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N.B. Answer without proper justification will attract zero mark.

1. (a) Is it necessary that the Fourier transform of every compactly supported function in
L1(R) is real analytic ? 1

(b) What is the distributional support of the function χQ, where Q is the set of rational
numbers ? 1

(c) For n ∈ N, let δn denote the Dirac delta distribution at n. Does δn → 0 in the weak∗

topology of Co(R) (the space of all continuous functions vanishing at infinity) ? 1

(d) What is the order of Λ ∈ D′(R) which is given by Λ(ϕ) =
∫
|x|>1

log xϕ(x)dx ? 1

2. Find all those functions f, g ∈ C∞(R) which are satisfying f δo + g δ′o = 0. 3

3. Suppose f ∈ L∞(R) is satisfying
∫
R f(y)e−y

2
e2xydy = 0 for all x ∈ R. Prove that f = 0. 4

4. Let

f(x) =

{
e−x if x ≥ 0,
1 if x < 0.

Show that the Fourier transform of f satisfies (1 − ix)f̂ = Ĥ in the sense of tempered
distribution, where H = χ(−∞,0). 4

5. Find the distributional derivative of function f(x) = ex
2
χ[0,1](x). 3

6. Let Λ be a distribution on R such that x2 Λ = 0 for each x ∈ R. Show that Λ = c δo + d δ′o
for some constants c and d. 4

7. For n ∈ N, let fn = χ[0,n). Find lim
n→∞

f ′n in the weak∗ topology of D(R). 2

8. Give an example of function f ∈ L∞[(0,∞)] whose derivative f ′ is a well defined function
on (0,∞) but f ′ 6∈ L∞[(0,∞)]. 3

9. For f ∈ L1(Rn) and g ∈ Lp(Rn), 1 < p < 2, show that f ∗ g ∈ Lp(Rn). Further derive that

f̂ ∗ g = f̂ ĝ. (Hint: use Hausdorff Young inequality). 5

10. Suppose f ∈ L2(Rn) is such that {τxf : x ∈ Rn} is dense in L2(Rn). Show that f̂ cannot
be zero on a set of positive measure in Rn. 4

11. Classify all those continuous functions on R which are tempered distributions on R. 4
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