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The Exponential Function

Recall:
@ Euler's Formula: For y € R, e¥ =cosy +isiny
@ and for any x,y € R, &1 = e*e’.
Definition: If z = x + iy, then e or exp(z) is defined by the formula

e = ) = ¥(cosy + isiny).

Properties of Exponential Function
@ "t =¢"e", Vz,weC.Letz=x+iy, w=s+it. So

et = U — ) [eos(y + t) 4 isin(y + t)]
e*e’[(cosy cost — sinysint) + i(sin y cos t + cos y sin t)]

= [e*(cosy + isiny)][e’(cost + isint)] = e®e™.

@ e? #£0, for all z € C. Look at |e?| = |e¥||e¥| = e¥ # 0.
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The Exponential Function

Properties of Exponential function

@ -Le7 = %, By definition e = e cos y + ie*sin y satisfies C-R equation

dz

on C and has continuous first order partial derivatives. So e” is entire and
ieZ = ieX cosy + iiex siny = ¢&°
dz dx dx ’

@ ¢’ is periodic with period 27ni for some n € Z.
(A function f : C — C is called periodic if there is a w € C (called a
period) such that f(z 4+ w) = f(z) for all z € C.)

@ If w € C is a period of e” then e*t" = e for all z € C. In particular for
z=0we have e” = 1. If w = s+ it then e =1, i.e. t = 27n for some
néeN.

@ €7 is not injective unlike real exponential.

0 e =¢7, & =1,]e7| < el
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The Exponential Function

Mapping Properties of Exponential function:
@ {(x,y0) : xR} — {(r,0): r=e€,x€R, 0=y}
@ {(x0,y):y €eR}—{(r,0) :r=2¢%,0 €c R}
@ {(x,y):a<x<hc<y<dir—{(r,0):e?<r<eb c<O<d}
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Trigonometric Functions

Define 1 1
sinz=—(e"—e"%); cosz==(e"+e ")
2 2
Properties:
@ sin’z+ cos?z=1.
@ sin(z+ w) = sinzcosw + cos zsin w and
cos(z + w) = coszcos w — sin zsin w
@ sin(—z) = —sinz, cos(—z) = cos z, sin(z + 2kw) = sin z,

cos(z + 2km) = cos z,.
sinz=0<=z=nrandcosz=0<=z=(n+ 1), , n€Z
sin z, cos z are entire functions.

2 (sinz) = cosz, L(cosz) = —sinz.

Prove/Disprove: sinz is bounded V z € C.
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Trigonometric functions

@ Define

sin cos z 1 1
tanz = , cotz=——, secz = ,CSCZ = —.
cos z sin z cosz sin z

@ Hyperbolic Trigonometric functions: Define
sinh z = ﬂcoshz— E
o 2 o 2

@ Properties:

sinh z, cosh z are entire functions.

cosh? z — sinh? z = 1.

sinh(—z) = —sinh z, cosh(—z) = cosh z,

sinh(z + 2k7i) = sinh z, cosh(z + 2kni) = cosh z, k € Z.
sinh(iz) = isinz and cos(iz) = cos z

sinz = sin(x + iy) = sinxcosh y + i cos x sinh y, and
cos z = cos(x + iy) = cos x cosh y — isin xsinh y where

X —X
, coshx = &2 —

e —e X

sinhx = >
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Complex Logarithm

Recall:
@ &7 is not an injective function as €72 = &7 k € Z.

@ ¢”is an onto function from C to C* = C\ {0}. Take w € C* then
w = |wle" where 6 € (—,7]. If we define z = log |w| + i0 then

e — elog\w\+i9 _ elog\w\eié —w.

@ [f we restrict the domain of the exponential then it becomes injective. If
H={z=x+iy:x€R, -7 <y <7} then z — € is a bijective
function from H to C\ {0}.

Question:What is the inverse of this function?
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Complex Logarithm

Definition: For z € C*, define logz = In|z| + i arg z.
@ In |z| stands for the real logarithm of |z|.

@ Since arg z= Argz + 2kw, k € Z it follows that log z is not well
defined as a function. (multivalued)

@ For z € C*, the principal value of the logarithm is defined as
Log z=In|z| + i Argz.

@ Log: C*"» {z=x+iy: xR, —w <y <} is well defined (single
valued).

@ Log z + 2kmi = log z for some k € Z.
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Complex Logarithm

@ If z # 0 then elog = _ hnlzl+i Argz _ (What about Log (€)?).
@ Suppose x is a positive real number then Log x = Inx + i Argx = In x.
@ Logi=Inli|+i% =1, Log (1) =In| — 1| + im = im,

Log (=) =In|—i|+i5F = -7, Log (—e) = 1+ im (check!))

@ The function Log z is not continuous on the negative real axis

RT={z=x+1iy:x<0,y =0}

To see this consider the point z = —a, a > 0. Consider the sequences
{an = ae™ %)} and {b, = ae’""T2)}. Then

liMmp— oo an = z = limp— o by but

limp— oo LOg an = limpssoo N+ i(m — %) =Ilna+ iT and

limy,— oo Log by = Inav — imr.
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Complex Logarithm

@ z — Log z is analytic on the set C* \ R™. Let z = re’’ # 0 and
0 € (—m, ). Then Log z =Inr +i0 = u(r,0) + iv(r,0) with
u(r,0) =Inrand v(r,0) = 6. Then u, = vy = X and v, = —Lup.

@ The identity Log (z122) = Logz + Log z is not always valid. However,
the above identity is true if and only if Arg z1 + Arg z € (—m, 7] (why?).

@ Branch of a multiple valued function: Let F be a multiple valued
function defined on a domain D. A function f is said to be a branch of
the multiple valued function F if in a domain Dy C D if f(z) is single
valued and analytic in Dy.

@ Branch Cut: The portion of a line or a curve introduced in order to
define a branch of a multiple valued function is called branch cut.

@ Branch Point: Any point that is common to all branch cuts is called a
branch point.
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Complex Logarithm
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Complex Exponents

Let w € C. For any z # 0, define
z" = exp(w log z),

where “exp” is the exponential function and log is the multiple valued
logarithmic function.

@ z" is a multiple valued function.

@ i' = explilogi] = exp[i(log1 +i%)] = exp(—%).
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