PH101

Lecture -10
31st August 2017

Angular Momentum & Torque



Angular Momentum (Moment of Momentum)

* Angular Momentum of a particle,
L=rXp

Direction of L is perpendicular to the plane of rand p

/A [ x
" |Origin matters! |



Angular Momentum of Conical Pendulum

The pendulum is in steady circular motion
with constant angular velocity wk.

Angular momentum about A: _
Ly=rXp=rpk

p = Mv=Mrw
L,=Mr’wk
L, is constant in both magnitude and
direction.



Angular Momentum of Conical Pendulum
B Lg

Angular momentum about B:
Lg=1,Xp

Notethatr,=—lk+r# & p=mv8
Lg = mv(=lk x 0 + r7 x 0)
= mv(I# + rk)= mro(I# + rk)

Ly is constant in magnitude but direction is
changing because 7 is changing!

\ The z-component of Lz (mr?w) is constant but the
horizontal component (mlrw) changes its
direction!



Torque

For a force, F acting on a particle at r, the torque is
T=rXF

Like angular momentum, the torque depends on the choice of origin.

dL_d( % D)
dt _dco °P
dt
dL
T=—=1rXF

dt



Torque on a Conical Pendulum

The pendulum is in steady circular motion
with constant angular velocity wk.

Angular momentum about A:
T,=1 X F =1 x (T + mg(—k))

T Cosd —mg = 0 (vertical, k)
T Sind (horizontal; —7*)

T4=0 (L,is constant!)



Torque on a Conical Pendulum

w The pendulum is in steady circular motion
Ly with constant angular velocity wk.

Tp
Angular momentum about A:

tg=1,XxF =1, XT +1, xmg(—k))

r,=—lk+r#

f‘, é, k 1 = —lk x mg(=k) + r# x mg(=k)

Tgp= Mgr 0 = — (Ty changes its direction!)



Torque of Conical Pendulum

Angular momentum about B:

@ L = mro(If + rk)
dL d7 ~
L~ L d—tB = mrwl d—:= mrilowb

T Cosd =mg (vertical, k)

T Sing=mrw? (horizontal; —7)
g/rw?=cotd=I/r

w? =g/l

dL ~ ~
— = mrilw?0 = mgr0 =tp



Force & Torque

Torque and force are very different quantities (KK)
There can be a torque on a system with zero net force

And there can be net force on a system with zero net torque.
A

F=2f
T=20




Rigid Bodies

* Many particle system

* Interparticle distance for all pairs of particles |r;;| = ¢;;
* Retains shape and size

e 6 degrees of freedom

FIXED AXIS ROTATION

 All particles rotate about an axis fixed in space

* All particles have the same angular speed w

e Let us choose the z-axis as the axis of rotation, with w = wk



Rotation about a Fixed Axis

L = zri X Di
i
L = zmiri X ((1) X rl-) = zmirizw — zmi(ri . w)rl-
i i i

L, =Y, m(r? — z2)wk = 3;mi(x? + y?)wk




Moment of Inertia

* [,, is called the moment of inertia about the z-axis

. Zimi(xl-z + ylz) = [,, is a purely geometric quantity. Does not
depend on the motion.

* For continuous bodies
Iz7 = [ dm(x?* + y*)

Izz = [ p(x* +y?)aV
Where p(1) is the density and dV is the volume element.



Examplel CDM

A hoop/ring of mass M and radius R.
I,;, = jdm(x2 + y%) = jdm R? = MR*?

Or, I;; = [(ARd®) R?=R32n A= MR? A=M/2mR



Example?2
A thin disk of mass M and radius R.

I, = [odxdy (x*+vy*%) =fr20dr'rd6=%42ﬂ0= -

MR?

TR?
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