pseudo-Newtonian potential introduced by P aczy ́nsk y & Wiita
 1980 ) that satisfactorily mimics the space–time geometry around
he non-rotating BHs. With this, we examine the effect of thermal
onduction on the properties of the global transonic HAFs around
Hs. 
The present model is based on the same set of go v erning equa-

ions that describes the advection dominated accretion flow (Narayan
t al. 1997 ). Moreo v er, the conservation equations augmented by
he inner boundary conditions (Becker & Le 2003 ; Das et al.
009 ; Kumar & Gu 2018 ) permit us to carry out the analysis from
he location just out side the BH horizon r in = 2.001. Using the
NRAS 523, 4431–4440 (2023) 
odel input parameters, namely energy ( ε 0 ), angular momentum
 � 0 ), viscosity parameter ( α), adiabatic index ( γ ), and saturation
onstant ( � s ), and following the solution methodology presented in
ppendix A , we obtain the complete set of global transonic solutions

or the first time to the best of our knowledge in the presence of
hermal conduction. We summarize our findings below. 

We find that the effect of thermal conduction on the global
ccretion solutions is significant particularly towards the outer part
f the disc. When the saturation constant � s exceeds its limiting
alue, the nature of the global solution is altered and it becomes
losed failing to connect the BH horizon with the outer edge of the
isc (see Fig. 1 ). Solution of this kind remains unphysical unless it is
onnected via shock with another solution passing through a critical
oint usually located far from the horizon (Fukue 1987 ; Chakrabarti
996 ; Das et al. 2001 , 2009 , 2022 ; Chakrabarti & Das 2004 ; Becker
t al. 2008 , and references therein). Needless to mention that the
tudying shock-induced global accretion solution is beyond the scope
f this paper and hence, will be reported elsewhere. Moreo v er, our
esults confirm that the thermal conduction affects the transonic
roperties of the HAFs. When � s is increased for flows with fixed
nput parameters ( ε 0 , � 0 , α), critical points recede away from the BH
orizon (see Fig. 2 ). 
We also examine the role of thermal conduction in the flow

ariables. We see that the increase of � s reduces the flow temperature
nd the disc height at the outer region (see Fig. 3 ). This possibly
appens due to the fact that high thermal conduction generally
eakens the viscous turbulence (Faghei 2012a ) that lowers the disc

emperature. Indeed, these findings are in agreement with the results
eported in Tanaka & Menou ( 2006 ) and Wu et al. ( 2010 ). Further,
e compare the flo w v ariables obtained by means of global and

elf-similar solutions and ample disagreement is seen (see Fig. 4 ).
n fact, we observe that the radial velocity and the sound speed are
ot noticeably affected by thermal conduction for the self-similar
olutions. Notice that the global accretion solutions remain sub-
 eperian all throughout, ho we ver, self-similar solutions may become

uper-Keplerian near the critical radius provided α assumes lower
alue (Chen et al. 1997 ; Narayan et al. 1997 ; Kumar & Gu 2018 ). 

One of the important results of this work is to identify the
orrelation between the viscosity parameter α and the maximum
aturation constant � 

max 
s that renders the global transonic solutions

f HAFs. We find a positive correlation where � 

max 
s increases

ith α irrespective to the choice of ( ε 0 , � 0 ). We also observe that
he flow with higher ε 0 can sustain higher � 

max 
s for the global

olutions, ho we ver, such dependencies are non-existence indicating
he limitation of the self-similar approach (see Fig. 5 ). 

In addition, we calculate the Bernoulli parameter Be in the
resence of thermal conduction to explore the possible existence of
utflows in HAFs. The global solutions display a positive Bernoulli
arameter at all radii, whereas the self-similar solutions yield
e gativ e Bernoulli parameter at the inner part of the disc (see Fig. 7 ).
vidently, an accretion flow with positive Bernoulli parameter is
nbound and therefore, matter is likely to escape from such unbound
isc a v oiding the strong gra vity of the BH in the from of outflow. 
Finally, we mention the limitations of the present formalism as

t is developed based on several approximations. We adopt pseudo
otential to mimic the gravitational effect around a non-rotating BH,
nstead of using general relativity. We consider single temperature
isc assuming strong coupling existed between ion and electron.
o we ver, in HAFs, the ion–electron coupling generally becomes
eak and hence, two-temperature flow structure seems to be viable

t least at the inner part of the disc (Rees et al. 1982 ; Yuan &
arayan 2014 ; Dihingia, Das & Mandal 2018 ; Dihingia et al.
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020 ). We neglect magnetic fields although the transport of angular 
omentum is expected due to the Maxwell stress associated with 
agnetohydrodynamics turbulence driven by magneto-rotational 

nstability. Moreo v er, we refrain studying self-consistent accretion- 
jection solutions that requires two-dimensional approach. All these 
re indeed rele v ant, ho we ver, their implementations are beyond the
cope of the present work. Indeed, we plan to take up these issues in
ur future works and will be reported elsewhere. 
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PPENDIX  A :  SOLUTION  M E T H O D O L O G Y:  
T ERATION  M E T H O D  

e obtain the global transonic solutions using an iteration method.
n this method, we begin the numerical integration of the flow
quations from a location just outside the BH horizon as r in =
 s + 0.001. For a given set of input parameters ( ε 0 , � 0 , α, � s ),
e compute three flow variables, namely velocity v in , sound speed
 s in , and angular momentum � in at r in . Needless to mention that
 < � 0 < � ms , where � ms = 2 

√ 

3 is the innermost stable angular
omentum around a Schwarzschild BH. Considering this, we pursue

he following chronology for obtaining the global solutions. 

(i) Close to the horizon i.e. r − r s → 0, the matter falls with
ree fall velocity v ff = −√ 

2 / ( r − r s ) . Here, we consider a fractional
onstant δ < 1, such that v in = δ × v ff , and the accreting matter enters
nto the BH with this velocity v in . 

(ii) Next, we determine the asymptotic flow variables just outside
he horizon at r in . Using Frobenius expansion, we get the asymptotic
ehaviour of flow angular momentum as, 

 in = � 0 + B( r − r s ) 
β ; r → r s , (A1) 
NRAS 523, 4431–4440 (2023) 
here B and β are positive constants. We implement � in in equation
 8 ) and we demand that, 

lim 

r→ r s 

d � in 
d r 

= 0 , lim 

r→ r s 

δ
√ 

2 B( r − r s ) β√ 

r s ( r − r s ) 
3 
2 αC 

2 
s 

= 

2 � 0 
r s 

. (A2) 

o eliminate all terms involving ( r − r s ) in equation ( A2 ), we
equire β = 3/2 and B = 

√ 

2 /r s ( αC 

2 
s � 0 /δ). Accordingly, we get

he expression of angular momentum at r in for a suitable choice of
 δ, � 0 , α, � s ). 

(iii) We use v in and � in in equation ( 16 ), where we consider that
he effect of conduction is negligible (Tanaka & Menou 2006 ), and
etermine the sound speed C s in by solving equation ( 17 ) for a given
nergy ε 0 , 

(iv) Using v in , C s in , and � in , we start integrating equations ( 8 ,
0 , 11 ) from r in outwards, and check the critical point conditions
escribed in equations ( 12 ) and ( 13 ). We keep tuning the iteration
arameter δ until the critical point conditions are satisfied for δ = δc ,
nd thereafter, we obtain the critical point r c (see Fig. A1 for more
etails). 
(v) At r c , we calculate d v /d r | c by applying the L 

′ 
H ̂ opital’s rule. The

eal and ne gativ e radial v elocity gradient corresponds to accretion
olution, and hence, for d v /d r | c < 0, we further integrate equations
 8 , 10 , 11 ) starting from r c upto to the outer edge of the disc r edge =
000. Finally, we join both parts of the solutions (from r in to r c and r c 
o r edge ) to obtain the global transonic accretion solution for a HAF
round a non-rotating BH. 

igure A1. Variation of flow velocity | v| as a function of radial coordinate
 for three different iteration parameters. The dashed (red), solid (black), and
ot–dashed (blue) curves denote the results for δ = 0.999 075, 0.999 0773,
nd 0.999080. Here, δ = δ c = 0.999 0773 corresponds to the transonic
olution where critical point is obtained at r c = 5.0286 for the chosen input
arameters ( ε 0 , � 0 , α, � s , γ ) = (0.005, 3.05, 0.04, 0.0015, 1.5). 
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