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Stokes’ Theorem Examples,
Harmonic Approximation, ...
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Utility of Stokes” Theorem )

7§F.dr= f(VxF)-dA %
surf
X y

For conservative forces gﬁ F - dr=0 for any closed loop.

Hence [, (V X F) - dA=0 for all surfaces.

In other words,
V X F=0 everywhere in space for conservative forces !
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Equilibrium and Stability

If all forces acting on a body are conservative then the potential can be
used to find the equilibrium points and the nature of the equilibrium
easily.

F = —VU = 0 will be a point of equilibrium since the force is zero.
Now consider the shape of the potential near an equilibrium.

If the potential is minimum, then the equilibrium is stable, i.e if the
body is pushed away from the equilibrium, it will try to go back to it.

In 1D, there can be three kinds of equilibrium, stable, unstable and
neutral.



Stable Equilibrium

Consider a harmonic well potential. U = (x2 + y2).
Consider equilibrium at (0,0).

F=—VU = —2(xi + yj)
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Unstable Equilibrium

Consider a harmonic well potential. U = —(x? + y2).

Consider equilibrium at (0,0).
F=-VU = 2(xt +yj)
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Saddle-Point

Consider a harmonic well potential. U = (x* — y*).

Consider equilibrium at (0,0).
F=-VU=2(—xt+yj)
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Harmonic Approximation

Harmonic potential is very important in physics such as in the analysis

of molecular vibrations.

" Carbon
monoxide
Harmonic Network of
approximation atoms

Spectroscopy analysis can provide the

of the potential .
frequencies



Taylor expansion of the potential

1
U(x) = U(xg) + U'(x0)(x — xp) + ZU"(XO)(X —xg)% + -

2
av and U"(x) = a7y

Here U'(x) = — —

Here we are taking the expansion around the equilibrium distance xj.
Hence U’(xy,) =0 since the force is zero (potential has an extremum).

Let us assume that U(x,)=0, the potential at the equilibrium (reference )
IS zero.

U(x) = = U"(x0) (x — %)’

Harmonic Approximation of U(x)



1 1
U(x) = - U"(xg) (x — xo)?
Spring constant, k =U"(x).

The frequency of vibration about the minimumis w = \/k/u where n
is the reduced mass of the oscillator.

Eg. diatomic molecules N,, O,, Cl,



Harmonic Approximation to Morse Potential

ef. U(x) = D(1 — e~ %(*=%0))2

_ L U(xo) =0
— BV — U(x) =D

To break the molecule one has
to supply energy D. This is a

convenient model for diatomic
molecules.



U(x) = D(1 — e~ **~%0))2

First find the equilibrium
U'(x) = 2Da(1 — e~ @*~*0)) g=alx=xo) =

Solving, at equilibrium x = x,

Now U"(x) = ZDa(—ae_“(x—xo) + Zae_za(x_xO))
At equilibrium U"(x,) = 2Da? =~ k

= a,/2D/u

= | x|






