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HARDY SPACES 3
1. INTRODUCTION

The origins of Hardy spaces can be traced to the year 1915 at Cam-
bridge University, in the work of the British mathematician G. H. Hardy
(1877-1947). Hardy’s contribution, at first glance, appeared modest: within
a short nine-page article in the Proceedings of the London Mathematical
Society, he introduced a family of function spaces of holomorphic func-
tions—what we now call Hardy spaces.

At the time, this definition received little recognition. The year 1915,
though productive for Hardy—he published nearly a dozen papers—yielded
no apparent breakthroughs, apart from this conceptual seed. The math-
ematical community, like the world at large, was preoccupied: the First
World War was under way, while Einstein’s general theory of relativity
and Wegener’s bold hypothesis on continental drift (Pangaea) captured
much of the intellectual landscape. Even within mathematics, the birth of
Hardy spaces drew scant attention.

Yet this seemingly auxiliary construct concealed profound significance.
Hardy spaces would ultimately provide a unifying framework connecting
diverse areas of mathematics. They proved central to the development of
complex analysis, harmonic analysis, and later found deep applications in
signal processing. In addition, they anticipated whole domains of modern
mathematical thought, including operator theory, optimal control theory,
diffusion theory, and the theory of stochastic processes.

Hardy himself later recognized the broader implications of his original
idea and returned to refine the theory. However, the transformation of
Hardy spaces into a fundamental analytical tool was the result of collective
effort. The so-called “Golden Generation” of analysts—including Schur,
Marcel Riesz, Frigyes Riesz, Szego, Nevanlinna, Luzin, Privalov, Smirnov,
Kolmogorov, Paley, Wiener, and Zygmund—played an essential role in
expanding and deepening the theory. Their work established Hardy spaces
as indispensable to modern analysis.

This legacy was then carried forward by a distinguished line of successors
who broadened the scope and deepened the applications of Hardy space
theory: Beurling, Stein, Fefferman, de Branges, Helson, Carleson, Kahane,
Garnett, Gamelin, Sarason, Havin, Douglas, Sz.-Nagy, Foias, Fuhrmann,
Lax, and Phillips. Through their efforts, Hardy spaces have become not
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only a central subject in complex and harmonic analysis but also a corner-
stone of modern mathematical analysis with far-reaching influence across
both pure and applied mathematics.
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2. PRELIMINARY

Let us denote the unit circle in the complex plane by T = {z € C: |z| =
1}. Write z = €0 < 6 < 2r. Then T = {e? : 0 < § < 27}. Consider
¢ : R — T defined by ¢(z) = €. Then ¢ is a group homomorphism with
ker(p) = 2nZ. Hence T = R/27Z. If f : T — C, then f can be identified
on R by f:R — C via the relations

F) = f(@ +2rk) = £(2),
where k € Z and 7 € [0,27). That is, the function on T can be identified
with 27 periodic functions on R, which allow understanding the notions of
continuity, Lebesgue integrability, etc. on the unit circle T. Further, the
arch length measure on T can be identified with the restriction of Lebesgue
measure on [0, 27) in the following way.

Denote dm = g—i, where m can be realized by m{e? : 6, < 0 < 6,} = %
with 0 < 6y—60; < 27. Here m is known as the normalized Lebesgue measure
on T = [0,27). Hence if f is continuous on T, then

(2.1) /T fe)z= | " F(dm(D).

Now onwards, we shall identify function f on R by f itself and dm(t) = dt.

Moreover, m is translation invariant on [0, 27) and
27 2w

flt—t)dt= [ ft)dt,
where t, € [0, 27). " "

Complex Borel measure: The Borel o-algebra B(T) is the smallest
o-algebra generated by all open subsets (open arches) in T, where every
member of B(T) is known as a Borel set. For simplicity, we write B for
B(T).

A function f : T — C = CU{oco} is called Borel measurable if f~1(U) €
B(T) for every open set U of one point compactification space C. Typically,
U is either an open subset of C in its usual topology or U = C\K , where
K is a compact subset of C.

A complex Borel measure on T is a set function p : B(T) — C satisfying
p(0) = 0 and

(2.2) WE) =Y u(B))
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for every countable partition {B;},°, of E € B(T). It follows that the
series in the right-side of must be absolutely convergence unless p is
a non-negative measure. Thus, |4(T)| < oo necessarily satisfied if y is not
a non-negative measure. Consequently, u satisfies

M(U Bj) = Z 1(Bj)

for every disjoint sequence {B;}°°; in B(T). We denote the space of all
finite complex Borel measures by M(B). For pn € M(B), define

bl = s { S e U By = 7

j
The space (M(B), ]| - ||) is a Banach space. Here || - || is known as the total
variation norm, and ||u|| = |x|(T).

Exercise 2.1. Show that

lm) = { S )]+ .= 7} s { Sl B =T},

i=1
(Hint: If {B;}3°, is a countable cover of T, then Z lu(B;)| < 00.)
i=1

For i € M(B), define a linear functional T), on C(T) by T,,(f) = [ fdp.
T

Then [T = sup{[Tu(A)] : flle < 1} = [lull. Thus, every 1 € M(B)
defines a bounded linear functional on C(T) and vice-versa due to the
following result.

Theorem 2.2. (Reisz representation theorem) Let T be a bounded linear
functional on C(T), then there exists unique p € M(B) such that T =T,.
It is equivalent to M (T) = C(T)*.

Let I be a finite index set and let x; € V for ¢ € I. Let ¢ > 0. Then a w*
open nbd of fy € V* can be written as:

{F eV |(f = fol(w) <eiel}

Proposition 2.3. Let E be a topological vector space with dual E*. Con-
sider the weak-* topology on E*. Then every linear functional ¢ : (E*, w*) —
C is continuous if and only if there exists e € E such that p(f) = f(e) Vf €
E*. More preciously (E*, w*)* = E.
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Proof. <= Trivial.
= Since ¢ is continuous the inverse image of an open set is open, i.e.
the set
Ue={feE" :|p(f)l <e} =¢ ' ({B(0)})
is an open nbd around the point 0. Now recall the basis structure of nbds
at a point in (E*, w*). There exists e, e,...,e, € E and § > 0 such that
i {rem max (sl <o)
is contained in U.. Let @;(f) = f(e;),i € I. Then Vs = {f € E* : max;er{|wi(f)|} < I}
Let fo € Nie;Kerps = wi(fo) =0Vi € I = fole)) = 0 Vi €
I = foeVsCcU = |p(fo)] <€ Ve> 0. Since € is arbitrary chosen,
fo € Ker p. Hence
ﬂKergoi CKerp = p= Zcigoi,ci e C.

el el

e(f) = ZciSOi(f) = Z Aif(ei) = f (Z Ci€i>

1€l i€l
and we have shown that ¢ is evaluation at e = cjeqy +---+cpe, € E. U

Corollary 2.4. The dual of (M(T),w*) is C(T).

Now
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3. INVARIANT SUBSPACES OF L*(p)

In this section, consider shift-invariant subspaces of square integrable
functions on T. Let

L*(T,p) = {f : T — C is measurable and||f||5 = / | f|?dp < oo},
T

where p is a finite complex Borel measure on T. )

For f € LY(T,m), we define the Fourier coefficients of f by f(n) =
27
[ e ™ f(t)dt, where n € Z, and the corresponding Fourier series is f ~

0
S € f(n). Consider an operator S on L2(T,m) defined by
(31) S =),

~

where z € T. Then (Sf)(n) = f(n — 1). That is, the Fourier coefficients
got a right-shift due to the action of S. The operator S is known as the
shift operator. The following question can be raised.

Question 3.1. What are the shift-invariant subspaces E of L?(T, u)?

That is, vyhen zE C E?7 We shall use the notation clos E for the closure
of £, and FE, the complex conjugate of E. We always consider E to be a
closed subspace unless it is specified.

Example 3.2. When f € L?*(u), the space Ef = span{z"f : n > 0} is
shift-invariant.

Further, what are f € L?(u) such that Ey = L?(u)? If so, we say f is a
cyclic vector. More generally, we consider identifying f € L?*(u) such that
ZEf = Ef.

Let E be a closed subspace of L?. Typically, we discuss the characteriza-
tion of the following two distinct cases.

We say FE is simply invariant (or 1-invariant) if zE C F and zE # F.
On the other hand, when zF = F, we say E is doubly invariant (or 2-
invariant). Note that zE = E if and only if ZE = E (since 2z = |2|?> = 1).
This means zE C F and ZzE C F, and hence F is known as reducing space
as well.

For a measurable set ¢ C T, the space E, = xoL*(i) = {xof : f €
L*(w)} ={f e L*u): f=0pae on T o} satisfies zE, = E,.
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Question 3.3. Does every reducing subspace look like E,?

Theorem 3.4. (Norbert Wiener) Let E C L*(T, ). Then zE = E if and
only if there exists a unique (up to set of measure zero) measurable set
o C T such that E = x,L*(p).

Proof. Suppose zE = E. Let Py be the orthogonal projection of L?(u1) onto
E. Set x = Pgl (the evaluation of Pg at the constant function 1). Then
x € Fand1—y= (I - Pg)l € E+. But 2"E C E, implies 2"y € F and
hence 2"y L. 1 —x, Vn € Z. That is,

(3.2) / (1 - Q)dp = 0, ¥n € Z.

T
Let g = x(1 —x), then dv = gdu is a finite complex Borel measure because
of x € L*(u). Thus by (3.2), T, : L*(u) — C defined by T,(f) = [ fdv

T

satisfies T,,(2") = 0. Since trigonometric polynomials are dense in C(T),
it follows that T, (C(T)) = {0}. By Riesz representation theorem, T, = 0
and hence v = 0. (Note that ||7,|| = [|v]). That is, g = x(1 — x) = 0.
This implies that y = |x|*>. Thus, x takes values either 0 or 1. Let o =
{t € T : x(t) = 1}. Then o is measurable. For simplicity, let P denotes
the space of all trigonometric polynomials on T. Since xy € FE, we get
2"x € E and hence xP C E. This implies clos(xP) € E. On the other
hand, clos(xPP) = xL*(u), as we know closP = L?(u). Thus, xL*(n) C E.
Therefore, it remains to show that yL?(u) = E.

For this, let f € E and f 1 2"y, Vn € Z (since clos(xP) = xL*(u)).
Since 2"f € Fand 1 —x L 2"f, Vn € Z. It follows that

(3.3) /fxz du—/z S =X)dp =0

Vn € Z. Thus, is satisfied by every polynomial p € P, and hence
for every function g € C(T) in place of p. By Theorem [2.2] we get fy =
f(1—x)=0a.e. pu. Thisimplies that f =0 a.e. u. Thus yL*(T) = E. O

3.1. Simply invariant subspaces of L?(u). Let B = {2"},cz. Notice
that the Fourier series of f € LQ(T m) with respect to the orthonormal ba-
sis Bis f ~ 3 f(n)z", where f(n f fz"dm. This implies that L?(T,m)

/\ ~

can be identified with [*(Z). Since (2*f)(n) = f(n — k), multiplication
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operator f + zf acts as a right-shift operator on (?(Z). And hence it is
legitimate to consider the space
H? =span{z": n >0} = {f € L*(m) : f(n) = 0,n < 0},
known as Hardy space. The space H? is a simply invariant subspace of
L?*(m), and plays a prominent role in complex and harmonic analysis H2.
The following theorem says that all the simply invariant subspaces have
a somewhat similar structure.

Theorem 3.5. (A. Beurling, H. Helson) Let E be a closed subspace of
L*(T) and 2E C E, zE # E. Then there exists a unique © (up to constant
of modulus 1) with |©| =1 a.e. m on T such that E = ©H?>.

Notice that f — ©f is an isometry on L*(m), and hence © H? is closed.

Proof. Since zE C F (zE # E), we consider the orthogonal complement of
zE in E, and denote it by £ © 2E = (2E)*. Then E © zE is non-trivial,
and consider © € F© zF with ||©||2 = 1. Notice that © € F and © L zF.
Hence 2"© € zE,Vn >1and © L "0, Vn > 1.

27T 27
/ 002" "dm = / 1©122"dm =0, ¥n > 1.
By taking complex conJugate we have

/ 1©]22"dm =0, Vn > 1.
0

This implies that @(n) = 0,Vn € Z ~ {0}. By the uniqueness of

Fourier series, it follows that |©|> = ¢ (constant) a.e. m, and we get 1 =
2m

[1©]*dm = c. Thus, |©] =1 a.e. m. Clearly, f — ©f is an isometry. Note

0
that © € E. Hence 2"© € E, Vn > 0, implies linear span of {z" : n > 0}
has the same property. Let P, = span{z" : n > 0}. Then © P, C E and
clos (OP,) = O clos(P,) = ©H? Thus, ©H? C E. It only remains to
show that © H? coincides with E.

Let f € E and f L ©H? We claim that f = 0. Since f L ©H?, we
get f L ©Oz", Vn > 0. Also, f € F implies 2"f € zE, Vn > 1 and hence
2"f 1L ©,Vn > 1since © L zFE. Thus,

fOz"dm =0,¥Yn >0 and/ 2" fOdm =0,Vn > 1.

T T
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That is, (f©)(n) = 0, Vn € Z. This implies f© = 0 a.e. m. Since |0] = 1
a.e., we get f =0 a.e. m.

Uniqueness: Let ©1H? = ©H? and |©1] = |©3] = 1 a.e. on T. Then
©,0,H? = H? and we get ©,0, € H?. Also, by symmetry 0,0, € H?,
or ©,0, € H2. But H>N H? = constant. (Hmt If f € H?, then f(n) =

~

On<Oandf€H2then(f)() f(=n) = 0, n < 0. This means

f(n) = 0,Vn € Z ~ {0}.) Hence ©,0; = c. Since 101|602 = 1, we have
O = ¢ O, where |c| = 1. O

Corollary 3.6. (Beurling theorem) Let E # {0}, E C H? and zE C E.
Then there exists © € H? with |©| =1 a.e. on T such that E = ©H>.

Proof. It is impossible that ZE C E. On the contrary, suppose this could
be the case. Then for f € F with f # 0, there exists n € N such that
f(n) # 0. By assumption, z'*'f € E. However, ("7 f)(=1) = f(n) # 0
implies "1 f & H? leads to a contradiction. This means F is simply

invariant, and in view of Theorem (Beurling-Helson), it follows that
E = ©H? and © € H? by definition of H?. H

Definition 3.7. A function © € H? with |©| = 1 a.e. is called inner
function.

3.2. Uniqueness theorem in H?.

Theorem 3.8. If f € H? and f = 0 on a set of positive measure, then
f=0ae onT.

Proof. For f # 0,E; = span{z"f : n > 0} C H? and 2E; C E; = ©OH?,
where O is an inner function. Let 0 = {z € T : f(2) = 0}, Then m(o) > 0.
Let us verify that g|, = 0, Vg € E;. Since g € Ey, there exists sequence
pn € P, (the space of all polynomials) such that p,f — ¢ in L*(m). Hence

0 S/\Q\Qdm=/\g—pnf|2 < 1lg— pufIZ = 0 as 1 — 0o,
o

g
Implies g|, = 0 a.e. m. In particular, for ¢ = 0, 6|, = 0, which is a
contradiction. O
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3.3. Invariant subspaces of L?(z). (Absolutely continuous and singular
subspaces)

Let p be a finite Borel measure on T, and £ C L*(u) with zE C E.
We consider invariant subspaces of L?(u) which are based on Lebesgue
decomposition of u. A measure v is called absolutely continuous with
respect to m if m(B) = 0 implies v(B) = 0, where B € B and we write
v < m. By Radon-Nikodym theorem, there exists a positive integrable
function w such that dv = wdm. That is,

/fdz/:/fwdm

for each Borel measurable fugction fonT.
A measure v is called singular with respect to m if it is concentrated on
a set C' of Lebesgue measure zero. That is, v L m if v(B) = m(BNC) for
every B € B(T). Let u be a finite and positive Borel measure on T, then
by Lebesgue decomposition,
W= fg + s, Where p, < m and pg L m.
So, if f € L?(u), then

[irPan= [ 1P+ [ 15Pdn

By this, we can construct an orthogonal decomposition of f. Let ¢ be the
concentration set for u,. Then
(3.4)  L*(ps) C L*(p) and L*(p) C L*(p) and L2(pes) L L?(p1q).
Now, f = fXT<o + fXo = fa + fs. This means
(3.5) L2(M) - L2(Ma) D LQ(/LS)'
The subspaces L*(p,) and L*(ps) are invariant subspaces and are known
as absolutely continuous and singular spaces, respectively.

We need the following results in order to prove the main result about
invariant subspaces of L?(u).

Lemma 3.9. Let p be a finite complex Borel measure on T.

——

(i) If (dp)(n) = [ e ™du(t) =0 for all n € Z, then u = 0.
T

(11) If (dp)(n) =0 for alln € Z ~ {0}, then du = cdm.
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Proof. (i) Let f € C*(T), then f is Borel measurable and we have

Tu(f) - /f
( “” du()

ne

I
S35

= Z f(n / e du(t) (by Fubini’s Theorem)
nez
= 0 (by assumption).
Hence T,(f) = 0 for all f € C*(T). Since C*(T) is dense in C(T), by
Theorem [2.2], we get p = 0.
(ii) From the given condition and similar to the proof of case (i), we can

e /f )dp(t Z()/duu /f

Thus dp = p(T)dm, where dm = dt. ]

Let T': H — H be an isometry (or T' € iso(H)) on the Hilbert space H. A
subspace D of H is called wandering if 7D 1 T"D for m # n (m,n > 0).

Lemma 3.10. (H. Wold, A. Kolmogorov) Suppose T € iso(H) and TE C

E. Let D = ESTE. Then D is a wandering subspace of T, and E =

< > @T”D) ® ( N T"E) = Fy® Ew, where T|g__ is unitary, and T|g, is
n>0 n>0

completely non-unitary (i.e. if E' C Ey and TE" C E' implies T'|g is not

unitary).

Theorem 3.11. (H. Helson 1964) Let dy = wdm + dus be the Lebesque
decomposition of a positive finite Borel measure u and let E C L*(u) be
simply invariant. Then there exists o C T with m(o) = 0 and a measurable
function © such that

E=E,®E, =0H*3 Xng(,us), where

OH? C L*(jta), XoL*(1ts) C L*(pts) and

(3.6) 102w =
Conversely, if o is measurable and © verified (@, then OH? @ o L?(1s)
18 stmply invariant.
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Proof. Set D = E © 2E = (zE)t # {0} and let E = (Z Z”D) ®
n>0

< N z”E) = FEy ® E, be the Wold-Kolmogorov decomposition of FE.
n>0

Let © € D with ||©]]; = 1, then ©®© € F and © L zFE. This implies
2"O € zE,Vn > 1, and hence "0 L OV n > 1. That is,

/(z”@)@du = / 1©]22"dpu =0, ¥n > 1.
T T
And by conjugation
/ 1©|22"dpu = 0, ¥n > 1.
T

Thus ([©2dp)(n) = 0, ¥n € Z~ {0}. By Lemma 3.9 (ii), we get |©|2du =
cdm. But, 1 = [|0©]%du = ¢ [ dm = c¢. Thus,
T T

dm = |0)*du
= |@|2dﬂa+ ‘@‘2dl~bs
(3.7) = |02 wdm + |02 du,.
Implies |©]> = 0 a.e. p, on T (because m has no singular part) and

dm = |O]*wdm implies |O]*w = 1 a.e. m. By Wold-Kolmogorov Lemma,
3.10} restriction z|g_ is unitary, zE, C E = E, ® Ey, and z|g, is non-
unitary on every section of Ey, etc. Thus, we conclude that zF,, = E. By
Wiener theorem, E, = x,L*(p) for some 0 C T. As © € D C Ey L E,
implies © 1 x,L*(u). In particular, this implies [ ©0du = [ |©*du = 0.

a

Hence O], = 0 a.e. p. But © # 0 a.e. m implies m(c) = 0 (since
dm = |©|*dy). Thus, in view of we obtain
Eo = XULQ(M) = XULZ(MS) - L2(ﬂ8)-
We have already shown that D C L*(u,), because D C Ey L Eo = L*(ps)
implies D C L?(u,). Therefore, By = > @2"D C L*(u,). Also, span{z"0 :
n>0

n >0} C Ey, since © € Ey. We claim that Fy = span{z"© : n > 0}.

On the contrary, suppose there exists f € Fy©span{z"0 : n > 0}. Then
f L z2"0,Vn > 0. Recall that © L zE. But f € E, implies 2" f € E and

hence z"f 1. ©,Vn > 1. Thus,
/f%d,u:OVn > (0 and /z”f(:)du: 0,Vn>1.
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—

That is (fOdu)(n) = 0V n € Z. By Lemma

15

@(i), it implies that fOdu =

0. Since © # 0 a.e. m and f € Ey C L*(u,), it follows that f = 0. Now,
by Parseval identity, it is easy to verify that

span{z"© :n >0} = {Zanz"@ ; Z la,|* < oo}

n>0

n>0

(Notice that {2"©},>0 is an orthonormal set in L?(j,), since du, = wdm
and |0©|?w = 1.) Further, it is easy to see that

Ey = @{ Zanz” : Z |a,|?

n>0 n>0

< oo} = OH>

Indeed, f — ©f is an isometry from L?(T,dm) onto L?(du,) = L*(wdm).

[ 1spam = [ 1057,

That is,
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4. FIRST APPLICATIONS

We have seen that there is one to one correspondence between simply in-
variant subspace of L?(p) with the set of measurable unimodular functions
(inner functions) due to Helson’s theorem. This congruence opens many
possibilities to apply Hilbert space geometry and operator theory to L?(u)
and vice-versa. Here we discuss inner-outer decomposition of the Hardy
class functions, Szego infimum, and Riesz brother’s theorem for “analytic
measure”. That is, for which positive measure p on T, the “analytic half”
P, = span{z" : n > 0} is dense in L*(T, u).

4.1. Some consequences of Helson’s theorem. Let y be a positive
Borel measure on T with du = wdm + dpus. Notice that if zE C E C L?*(u),
then £ = E, ® E,, where zE, C E, C LQ(,ua), because F = OH? &
XoL*(pts), where © H? C L*(p,) and x,L*(ps) C L*(jus).

(a) If 4 = ps, then zE C E C L*(us), implies zE = E, because, by
Helson’s theorem [3.11], we already have E = x, L*(us), which is 2-invariant.
(b) Show that for du = du, = w dm, the followings are equivalent:

(i) There exists E such that 2E C E C L*(u).
(ii) There exists © such that |O*w =1 a.e. m.
(iii) w > 0 almost everywhere m.
(iv) m is absolutely continuous with respect to p,.
(c) If du = duy, = wdm and 2E C E C L*(u,), then E = ©H? with
OPw =1 a.e. m.

4.2. Reducing subspaces. Let f € L*(u) and du = wdm + du,. We look
for sufficient conditions that ensure that Ej is reducing. If there exists
measurable set e C T such that m(e) > 0 and f| = 0. Then E; is a
reducing subspace, and there exists ¢ C T \ e such that E; = x,L*(u).
In fact, 0 = {z € T : f(2) # 0}. On the contrary, suppose zE; C Ejy.
Then by Theorem we get By = OH?* @® xL*(us), and hence f € E
implies f = f, + fs, where f, = ©Oh, h # 0 a.e. m (by Theorem [3.8] since
h € H?). This implies f, # 0 a.e. m, which is impossible because f|. = 0
and m(e) > 0 implies f,|. = 0 with m(e) > 0. Thus, Ef = 2E; = x,L*(p)
for o C T (by Wiener theorem). Notice that E; = span{z"xr..f : n >
0} = x1eEr = X0 L?*(1) and 1 € L*(u), implies o C T\ e. Indeed o = {z €
T : f(z) # 0}, which is defined up to a set of ;1 measure zero.
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4.3. The problem of weighted polynomial approximation. We know
that the space of trigonometric polynomials P = span{z" : n € Z} is dense
in LP(u) for every positive and finite measure p and 1 < p < oco. Let P, =
span{z" : n > 0}. One of the main problems is describing the closure of P,
in L*(pt). Denote H*(u) = clos Py |z2(,. The most important part of this
problem is to distinguish between the completeness case H?(u) = L*(u),
from the incompleteness case H?(u) € L?(u).

Corollary 4.1. H?(u) = H?(j1a) © L ().

Proof. H*(p1) = span{z" : n > 0}. By Helson decomposition H?(u) =
E,® E, with E, C L*(j1) and E, C L*(ps). Since we know that 2 E, = E,
by Wiener theorem, E, = x,L*(us) with m(c) = 0. Since 1 € H?(u), we
have 1 = 1, + 1, with 1, # 0 a.e. s But 1, € E, = x,L*(u,) implies
XULQ(NS) = LQ(NS)v Le., By = LQ(N5>-

Further, (P,), C E, implies clos (P, ), = H?*(u,) C E,. But, for f €
E, C H*(p) implies there exists p, € P, such that || f —py | z2(,) — 0. Since
‘|f—an%2(M) = Hf_an%2(Ma) + Hf_an%%Ms) = [|f _an%%MQ) + ‘|an%2(MS)
(since f =0 ps-ae.) and | f _pn‘|%2(ua) < |If _PnH%?(ua) + Hpn\l%z(us) =
If —pn”%z(u) — 0 we get [ € H*(ua).

L]

Remark 4.2. Note that for H?(u,), the closure of Py in L?(u,) has two
possibilities:

(i) 2H?(pa) = H?*(11) and hence by Wiener theorem H?(p1,) = XoL*(pta) =
L*(pg), because 1, € H*(p,) implies that there does not exist o C T
such that m(T \ o) > 0.

(ii) 2H?(pta) © H?(1a)(C L*(pa)), and hence H?(u1,) = © H? with |0)?w =
1.

The following results help to distinguish the above two cases.

Lemma 4.3. H*(p) is reducing (and hence H*(u) = L*(p)) if and only if
ze H*(u).

Proof. If H*(p) is reducing, then z € H?(u) is trivial. Suppose z € H?(u),
then exists p, € P, such that ||z — p,||z2(,) — 0. Let ¢ € P,. Then

/|5q—qpn\2d,u§ |\q|\<2,0/\2—pn]2—>0asn—>oo.
T T
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This implies 2P, C H*(u), or Py C 2H?*(uu) (closed). Hence H?(u)
zH*(p), i.e. zH?*(pu) C H*(u). But zH?*(u) C H*(u) implies zH?(p)
H?(p1). Now, it is clear from Wiener theorem and theorem [3.8that H?(p)
Xo L (1) = L2(p).

Corollary 4.4. H*(u) = L*(u) if and only if dist(1, H3(n)) = 0, where
HZ(p) is the closure of span{z™ :n > 1} in L?(u).

Proof. Let H*(u) = L*(u), then z € H?*(u), implies dist (1, HZ(u))
dist (2, H*(u)) = 0. On the other hand, if dist (1, H3(u)) = 0, then z
H?*(p), and hence H?(u) = L*().

Note that the quantity
dist* (1, H3 (1)) = inf /\1 — p|*du

pGIP’O

I

L1l

OOm |l

is known Szegd infimum, where P} = span{z" : n > 1}.

It can be seen that dist(1, Hg(u)) depends only on the absolute part of
the measure pu. Let du = wdm + dus be the lebesgue decomposition of p.
As similar to Corollary [4.1], it can be seen that HZ(u) = H3(pa) © L*(p1s)-
We also use the fact that if M; and M, are subspaces of a Hilbert space
H such that M1 1 MQ, then P]Ml@]w2 = P]w1 + P]M2 for M1 1 Mg. ThUS, we
can write

dist* (1L, H3 (1) = [Pz L 132
H(PH2 @ PLQ(Ms)) 1 (1a + 13)HL2(M)
= Pz, Ll allF2(,) ( since 1, € L*(ps))
= inf /\1—p\2wdm

pEIF’

The evaluation of Szeg6 infimum is intimately related to the multiplica-
tive structure of H?.

4.4. The inner-outer factorization. Recall that a function f € H? is
called inner if |f| = 1 a.e. on T. On the other hand, f € H? is called
outer if £y = H”.

Theorem 4.5. (V. Smirnov, 1928) Let f € H? and f # 0, then there
exists an inner function fi,, € H? and an outer function fou € H? such
that f = finnfour- Moreover, this factorization is unique and Et = finn,H
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Proof. Note that Fy C H?, E; # {0}, and Ey is not reducing, else z € H.
Here, £y = span{z"f : n > 0} C H? By Theorem, we have Fy = OH?,
where |©| = 1 a.e. m. Let f;,, = ©, then f = Og, where g € H?. We claim
E, = H? Let h € H% Since E; = OH? and ©h € ©H?, there exists
p, € P, such that p,©g = p,f — Oh in L?. But, multiplication by an
inner function is an isometry, we get
[Pag — B2 = 18(pag — 1)l — 0.

Hence, £, = H 2 Here g = f,u is desired outer function.
Uniqueness: Take f = fifs, where fi is inner and f5 is outer. As f is
inner, h — fih is an isometry, and hence as E;, = H?, we get

fimnH?* = Ey =span{z"fifs: n >0} = fispan{z"fa: n > 0} = f1H".
By the uniqueness of the representing inner function of the simply invariant
space E¢ (cf. Theorem and Corollary [3.6), we get fi,, = Afi with
|>\‘ =1, and )\flfout = flf? iHlphes fout = >\f2 [

4.5. Arithmetic of inner functions.

Definition 4.6. Let ©;, ©, be two inner functions in H2. We say ©; divides
O, if g* € H2.

Equivalently, ©; divides 6, if and only if ©H? D ©,H?. For this, if
O, = OOy, then O is necessarily inner, and O, H? = ©,0H? C ©,H?, since
©H? C H?. On the other hand, if ©,H2 D ©,H?, then we get O, € O, H?
implies © = 8—? c H>.

We deduce the following two elementary properties:

Theorem 4.7. Let © = gcd{O1, 0,2}, the greatest common divisor of ©4
and Oy. Then

(i) span {©1H?* ©,H?} = ©OH?

(i) ©1H? N ©,H? = OH?, where © = lem{©;, ©,}.

Proof. (i) ©xH? C span{©;H? ©sH*} = ©H?; k = 1,2 for some inner
function © (by Beurling’s theorem) implies © divides O ; k = 1,2. Let
O’ be another divisor of ©; : k = 1,2. Then ©'H? D ©,H?, and hence
©'H? D span{©;,H?; k = 1,2} = ©H?. This implies ©' divides © and thus
© = gcd{Oy; k = 1,2}. The proof of (ii) is similar to (i). O

Definition 4.8. Let {©; : i € I} be a family of inner functions.
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(i) © = gecd{©; : 7 € I} if © divides each ©;, and © is divisible by every
other inner function that divides each ©;.

(ii) © = lem{O; : i € I} if each O; divides © and O divides every other
inner function that is divisible by each ©;,

Convention: In case the ged or the lem does not exist, we write
ged{®;: i€} =1andlem{O;:i € I} =0.

Corollary 4.9. span{©; € H?: i € I} = OH?, where © = ged{©; : i €
I} and N©;H? = ©OH?, where © =lem {O; :i € I}.

Corollary 4.10. Let F' be a proper subset of H?. Then span{z"F : n >
0} = OH? where © = ged{ finn : f € F\{0}}, and finn stands for inner
factor of f.

Proof. We have span{z"F : n > 0} = span{fi..H* : f € F\ {0}}. (By
Smirnov’s theorem). By applying Corollary 4.9 we get the required. [

4.6. Characterization of outer functions.

Theorem 4.11. (Integral Mazimum Principle) Let f € H?. Then the fol-
lowings are equivalent:

(i) f is outer

(ii) f is a divisor of the space H?, i.e. if g € H? and% c L? then% c H?.

Proof. (ii) = (i): Let f = fiunfour be an inner-outer factorization of f.
Then fip, = ﬁ = % € L? because of f;,, € H> C L? By (ii), we get
finn € H. But f;,, € H? implies fi,, = A (constant) with || = 1. Hence
f = )\fout-

(i) = (ii): Given f is outer, we have Ey = H?. Since 1 € H?, there exists
pn € P, such that p,f — 1in L% Let g € H?> and h = % € L?. Then

41 [ g =t = [ lpus = U< Ipuf = 1l = 0 5 0 = o

But p,g € H?, implies (p,g)(k) = 0 if k < 0. Since ¢ — $(k) is continuous
linear functional on L(T) for each k, by (4.1) we get (h)(k) =0, Vk < 0.
Thus h € H>. [

Corollary 4.12. If two outer functions f1 and fy verify | fi| = |f2| a.e. on
T, then fi = \fy where || = 1.
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Proof. Since f, is outer, f; € H?, and \%| — 1 € L?, by Theorem [4.11], we

get % € H?. In the similar way % = % € H? implies % = A (constant) and
hence f1 = Afy with |A| = 1. Thus, an outer function is completely defined
by its modulus. Il

Corollary 4.13. Let w > 0, w € LY(T). If there exists f € H* such that
|fI? = w a.e. T, then there exists a unique outer function fo € H? such
that | fo|> = w a.e. T.

(Hint: By Smirnov theorem, f = fi,.fout €tc.)

Corollary 4.14. If f € H*(T) is simultancously inner and outer then f
18 constant.

Proof. Since f € H*(T) is inner |f| = 1 and hence 1/f = f € H*(T) by
the Theorem [4.11| Since f, f € H?(T) hence f is constant. O

4.7. Szego infimum and Riesz Brother’s theorem. Here we consider
two theorems in two different settings by using the fact that in an orthog-
onal complement of the analytic polynomials P, the absolute component
of a measure is only important.

Theorem 4.15. (Szego and Kolmogorov) Let p be a finite Borel measure
on T with Lebesque decomposition dy = wdm + dps, where w € LL(T).
Then

1) either there does not exist an € H? such that |f]? = w a.e. m,
Yy

then
inf / 11— p|*du = 0.
pePY J
(ii) or there exists (unique) f € H? such that |f|*> = w a.e. m, and f is
outer, then

inf / 11— pPdu = [fO)P.

pePY
Proof. (ii))We know that the Szeg6 infimum [ will satisfy
12 = dist®(1, H3(u)) = dist®(1, HE ()

= inf/\l—p\dem.
T

pePY
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Given that |f|? = w a.e. m, and f is outer. Hence
— int [ |f ~pfPam.
peP +
As f is an outer function, we can verify that span{z” fin>1} = 2H%
Hence I = distg:(f, zHQ) Note that f = 3 f(n)z" = f(0) + g, where

n>0
g € zH?. Since f(0) L zH?2, it follows that I = distz=(f(0), zH?) = |f(0)].
(i). Now, we consider the invariant space E, = HZ(u,). If 2E, # E,, then
there exists © such that E, = ©H? with |©]?>w = 1. But 2z € E, and hence
z = Of for some f € H?. This implies that |f|? = @ = w (since |z| = 1),
and this leads to case (ii). Hence, case (i) is possible only if zE, = FE,.
But, then E, = L*(u,) by Remark [4.2(i). Hence dist(1, H3(x)) = 0, since
1 € L*(a) = Hi(tta)- O

The above Theorem (Szegoé and Kolmogorov) leads to the problem of
computing |f(0)[? in terms of w. In order to do this, we have to consider
H? as a space of analytic functions on the unit disc, which we do later.

Riesz Brother’s result is an important consequence of Helson’s theorem.
For that, we need to recall an important result related to the Radon-
Nikodym derivative.

Let |u| be the total variation measure of a complex-valued Borel measure
@won T, ie.

\pe|(0) = sup { Z \p(oi)| © {oi}ier is a partition of o in B(T )}

el
Suppose j is absolutely continuous with respect to a positive measure A

on B(T). Then there exists ¢ € L()\) (the Radon-Nikodym derivative of
i with respect to \) such that

() = | lelax

Theorem 4.16. (Riesz Brother’s, 1916) Let u be a complez-valued Borel
measure on T such that
2"du=0,Vn > 1.
T A
Then p < m and dp = hdm, where h € H = {f € LY(T) : f(k) =0, k <

0}.
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Note that, a measure u that satisfies [ z"dp = 0 for n < 0 will be called
T

analytic measure.

Proof. It is clear that u < |u|. Let ¢ € LY(Ju|) be the corresponding
Radon-Nikodym derivative of p with respect to |u|. We claim that |g| =1
a.e. pu. For 0 >0, set o = {t: |g(t)] < 1— 4} Then |u|(c f|g\d\,u\ <

(1—9)|p|(o). Implies |u|(o) = 0. Similarly, the case o’ = {t : \g(t)| > 1-9}.
This proves the claim. As a consequence of the Corollary [d.1], we get
(4.2) Hy(|pl) = H?(|ula) © L2(Juls).

But |g| = 1 a.e. |u| implies g € L*(|u), and
(2", G) 2 = /Z gd|p| = / Zdp=0,n=>1.

In other words, g L 2", n > 1 in the Hilbert space L?(|u|), and hence g L
HZ(|u]). In view of (4.2 . we obtain § | HZ(|u|s). Now, by construction,
lg| = 1 a.e. |u|, which implies |g| = 1 a.e. |u|s. This is impossible ( since
g L HZ(|p|s) ), unless |u|s = 0. Finally, u < |p| implies

(o) = [ adiul = / gdlla = / guwdm

for each o € B(T). That is p < m with Radon-Nikodym derivative h =
gw € LYT), and

h(k) :/Ekhdm:/zkgwdm:/zkdu:() if k< —1.
T T T
Hence h € H'. ]

Question 4.17. *
For g € LYT), define g = span{z"g : n > 0}|zy ). Characterize all

possible g € L'(T) such that inf ||1 —pgl|l; = 0.
peP?

4.8. Exercises.

Example 4.18. b, = Xz where A € D is an inner.

Proof. by = A—ZZ@M 2"(|z| = 1) and clearly by(k) = 0 for k < 0,
and ), |?)\A(/<3)|2 < 00; hence by € H*(T). Moreover, for |z| = 1 we have
A —z| = |X—Z| = |1 — Xz, thus |by(2)| = 1. O

Example 4.19. f = II)Y_,b,, is an inner.
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Proof. For f,g € H>* we have || fg|lco < ||fllocllgllcc hence H*.H>* C H*,

a product of inner function is inner. Il
Example 4.20. S;, = exp(— C(C+ )) where a > 0, € T.
Proof. As Re (Ci> = IlC_—EIQ > 0 forany ( € T,|z] < 1,z # T, we ob-

tain that |Sco| = 1 on T. Moreover for every n > 0 we have S ,(—n) =
J12"Sca(z)dm = lim, [; fr(z)dm = 0 where f(z) = 2"S¢.(z) and
fr(z) = f(r2),0 < r <1 (f(0) = 0 since f,. is analytic in |z] < 1/r

and f,.(0) =0.) ]
Example 4.21. [ = H,ivzl Stp.a, Where ap, >0 ¢, € T.
Proof. See the proof of (ii). O

Examples related to the outer functions you will get in Chapter [6, Sub-
section [6.2]

Exercise 4.22. For every f € L? prove that f-H>(T) C Ey =span{f,zf,z

Proof. Clearly fP, C Ey, where P, is the space of analytic polynomials. It
only remains to show (fP.)*t C (fH*®)* (orthogonal complement in L?).
Let g € (fP,)*, i.e. fT gfpdm = 0 for any polynomial p € P,. Thus for any
heH>, [, gfhdm = 0 because gf € L' and h is a weak limit o(L>, L)

of its Fejer’s polynomials. () O
Example 4.23. If f € H*(T) such that 1/f € H>®(T), then f is an outer.
Proof. By the exercise | 1=f-1/f € Ef hence Ef = H*(T). O

Exercise 4.24. Let f,g € L*(T) (thus fg € L'(T)). Show that for every
n € 7Z, fg(n) =, 9(k)f(n — k); the series converges absolutely.

Proof. By Cauchy Schwarz’s inequality || f(g—¢")|| < || fll2]lg—¢'||2, the mul-
tiplication M, f = fg is continuous L*(T) — L!(T). Moreover the Fourier
series g = Zkezg( )2* converges for the norm of L?(T). Hence fg =

Y kez 9(k )2F f converges in Ll(']T) wich implies fg( ) = Zkezﬁ(k:)(;f\ﬂ(n)

The calculation follows from (zk Hn) = f(n—k). O
c

Exercise 4.25. Let f = finfour € H*(T). Show that sup{[g(0)] : g
H*(T), |g] < |f| a-e. on T} = | four(0)]

2f ..

}.
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Proof. From the previous exercise @(0) = {5(0){&\(0) for all p,1 € H*(T).
Moreover for every inner function h, we have |h(0)| < ||h]l; = 1. Given
g € H*(T,)|g| <|f|, which implies [§(0) = [Gin(0)Gout (0)| < [Gour(0)]. Then
by Theorem [4.15
GOF < Gon(OF = inf [ 1=pPlgldm < int [ [1-pP|fPdm = |Fou(O)
pEP, T pEP, T
[
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5. CANONICAL FACTORIZATION OF HP-SPACES ON DISC

In this section, we discuss the canonical factorization of functions in
HP?- spaces on the open unit disc as a product of three factors, namely a
Blaschke product, a singular inner function, and an outer function in its
Schwarz-Herglotz representation. This will help us analyze the questions
raised earlier. In particular, Szego infimum etc.

Definition 5.1. Let D = {z € C : |z| < 1} and Hol(D) denotes the space
of analytic functions on . For p > 0, set

2w
HP(D) = {f € Hol(D) : || |5, = Os<u1<)1/0 | f(re™)|Pdt < oo} :
and H*(D) = {f € Hol(D) : ||f|lg= = sup|f(z)| < oco}. Here dt is the

zeD
normalized measure on T.

For p > 1, set L? = L?[0,2x] = (L?[0,2x],dt) and H? = {f € LV : f(k) =
0, k < 0}.

The space HP(D) and H? are called Hardy spaces of the disc and
Hardy space respectively. Later on we canonically identify these two
spaces as same.

5.1. Properties of H? spaces.

(i) H?(D) is a linear space.

(ii) f || f|lz» is a norm if p > 1.
(iii) H*(D) c HY(D) if p > q.

(iv) For p=2,let f € Hol(]D)), and

=> f(n)z", f(n) e C.

n>0

By Parseval’s identity

2
(/vww%zzmemxwa
0

n>0
and we have

o it |12 r 2
ngVWWﬁZva«

0<r<1 n>0
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Thus for f € Hol(D), we have f € H?*(D) if and only if Z 1f(n)|?

n>0
Q0.

(v) If 1 < p < oo, H? is a Banach space, and 0 < p < 1, H? is a complete
metric space [12](p. 37). If p < 1, then ||.|[, is not a true norm, in

fact H” is not normable. However the expression d(f,g) = ||f — g/}
defines a metric on H? if p < 1.
Example 5.2. The function f(z)=1 is analytic on I but is not in H*(ID).

Proof. Since E =Y, 2", the coefficients of f are not square-summable.
O]

For f € H*, |[fI° = supoe,1 [z |f(rO)Pdm(Q) < |If[3 <00 = f €
H?, hence H>® C H?.
Example 5.3. The inclusion H*(D) C H%(D) is strict since the function
f(z)=log - is an unbounded analytic function on I but it is member of
H?(ID), because it has a Taylor series:

1 2"
11—z Z n

n>1

log

has square summable coefficients.

5.2. A Revisit to Fourier Series. The functions in LP[0,27] can be
thought of as functions on (0, 27), which can be extended periodically to
real line R.
Lemma 5.4. Let f € L'[0,27], g € L?[0,27], 1 < p < co. Then

(i) for almost every x € (0,27), y — f(z — y)g(y) is integrable on

(0, 27).

(ii) fxg(z) = f% flz—y)g(y)dy is well defined and belongs to LP[0, 27].

(1) [1f * glly < L FLllgllp-

Proof. Note that (a: y) — f(x — y)g(y) is measurable, and by Fubini’s
theorem |f x g(x)| < [|f(x — y)|lg(y)|dy < oo a.e. x. By Minkowski
1ntegral inequality,

| [ 1= vt / Ve = oty = ol

Further, if f € LY(0,2r) and f(n) = 0 " f(t)e™dt, then (f*g)( ) =
f(n)g(n), whenever g € L and 1 § p < oo (using Fubini’s theorem). [
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5.3. Approximation identity (or good kernel).

(i) If a family (E,) C L' satisfies
(a) sup ||E.|1 < o0

(b) lim E,(n) = 1,
then lim || f — f * E,|, =0 for f € LP(1 < p < 00). This is still true

for p = oo, if f € C(T) (called approximate identity of L.)
(ii) If (E,) C L! satisfies
(a) sup ||E.|1 < o0

21

(b) lim/ E,dx =1

(67

0
(¢) im sup |E,(z)] =0,V > 0.
@ S<|z|<m

then conditions of (a) and (b) of (i) is satisfied and we get lim || f —
[ E,|,=0.

5.4. Dirichlet, Fejer and Poisson Kernels. (i) Dirichlet kernel
G sin(m + )t
Dm — ikt _ 2 .
k;me sin(t/2)

(i) Fejer kernel
ntly 2

2l n+1ZD Z( n‘f—‘l)eikt:n—ll—l(silz(thQ'

k=—n

(iii) Poisson kernel

. 1—
P.(t) = P(re") = T;t‘z > et 0<r <1,
keZ

Result: If f € L', then

(1) fxDy(t) = Z f(k)e™ = S,,(f:t) (Partial Fourier series sums of

k=—m

f)
(2) fxDp(t Zf ( |_]|_|1)6 —%HZSm(f;t)(Arithmetic
m=0

mean of partial sum of Fourier series of f)
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3) fxP.(t) = Akr|k|eikt0§7“<1.
(3) fxPo(t) = f( :
keZ
(4) (®p)n>1 and (Pr)o<r<1 are good kernels, and || P, ||; = ||Pn]1 = 1.

(5) P.x Py = P, for 0 <r,r" <1 (semi group property).
Corollary 5.5. If f € LP, 1 < p < oo, then lim || f — f*®,||, = 0. Hence
n—oo

trigonometric polynomials are dense in LP. (Hint: This follows from the
property of the good kernel.)

The same is true for p = oo, if f € C(T).
Corollary 5.6. If f € L', f(n) =0, Vn € Z, then f = 0.

Notations: For f € L', set f, = f* P, 0 <r < 1.
For f € Hol(D), we set fi,)(z) = f(rz), if |z] < 1,0 < r < 1. Clearly
f(r) is analytic in bigger domain: |z| < % <l+e.

Corollary 5.7. If 0 < r < p < land f € I’ 1 < p < o0, then
lin% I fr — fllp = 0. Moreover, || f:ll, < || folly < | fllp(using mazimum mod-
r—

ulus principle).
If f € Hol(D), then |[fumlly < [[fipllpy and the limit (possible infinite)
i [| flp < 00, exists. In fact, lim || foll, = [[fllae@) of f & H(D). (It

follows due to P, is a good kernel.)
5.5. Identification of H?(D) with H?(T).

Theorem 5.8. Let 1 < p < o0.

(i) If f € HP(D), then liiI}fW = f ewists in L’(T) and f € HP(T).
(For p = oo, the limit holds in the weak™ topology of L*°(T) i.e. in
o(L>,LY).)

(ii) f— f is an isometry.

(iii) f and f are related by foy = (f)y = fxP,.
The function f is called the boundary limit of function f.

Proof. Let f = Z a,z" € H?(D), then
n=0
(5.1 M= sup [lfiolly < .

0<r<1
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(i) For 1 < p < oo, by Banach Alaoglu theorem ({5.1)) implies that
(fir))o<r<1 is weakly relatively compact in LP(T). Since L? = (LP)*, %—F
l, =1and f,) € LP; M = sup ||Af| < oo, where Af,y € (L¥)*.

0<r<«1
This gives a limit point f € LP(T) of ( fr))ri—1 in the weak topology
of LP. We claim that the convergence takes place in LP. As the func-
tional ¢ — ¢(n) is continuous on LP ( since |p(n)| < ||¢||z» ) for
e>0,0<r<1,3r, with r <7, <1 such that |f(r)(n) — f(n)] <e.
Note that )
1y = Fllo < oy = Faollo + 1 fry = Fllp = 0 as r =1,

if we suppose f(,,) — f in L. But then as r — 1, f,)(n) = a,r" —

tn, 1 € Z with a, = 0 if n < 0. Hence a, = (f)(n), which implies
f e H(T).
We deduce that f does not dependi\on (rg)k>1 and for £ € T,
(52)  (f*P)E) =D au€ =Y (Hn)re = fi)(©).
Now, by property of good kernel P, we get
1oy = Fllp = I(F)r = flly = 0 asr — 1.
That is f(r) — f in LP.

For p = oo, the similar reasoning gives the convergence f,) =
(f)y — f in weak* topology of L.

Case p = 1 : The space L'(T) can be regarded as a subspace of
M(T), the space of all complex measures on T. As M(T) = C(T)*,
by Banach Alaoglu theorem, the balls of M(T) are weak* relatively
compact.

We again get the existence of limit f € M(T) as 71}3} foy = f, but

this is weak* limit in M(T). That is, [ fyg — [ fg, g € C(T). As
before take g(t) = e, then (f)(n) = ji(n) = lirr% f(r)(n), n € Z, and
r—

hence fi(n) = 0 if n < 0. By Riesz Brother’s theorem we get 1 << m,
and the corresponding Radon Nikodym derivative of p with respect
to m is equal to f € H'. Using the same argument as in the beginning

of the proof, we get gf)( ) = an, n >0, fr = (f),. Hence
tmn £ = finlls = I1f = (Pl = 0
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because f. — f in L? for 1 < p < oo by Corollary [5.7
(ii) Let us first consider the case p < co. Since f = lin% Jr), We get using
r—

Corollary [5.7, )
17 = i [ i lly = 1 -

For p = oo, observe that as f is weak™ limit of f), we get
7l < tminf £l = £ o)
On the other hand f(,) = fx P.. we get
limsup [ fir) [loe < [|f]oo-
r—1 B B
Hence, we conclude that || f{|z~m) = [|f || zer) = [|f o
(iii) has been given in (5.2]).
O

Convention: Thus in view of Theorem [5.8, for p > 1 we can identify
f € HP(D) and its boundary limit f by
foy=fr=f*P and f = Zf(n)z"
n>0
Now f(n) represents Fourier coefficient of f at n and Taylor’s coefficient
as well. Note that if f € H?(D) then f(0) = f(0) always.

Corollary 5.9. For every § € D, the point wise evaluation map ¢ :
HY(D) — C, defined by ¢e(f) = f(£),f € HY(D), is a continuous lin-
ear functional on H* (and hence on HP, 1 < p < o0).

Proof. Let f be the boundary limit of f € H'(ID). Write £ = re’, 0 < r < 1.
Then

EFACOESDY Flmyertylnl = D ane™r" = [ (™) = flre™) = f(£).

; o L8]
Thus [f(O] < [IFILPrlloe < [1FTh 7= a3 0]
Remark 5.10. If fn — f in H?,1 < p < oo, then f, — f uniformity on
compact sets in ID.
Proof. For [A] < 7 < 1, [£u(\) = FO) < [1fu — FIER = ||, = FId = 0
as n — 00, since || f, — f|| = 0. Any arbitrary compact set K C {|\| < r},
hence f, — f uniformly on K. ]
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5.6. Jensen’s formula and Jensen’s inequality.

Lemma 5.11. Let f € H' with f(0) # 0 (because f(0) = f(0)) and let A,
be the sequence of zeroes of f in D caunted with multiplicity. Then

log (0 \+Zlog 57 < [ Tosldm )

In particular

log |£(0)] < / log £ ()] dm(t).
If f € Hol(Dy4.), then

log [ f(0)| +

/ log | ()] dm(t).
T

n>1 ‘

Proof. First we consider f € Hol(Dy4,). Let us assume that Z(f) N'T = 0,
ie.
f has no zeroes on T. Then Z(f) N D=finite={ A1, Ag,..., A\, }. Set B(z) =

I1 —|§7‘—((1Ai>_;fz;). For B)(z) = u (( X)) it is easy to see that
j=1 " J
B 21— ( \ _
[BA=)] 11— Az|?

Thus we set |B| =1 on T, and f/B is a zero free holomorphic function on
D44 for some § > 0. Hence, log | f/B| is a harmonic function on Dy, and
allow to apply MVT (because log g(z) = log|g(2)|+iarg(g(z)), if g(z) # 0)
and we get

log |(f/B)(0)] = / log | f/Bldm = / log |f|dm.

Aslog|(f/B)(0)| =log|(f)(0)] +Z log || 7!, we get the desired formula.
j=1

For f having zero on T, we consider f,, 0 <r < 1, where f,.(z) = f(rz).

Note that f, is analytic in |z| < 1/r < 1 4 e. Choose r such that f,. has

no zero on T. If for all » f,. has zeros on T, then f has uncountably many

zeroes on T hence zero set has a limit point in 7" and f is identically zero.

(Note that if A is a zero of f if and only if A\/r is a zero of f,.) For such
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an r, apply the previous case:

(53) o8 |(0)| + 3 log 5 = [ tog |
An|<r
Now f is analytic in Dy, so f has finite number of zeros on T. Let Z(f)N
T={&:i=1,2,...,k}. Hence f = pg with p = IIf_ (2 — &) and g is
a holomorfic functions such that ¢ and % are bounded on T. However for
everyr, 0 <r<landzeD
& =2l <& —ra|+ |z =r)[ <G —r2[ + 1 =7 < 2|§ —rz| < 2

Inl

(5.4) — %| A < |6 —re <2
We will calculate for one zero & € T. f,.(€) := f(r§) = |r§ — &|"g(r§) =

log | f(r§)| = nlog|r{ — & + log |g(r&)|
Now from ((5.4)

1
5\5;‘ — & < [ré = ¢
N 1 < 2
ré =&l 16 — ¢
log | f(ré)| = — (nlog + log [g(ré)|

1
ré — &l
|
10g\§j ‘+ og |g(ré)]

= 2nlog [§ — &;| + log |g(r)| := h(E) say
To apply DCT and take hm inside the integration in (|5.3]), we need to

show: fT |h(&)|d¢ < 0. ThlS holds since [} log|& — &;|d¢ is integrable (in
fact it is zero, See [7] P. 307, Lemma 15.17).
The general case: Let f € H! and f(0) # 0. In order to pass limit in
(5.3)), note that |logxz —logy| < C¢|lz — y|, if x,y > €. Hence
log((f,| + €) — log(|7] + )] < C|f.| — |fl] on T and
log(|f.| +€) — log(|f] +€) in LY(T) as r — 1.
But from (/5.3))

(5.5) log|f(0)

/ log |, dm < / log(|f,] + e)dm().
T T

[An|<r
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As LHS in (5.5)) is increasing in r and RHS is convergent, we obtain
o /(0)] + > tog 75 < [ {11+ )i
n>1 n
for each € > 0. This completes the proof.
Since |A\,| < 1 for all n € N hence the “in particular” case follows. [

Corollary 5.12. (Generalized Jensen’s inequality)
Let g€ H', g £ 0, and |£] < 1. Then

(5.6) log |g(§)] < / ‘15__|§||2

Indeed, to begin with, we may assume that g € Hol(Dy,.). Apply the
previous result to the function

fo)=9(+72),

log |g(t)|dm(t).

1—¢&2
and remark that Jacobian of this change of variable is 1|§__‘§Z||2 (Hint: Put
s = f_—_gt etc.)

Remark 5.13. (Confrontation of two Jensen inequalities) Curiously, Jensen’s
inequality of Lemma and Corollary for the holomorphic functions
is, in a way, the opposite of the fundamental inequality of convexity in real
analysis, which also bears the name of Johan Jensen. In fact, the Jensen
convexity inequality states that:

w/gdmé/wgdm
T T

for any real integrable function g and any convex function ¢(¢” > 0).
Setting g = log | f| and ¢(x) = e* we obtain the following:

/mmmsm/mm:mm@
T T

5.7. The boundary uniqueness theorem.

Corollary 5.14. If g € H' g # 0, then log|g| € LY(T). In particular, if
g€ H and m{t € T: g(t) =0} > 0, then g = 0.

Proof. Indeed, g € H' may be expanded in its Taylor’s series (when re-
alized on disc D) as g = Y .., §(k)2", where g(n) # 0, and n > 0 is
the multiplicity of the zero at z = 0. By applying Jensen’s inequality to
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function f = g/2", we get

/log lg|dm = /10g | f|ldm > —oc.
T T
Since, logx < z if x > 0, we also have

/log]g|dm < / lg|ldm < oo.
T

T
Hence log|g| € LY(T). It is clear that if m{t € T : g(t) = 0} > 0, then
Jplog |g|dm = —oco, which is possible only if g = 0. O]

Remark 5.15. The corollary is true for all p > 0. Proof for this using the
MVT for harmonic function is done in the proof of Theorem [5.32]

Remark 5.16. Recall that we have seen the second statement of the above
corollary for f € H? using a completely different approach.

5.8. Blaschke Product.

Lemma 5.17. (Blaschke condition, interior uniqueness theorem) Suppose
f € Hol(D), f #£ 0, and let (A\,)n>1 be the zero sequence of f in D, where
each zero is repeated according to its multiplicity. Suppose that

limilrlf/10g|frldm < 00,

r— T

then ), -1 (1=[\n|) < oo. In particular, this holds whenever f € HP(D), p >
0.

Remark 5.18. The condition Z(l — |An]) < o0 is called Blaschke condi-

n>1
tion.

Proof. Without loss of generality, we can assume that f(0) # 0. But then
Jensen’s formula gives

Zlogp\ —111;11_>1nf Z 10g‘/\n’ 00
n>1 [An|<r
As |\,| = 1, we have log <A%|) ~ (1 —|A\,|), and hence the desired con-

clusion followed. The H?(DD) case is a consequence of the obvious estimate
logx < Cpa? for x > 0, p > 0, because

liminf/log\fr| < liminf/0p|fr\p < 00.
T r—1 T

r—1
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For A € D, we define Blaschke factor by
A (A =2)
b = ———
)=o)

(i) If we assume the normalization by ( — ﬁ) = 1, then for A = 0, we can
define by(z) = z.
(ii) Zero set Z(by) = {A}, by € HOI(C\{%}), by < 1onD and |by| =1 on
T.

Lemma 5.19. (Blaschke, 1915) If (A,)n>1 € D satisfies the Blaschke con-
dition Z(l — |An]) < 00, then the infinite product

n>1
B=1]]ba, = lim I1 o

n>1 Anl<r
converges uniformly on compact subsets of D and even on compact subsets
of C\ clos{5}n>1. Moreover, |B] < 1 in D, |B] = 1 a.e. on T, and

Z(B) = (An)n>1 (counting multiplicity).

Proof. Set B" = H by,. Then for 0 <r < R < 1, we have
|An|<r

|B*— B'|} = 2—2Re(B", B")
= 2—2Re/BRB_7”dm

BR
= 2— 2Re/§dm (because |B"| =1 on T).

So by MVT for holomorphic funct101(1];31;;C we get
B
R 7|2
|B* — B"||5=2—2Re (—r)(O) =2-2 I I | Al

r<|An|<R

By Blaschke condition Z log | \n| ™! < o0, the product

n>1
[T

converges, which implies 1irri H |An| = 1. This shows that (B") is a
T <l<R
Cauchy sequence in H? C L? for every r = r, — 1. So we deduce the
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existence of B = lirr% B". Moreover, |B| =1 a.e. on T because |B"| =1 on
r—

T, and B € H?. As the point evaluation is continuous linear functional on
H?, the limit lim,_,; B"(\) = B(\) exists uniformly on compact subsets of
D, and hence |B(A\)| < 1, A € D. Using 2 — 1 in H? (easy to see), we get
% — 1 uniformly on compact subsets of D as r — 1 and
B
(5.7) lim (—) (\) = 1.
r—1 \ BT
This shows that B(\) = 0, |A| < 1 if and only if A = A, for some n > 1
(counting multiplicity). If A # A, and B(\) = 0, then (5.7) will fail.
In order to prove convergence on compact subsets of C clos{/\i}nzl, the
following observation is enough.
o =D+ [Aalz) (= (A + [2]) 1—[A
|b/\n 1‘ - N < 1
A1 = Az) \)\nHz — T‘ dlst(z N)’
where N = clos{3- : n > 1}. O

Corollary 5.20. (Frigyes Riesz, 1923) Let f € HP(D), p > 0 with corre-
sponding zero sequence (Ap)n>1. Then there exists g € HP(D) with g(§) #
0, V& €D such that f = Bg and || f|l, = ||gll, on LP(T).

This may be thought as the Blaschke filtering of the holomorphic func-
tions.

Proof. Take B" = H by, 0 <r < 1. Clearly, % € Hol(D) and for p — 1,
| An|<r

we get |B"(p€)| — 1 uniformly on T. Hence,
P p
(5.9 —tin [ | 0)[amie) = 171
T

Hg p p—1
And thus by definition of H?(D),

/‘BT p€) dm ))p§|\f|\pforevery0§p<1.

Fix p, set ¢ = %, and letting » — 1, we obtam
([[stoe)] am@)" <151,
and hence ||g||, < ||f|[,- The other inequality follows from g = %. O

Note: In the proof of equation (5.8) we use the fact if f, — f in H?-
norm and g, — 1 uniformly as p — 1 then f,g, — f in HP-norm. To
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prove this use: |f,q, — f| = |f,9, — [, + f, — f| and to apply the DCT use
Minkowski’s inequalities and g, is uniformly bounded by M.

Question 5.21. * Is it possible to replace log| - | in Jensen’s inequality
with some suitable increasing function?

Remark 5.22. It is useful to introduce the notion of the zero divisor (or
multiplicity function) of a holomorphic function. For f € Hol(f2), Q C
C, f£0, A€, set
0 if f(A)#0
df()‘) - . . _ r(m—1) . m

m if f(N)=---=Ff (A) =0 and f™(\) #0.

The value of ds()) is called zero multiplicity of A\. We can redefine the
Blaschke condition. The zero divisor of f € Hol(ID) verifies the Blaschke

condition if and only if
D (M) (1 —|A]) < oo.

AeD
The corresponding Blaschke product is given by

T s = ]

AeD n>1

Corollary 5.23. Let f € H?,p > 0 then there exists fr. € HP ; kK = 1,2
such that £ = fi + fo. | felly < |fllys and fi(=) #0 for = € D

Proof. If f(z) # 0, we may take f; = fo = %f If f has zeros, we have
f = Bg, with g € H? has no zeros. Thus f(z) = [B(z) — 1]g(2) +¢g(2). O

5.9. Non-tangential boundary limits and Fatou’s Theorem. Recall
that we have identified boundary limit f of f € H?(D) via

lim || f, = fll, =0, f € H", 1 < p < o0,
We shall see another convergence of f(z) to its boundary values, namely
the so-called non-tangential convergence a.e. on T for f € HP(D) with
0<p<oo.

Let 1 be a complex valued Borel measure on T and p € M(T). Let
dy = hdm + du,, h € L'(m) be Lebesgue decomposition of p with respect
to m. Then the derivative of u with respect to m exists at almost every
point £ € T, in the following sense.

i A dp(E)
A ceA m(A) dm

(= h(€)),
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S, =conv{{, sin(¢)-D}, 0<6<n/2

Stolz angle at the point £ on the unit circle.

FiGcure 1. Figl

where A is an arc on T tending to £. Such a point will be called Lebesgue
point of .

Definition 5.24. A Stolz angle at the point ¢ € T is the set
Se = conv{(,sin(#)D: 0 < § < w/2}
where “conv” represents convex hull of sets.

A limit along a Stolz angle, lim f(z) is called a non-tangential
2€8¢,2—(¢

limit at a point (.

1_2

Since the Poisson kernel satisfies P (rew) = ﬁ,

for f € LP(T) (1 <

p < 00), we have

Poafe = [ o lmi?;s)‘gf(e“mm(ew)

= dm(C), put (z = re?, ¢ = ™)

= f x P(z)( write ).
That is P, * f(e?) = f x P(2), where z = re? € D. Sometimes it is
called the Poisson integral of f.

Now we see one of the most important result about non-tangential limit
of the Poisson integral.
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Theorem 5.25. (P. Fatou’s, 1996) Let i € M(T) and ( € T be a Lebesgue
point of ., then the Poisson 'mtegml of 1

— |2
P(z)=Px*u(z /|C ‘Qd,u ),z€D

has a non-tangential limit at the point ¢, which is equal to %(C) i.e.,

lim A(z) = C?;—;:L(Q) a.e. on T.

z—(,2€85¢
In particular

lim Z(r() = d —(¢) m-a.e. on T.

r—1 dm

Proof. Since P x m(z) = 1 for every z (see Rudin, Real and Complex
analysis, 11.5, p. 233) the result is correct for p = m. With a replacement
of p if necessary by u—cm(c € C) and with the use of a rotation, it suffices
to examine the case u(T) = (0) = 0 and ¢ = 1. Let F be a premitive of
i, i.e. a function on [—7, 7], left continuous and with a bounded variation,
such that ple’, e) = F(B) — F(a), F(—7) = F(m). As F is defined upto
a constant, we can assume F'(0) = 0. Integration by parts in the integral
Pxpu(z) = / P(ze ")dF(s),z € D.

-7

gives .
" dP(zi " F
Pxpu(z) = —/ ﬁF(s)ds = / E.(s) (S)ds,

| = ds L s
where F.(s) = —s%. We denote z = re where |0] < 7,0 < r < 1,
and calculate E, :
Ez(s):—si 1—r? :—si 1—r? :_(1—r2)ssin(9 s)

ds|1 — reilf=s)2 ds1+r2—2rcos(f — s) |1 — rei@—s)|4
ssin(f — s)

— P(ze™™).
(1 —72) + 4rsin®(0 — s)/2 ( )
Let us show that the family {E, : z € S stolz angle} satisfies the condi-
tions (i)-(iii) for an approximate identity, given in (ii).

(i) For every z € S,
LA

dP(ze )
ds

S

ds / P(Z—zs)ﬁ — A,

2 — o 2m
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where, A = sup { (1_r2'jjfs<f’ngfg'_s)/2 s € [—m 7],z € Sl} . It remains

to show that A < oco. Let C' > 0 be such that |§] < C(1 —r) for
any z = re € S) (the existence of such a C' can be verified as an
exercise).

. |ssin(0—s)] 4C(1—r)|sin(6—s) /2|
(a) I |s| < 2C(1 =), then q—p G575 < (a2 = O
(b) If |s| > 2C(1 — r) then |s| > 2|0|, and we have
|ssin(6 — s)| < sl-Us[+10D) _ Is[(s[ +10])
(1—T2)+4sin2(9—3)/2 4sin*(0 — s)/2 — 4(|9—5|/7r)

< Islsl +1s/2])

— A(]s| = 10]/m)?
[s*.(3/2) 2
< = (3/2)7
A(|s| — 10]/m)?
Therefore A < max(C, %)
(ii) Integration by parts gives:
lim EZ(S)E = lim (1-P(—2)) =1.

z—1,2€51 . 2 z—1,2€51
(Since P is the real part of an analytic function it is harmonic hence
continuous ,then take the limit inside and P(—1) = 0)
(iii) Let 6 < |s| < m. Then for z € S sufficiently close to 1 we have:
0] < C(1 —r) < §/2 and hence
(1 —1%)s 8111(9 — 5) (1—rH)7
B.(s)| = | nl D Lom
1 —rel@=s)] [1—re/?|
which tends to 0 as z — 1,z € 5}

These properties of E, and the evident relation:
. F(s) 1 du
1 =——/(1
. 0 s 27 dm( )
dgT(;) _ ihms—m (e S,e ) _ %hms—m F(S);F(O) _ %Hms—m FS))

as well as (ii) above, imply, when z — €5

1,2
P*u(z)—j—ﬁ,L(l):/WEz(s)( () _ Lo

_ =% )) ds + o(1)
/ /5<| |<m

S 21 dm
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which tends to 0. Indeed by (i), for any € > 0 there exists 6 > 0 such that
< max

/ F(s) 1 du
|s|<6

— ——(1)| / |E.(s)|ds < €21 A,
and thus, given (iii) and above, -

S 21w dm

d
lim, 1 .eq, ‘P * pu(z) — #(1)‘ < e2mA

and the results follows. ]

Corollary 5.26. If f € H?(D), 0 < p < o0, then the non-tangential bound-
ary limits of f exist a.e. on T. That is,

_}gmes f(2) = f(€) forae E€T.

The boundary function & — f(€) is in LP(T), and for p > 1, f(€) = f(€)
a.e. on T (f is defined in Theorem |5.8).

Proof. For p > 1, the claim follows from Fatou’s Theorem ([5.25)) and the
Identification Theorem (because radial limit exists).
Note that for f € LP(T) (1 < p < o) and du = fdm, we have

Pouts) = [ (Qam(c)
T P

= fi(&) = fn(&) = f(r§) — %(5) = f(£) as r — 1(Fatou’s Theorem.)

Now by identification Theorem (5.8 (i) f. — f in LP, as r — 1. Since
convergence in LP, there exists a subsequence (r1) such that P x u(§) —
f(&) as r, — 1 for a.e. € € T ( since convergence in L? implies there exists
a subsequence which is pt-wise a.e. convergence).

Hence f(&) = f(&) for a.e. €€ T.

B For general case p > 0, we know that f = Bg = B(g"/?)?, where
g € H?(D). This implies ¢g'/? € H'(D). The result follows from the previous
reasoning. [J

Notation: From now onward, we identify the functions f € HP(D)
with their boundary values on T, and write H?(D) = HP(T), 0 < p <
oo, where HP(T) is the collection of boundary functions of H?(ID).

5.10. The Riesz - Smirnov canonical factorization. Here we see the
main result of the Hardy space theory - a parametric representation of f €
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H? as a product of Blaschke product, a singular inner function, an outer
(maximal) function. The last two functions are exponential of integral
depending on the holomorphic Schwarz - Herglotz kernel z — %, whose
real part is the Poisson kernel.

Theorem 5.27. Let f € LP,0 < p < oo be such that log|f| € L, and
define

1) = exo ([ 2 vl (@am(©) ). 1l < 1.
Then
(i) |f] € H'(D) and |[f]| = [f] a.e. onT.
(1)) If 0 £ g € HI(D), ¢ > 1, and |g| < |f| a.e. on T, then |g| < |[f]| on
D (and hence g € HP(D)).

(i) [£] = & and [[f]]) = [1]
(iv) [f(z) # 0 in D and for any o > 0, [|f]"] = [f]".

Proof. (i) For fixed z, |%\ < oo*! and log|f| € L' hence [f](z) is well
defined. Clearly, [f] is a holomorphic function on D. Recall that for a
finite Borel measure i and a convex function v, we have the Jensen-
Young geometric mean inequality

(5.9) fwoFd,uZw(de,u)

J dp J dp
[ Proof Let F' : (Q,u) — I C R(I is finite or infinite interval),
setl/:ﬁ. Let A = {h : h(x) = axr +b; h < 9 on I}. Then
h([Fdv) = [hoFdv < [ o Fdv. We get the inequality since
Y(x) = sup{h(x) : h € A}. ] By apply inequality to the Borel
measure dy = |1< |ZI2 dm/(¢), we get

_ 2 . 2
17 e ([ = vgls0rim(@) < [ 15Qp—LLamc)

Set z = re'. By Fubini s theorem, we get

/Ozw[ 4 [ o /02”—‘12;”) am(Q) = I

Now, by Fatou S theorem and its corollary there, we have
log [£)(6)] = limlog |[£](r€)| = log| F(€)] a. € onT.

The modifications in the case p = oo are obvious.
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(ii) Giventhat 0 # g € HY(D), ¢ > 1, and |g| < |f|a.e. on T. This implies
log|g| € L', and hence by generalized Jenson’s inequality (5.6)), we

get
log |g(2)] < / 1<_| }21og|g< )| dm(C)
< / = |Z|210g|f( O)ldm(¢)
= log |12

(iii) is a direct consequence of the definition.
(iv) It is a direct consequence of the definition. But here we only consider
the fact log |f|* € L, whereas f* € L? is not considered.
[

Note: *1[

=
Since z €D,z =7r, €T
E+2 o

i < 1+2nz::r =1+ 2(
Since r fixed for fixed z]

Note that from Theorem to define [f] the condition log|f| € L' is
sufficient, but the extra condition f € L ensures that [f] € H'(D).

The following result ensures the existence of enough harmonic functions
as Poisson integrals of finite Borel measures.

E+ 2 =2 z
=1+4+2)» — since || <1,
iR e I

1 1
1) = +r
1—7r 1—7r

< o0

Theorem 5.28. (G. Herglotz, 1911) Let u be a mon-negative harmonic
function on D. Then there exists a unique finite Borel measure > 0 such
that u = P % u, that 1s

Proof. By MVT we have for all z in D

/\c e 9= |Z\2d’”‘* %

where we have set u,(z) = u rz) 0 <r<1,and du, = u.dm. Then p, is
a positive measure and Var(u,) = pu,(T) = ur(O) = u(0) < oo. Thus the
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family (u;,)o<,<1 is uniformly bounded in M(T), and has week* convergent
subsequence i, that converges to i € M(T). Recall that M(T) is dual of
C(T)* with the duality < f, u >= ffdu. Thus, if f € C(T), f > 0, then

n—oo

/fd,u—hm fu,dn >0 = p > 0.

B Moreover, since u is contlnuous on D, for z € D, we have

z|2 1—|z[?
u(z) = lim u(r,z —hm/ Ly, du(¢).
(2) n—00 n—oo | |C — ()= T |C — z|? (<)
MUniqueness of u: Note that P * p(re ) = Z mli(n)e™. For any v such
nez
that P * pu = P x v implies i(n) = 0(n). Hence p = v. O

Theorem 5.29. (Singular inner function): Let S € Hol(D), then the fol-
lowing are equivalent:

(1) |S(z)] <1 and S(z) # 0 on D, S(0) > 0 and |S(€)| =1 a.e. on T.

(ii) there exists a unique finite Borel measure pn > 0 on T with p 1L m

such that
S(z) = exp (—AEijdu(()) , 2 €D.

Proof. (<= ) (11) 1mphes (i) is a corollary of Fatou’s theorem (because of
S € H>*(D) by (i
z)| = exp ( fT |1< ﬂg ) ,z €D and p L m. By Fatou’s theorem on
—logIS( )| = f(2), lim f(ré) = F4(6) = 0 since p L m. limlog |S(r¢)| =
r— r—

0 = S(¢) =1ae onT. Also |S(2)| = |S(re?)] <|S(&)| = 1.

(=)For (i) implies (ii), let u = log|S|™!, then by Herglotz theorem,
there exists p such that

log |S(2)| ™" =

— |22
du(C).
T |¢ — 2] ©)
Once again by Fatou’s theorem (and |S(§)| =1 a.e. on T), we get
dp .
%(f) = }RI_IEU(Tf) =0 a.e. on T.

Hence p L m.

BS(2)| = |9u(2)] in D. S(2) = A(2)S,(z) with |[A(2)| =1 for all z € D,
but S(0) > 0 and S,(0) > 0 which implies that A = 1 and which further
implies that S = 5,,. [
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Definition 5.30. A nonconstant inner function that has no zero in D is
called a singular inner function. A function S verifying (i) or (ii) of the
preceding theorem is called a singular inner function.f The word “singular”
is used because of the representation of such functions by singular measures.

logr,z > 1 _ —logz,0 <z <1
and log™ =z =
0,0 <z <1 0,z >1

Then log = log™ —log™; |log| = log" +log™ and log™ < x when z > 0.
Also |log™ x —log™ y| < |o — y| for 2,y > 0.

Notation 5.31. log" z = {

Theorem 5.32. (Smirnov, 1928: Canonical Factorization Theorem) Let
f € HP(D), p > 0. Then there exists a unique factorization f = ABS|f],
where A € C, |\ =1, B, S and [f] are defined earlier.

Proof. First set
_f
9=5
We will show that any zero free function g satisfies fT log |gldm > —oo. We
may assume ¢(0) = 1. Since g has no zeroes in D, log |¢g(#)| is harmonic in

D. The MVT for the harmonic function says that any for any r € (0,1)
0 =log lg(0)| = | 1ogg(r€) dm(©)

= / log™ |g(ré&)|dm (&) — /T log™ |g(r&)|dm(&)

T
Thus [ log* |g(ré) dm(€) = [ log [g(ré)|dm(€) < [y lg(r€)ldm()dm(€) <
gl (Cauchy Schwartz). Since g € HP(D), g along with the functions
log™ |g| and log™ |g| have radial limits a.e. on T. By Fatou’s lemma

/ log™ |g|dm < lim / log™ |g(r€)|dm(€) < gl
T r—1 T

which implies that log™' |g| is integrable on T. Simillary log™ |g| and log g
is integrable.
Then |f| = |g| a.e. on T, and hence [g] = [f]. Set A = L% and § = L.

9](0) Alg]
Then f = Bg = BAS[g] = ABS[f]. As B and [f] are uniquely defined for
f, the uniqueness of factorization follows. ]

Next, we consider the structure of the outer functions in H?.

Theorem 5.33. (Structure of outer function) Let p,q,v > 1 and
f € HP. Then the following are equivalent.
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(1) There ezists A € C, || =1 such that f = A[f].
(ii) for all z € D, the generalized Jensen inequality is equality:

(5.0 g |f(2)| = [ P(e6)log |F(©)ldm(e)

(1ii) Identity holds for atTleast one z € D.
() If g € H? and % e L", then % € H" (Integral Mazimal principle).
If p =2, then (i)-(iv) are equivalent to
(v) the function f is outer in H?(In the earlier sense i.e., By = H?).

Proof. (i) implies (ii) is followed from the definition of [f]. The implication

(iii) goes to (ii) is trivial. For (iii) implies (i), suppose holds for some

2z, € D. By Riesz-Smirnov factorization theorem, we have f = ABS[f], and

by (5.10), we get

| (20)] = [AB(20) S (%) [ f](20)] = |B(20)5(20)] =1 = [B(z20)| = |5(20)] = 1.
By maximum principle, B = S =constant= 1 in D, implies f = A[f].

(i) implies (iv): If g € HY, then g = \;BS|g] and we get % = ,\3)1\3[%[)5;} =

(%) BS [% € H" in view of Riesz-Smirnov theorem and by the hypothesis
that g/f € L".
(iv) = (i): Let f = ABS|f] and set g = min(|f|,1). Then [g] € H* and

[%’ <1 a.e. on T. By (iv) we get [% € H" (r arbitrary). Again, we have

[% = MBS [%} = )\13131% (because [[g]] = [¢] and [%} = %), we get
1 = A\ BB1SS] = XA BySy with |\y| = 1, where By is a Blaschke product
and Sy is a singular inner function. As |B2(z)| < 1 and |S3(2)| < 1 for all
z €D, we get |Bs| = |S2] = 1 and hence By = Sy = 1. Thus, we conclude
that B = S =1, implies f = A[f].

It remains to show that (iv) and (v) are equivalent if p = 2. As (i)-(iii)
are independent of choice of ¢ and r, we get equivalence between (iv) as
well with p = 2, and arbitrary ¢, and with p = ¢ = r = 2, (iv) is just
earlier characterization of the outer function on H?2. ]

Remark 5.34. In the family of Hardy spaces, dividing by an analytic
function, even if it does not have any zero, is a delicate process and the
result could be a function that does not belong to any Hardy space. For
example, if S is a singular inner function, then 1/S does not belong to
any Hardy space (easily check!). However, at the same time, its boundary
values are unimodular and one is (wrongly) tempted to say that 1/S is



48 HARDY SPACES

an inner function. The above result (Theorem (.33 (iv), IMP) says that
dividing by an outer function is legitimate as long as the boundary values
remain in a Lebesgue space.

Definition 5.35. (Outer in H?) Let f € H?, p > 0 and f = ABS[f]. The
function [f] is called the outer part of f, and ABS is called the inner part
of f. We write [f] = four and ABS = fiun. If f = A[f], then f is called
outer.

It is clear from the above theorem that if p = 2, then definition of inner
and outer functions coincide with previous ones.

Corollary 5.36. Let w € LL(T), and p > 1. The followings are equivalent.

(1) There ezists f € HP, f # 0 such that |f|? = w a.e. on T.
(ii) logw € L.

Proof. As H? C H', and p > 1 (i) implies (ii) follows from the boundary
uniqueness theorem Corollary [5.14]
Now (ii) implies (i) follows by taking f = [w'/?]. Since if

)= 00](:) = exp ([ PO Iog ) Pam(©)).

T
then by Theorem (i), f € HP(D).

Since
1P =exp ([P0 0g w(©lam(o))
by Fatou’s theorem [5.25| we get |f|? = w a.e. on T. O

5.11. Approximation by inner functions and Blaschke products.
Using Fatou’s theorem, we prove two important theorems on uniform ap-
proximation by inner functions.

Theorem 5.37. (R. Douglas and W. Rudin, 1969) Let ¥ be the set of all
inner functions. Then )

(5.11)  L™(T) = Cng)os (OH®: © € X) =span;~ (010, : 01,0, € ¥).
Moreover, any unimodular function in L>(T) belongs to

clos(IT) (@192 10,0, € E) .

LOO
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Proof. 1t is enough to show that y, € span; (@1@2 : 01,05 € X)) for
every Borel measurable set 0 in T. Let
fn= [nxg—k%xrﬂ\g}, n=273,...
and A, = {z € C: L < |z] <n}.Itis clear that f,(D) C A4, (by maximum
principle) and f,(T) C 0A,. Now let ¢1(¢) = ¢ + % for ( € C~\ {0}, and
w : $1(A,) — D be a conformal (Riemann) mapping of the ellipse ¢1(A,)
onto D. Since the boundary of ellipse is smooth, w can be continuously
extended to clos ¢1(A,), and hence
w o ¢1 o fn =0

is an inner function (because #; € H*(D), and by Fatou’s theorem |0;| =
1 a.e. on T). Since w™! is continuous on clos(ID), it can be approximated
by its Fejer polynomials. Therefore,

Jn + A =¢r0 fp=w" O@lespan(@f:nZO).

Doing the same for the function ¢5(¢) = ¢ — C’ we get an inner function 6,
such that f, — % € span;« (05 : n > 0). Hence f, € span; {0703 : k,n >
0}, implies

| ful? € SPan o (0705607105 kyn,l,m > 0).
Thus,

1 _
Xo + ﬁXT\U € Spallfe (61@2 : 91’@2 < Z]) ? forn = 1,2,....

Letting n — oo, we get x, € Span« ((:)1@2 . O, 0y € E) .
Let u € L>®(T), and |u| = 1 a.e. and u; € L®(T) with |u| = 1 a.e.
and v = u}. Given € > 0, by (5.11)) there exists ¢,0; € ¥ such that

lu1 — @g| < €, where g = Zaj@j’ aj € C. Set © = H?:l ©,, and observe
j=1
that g© € H™. Since [gO] = [g] (because |gO| = |g|), the inner-outer
factorizations of g and gO are of the form go© = v[g] and g = w[g|, where
v,w € X, and 1 — e < |[g]| < 1+ €. Now, a3 — ¢g| = |1 — pOv[g]| < €
gives
1 1 €

W ¢Pulgll T1—€
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Since |u; —a| < € and |u; —b| < € implies that |u?—ab| < |u; —a|+|a||u; —b),
we obtain . )
- - €
u — opwlglpOv—| < :
lg]l 1—e
which completes the proof. ]

Theorem 5.38. (O. Frostman, 1935) Let © be a (non-constant) inner
function and ¢ € T. Then by o @ are Blaschke products with simple zeros

fora.e. t € (0,1), where by(z) = 1 25, A € D. In particular, © is a uniform

limit of Blaschke products with simple zeros.

Proof. Let ¢ = 1. Then we need to show that Hi(z) := b o ©

1:%(( )) z € D is Blaschke product with simple zeros for all ¢ € [0, 1).

\_//1:2\
~—
.
S
-+

¢ € T, then the boundary function | H,(€)

1 = H, € H®(T). Hence H; € H®(D).
By the unique canonical factorization of Hy(z), Hi(z) = ABS[H{(z)
where

[fuMz>=:expuL;§ log | F,(€)]dm(€) = exp(0) = 1

since | H,(€)| = 1. Hence Hy(z) = ABS. Our claim is to show: S = 1, where
+ 2
S<Z) = exXp <_/ g Zd/*Lt(g)) y it 1 m, [t > 0.
o€ —

To show S = 1 we will show 1;(T) = 0.

Then by Jensen’s formula (5.11)) (and expression of S and S € H* with
S|l < 1), and the fact |Hy(ré) < |S(ré)| = S| < |Hy(ré)| ™
we get the following:

m@z@ﬁﬂ“(ﬁ%ﬁ@“mﬂ ﬁ%@wm%mwwmm
for all t,r € [0, 1). Therefore, it is sufficient to check that hm g(r t) =0 a.e.

€ (0,1). Now u(T) < g(r,t) = fo lim, 1 pe(T) < fo hm,nﬁl g(r,t)dt =
pu(T) < fol lim, 1 g(r,t)dt. We will show the right hand side is zero. For
this we will show that

1
/ lim g(r t)dt = hm g(r,t)dt
0

r—1 —1 0
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This happens due to DCT: |g(r, t)| = | [ log |Hy(r€)| 7 |dE < [, log | H(0)]1dE =
log | H;(0)|7! € L(0,1). So by DCT we can interchange the limit:

/ hmg r,t)dt = hm/ /log|Ht ré)|dm(&)dt
0 r—1

—hm// log | Hy(r€) |dtdm( )=0

since fo log |Hy(r€)|7tdt = 0. Let u : D — R, by u(w fo log |by(w)|~1dt =
— fo log |b;(w)|dt. u is continuous then

u(T) = — / log [b(¢%)|dt

1
—/ {log |t — €| — log |t — ei¥|}dt
0

= 0.
Therefore fol log |H,(&)|7'dt =0 = pu(T) = 0.
B The zeros of by o © are simple if A\ — ©(z;) # 0, V5, where (z;),>1 are
the zeroes of ©'. Indeed, if b)(O(z)) = 0, then A — ©(z;) = 0 and hence

(bx 0 ©)'(2) = b)(©(2))©'(2) # 0. _
Finally, we show thar u is continuous on . Note that the integrals
fol log |1 —tw|dt and fol log |t —w|dt are similar and for w = x + 1y, we have
1

1
/ log |t — w|?dt = / log{(t — x)* + y*}dt
0 0

is continuous in x and y ( for instance fol log(t — x)*dt = x(1) * log(z?)
)- O

5.12. Exercises.
Exercise 5.39. Show that H?(D)H?*(D) = H'(D).

Proof. f f,g € H?, then || fg|l < [ fill2llg1ll2ll < oo which implies H*H?* C
H!. For the converse, let f € H! consider G = % then G # 0 in D. Hence
G = ¢? for some function g.
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Also we have |G| = ||f|| = G € H' = ¢ € H? Take h = By.
Since B € H'(D) and g € H*(D) C H'(D) = h = Bg € H*(D) and
f=GB=g¢’B=g(Byg) = gh O
Exercise 5.40. f € H!, f(T) C R then f is a constant.

Proof. Since f € H! for z € D,
1—|2)? -
1) = [ T fam() = 21:)
T ¢ — 2]

If f(T) C R and the Poison kernal P.(() is always real then f(z) is real
from the above integration. But the only analytic function which is real
must be constant. O

Exercise 5.41. Let f € H'/2. Assume that f > 0 a.e. on T. Then f is a
constant.

Proof. Assume f # 0. By the canonical factorization theorem we have:
f = Bg where B is the Blaschke product associated with f and ¢ belongs
to H'/? and has no zeros on D. That is why we can define h = ¢'/2, and
the function h belongs to H! with ||hlj; = lgll1. Clearly, f = Bh?.

The condition f > 0 ensures that f = |f| a.e. on T. Hence, since B is
unimodular on T, we have Bh?> = h a.e. on T.

Now on one hand we have, Bh € H', and on the other hand h € H'. We
know that H' N H' contains only the constant functions. Therefore Bh is
a constant function. By the uniqueness of the canonical factorization this
happens precisely when B is a unimodular constant and h is a constant.
Thus eventually h is a constant. [

Example 5.42. If f(z) = exp(%}) then f is a singular inner function.

Proof. Recall that |e?]| = |eRewtilmw) — |cRew) — oRew Hence |f(2)| =
exp (Re(£})) = Iii; < 0 for z € D. It follows that |f(z)] < 1Vz € D.

o0 _ : : z+1
Thus f € H>. Moreover for |z| = 1 and z # 1 implies Re 25 = 0 and

therefore | f(e?)| = 1 for all @ # 0. Since e is never zero for any complex
number w, it follows that f is an inner function with no zeros on .

]

Remark 5.43. The function f(z) = exp(1£) is not an inner. This func-
tion is the reciprocal of the function in earlier example hence | f(e?)] = 1
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for 6 € (0,27). However for 0 < r < 1
L+
= (1
Although f has unimodular boundary value almost everywhere on T, it is
unbounded on D and hence is not an inner function. Thus when checking
to see whether or not an analytic function is inner one must be careful to
check at first that it is actually bounded on D.

Exercise 5.44. Let r > 0,s > 0, > 0 be such that % = % + % Show that
H" = H* H' and moreover || f.|| = min{||g|s||h||:: g € H*,h € H' s.t. f = gh}

Proof. By Holders inequality, if ¢ € H*(D),h € H'(D) then f = gh €
Hol(D) and for every p,0 < p < 1, we have || f,|| < |lg,llsllhpll:, which
implies f € H"(D) and ||f]|; < ||gls||h]|:- Conversely, if f € H"(D), with
f = ABV|[f] its Canonical factorization, then by g = ABV[f]"/*, h = [f]"/",
we obtain f = gh and [|f|l = [lglls/|Al]:- 0

Exercise 5.45. Let A € D and ¢, be an evaluating functional on H?,
1<p< o0, ie.

— oo, uadr — 1~

ox(f) = f(A), f € H.
Show that ||y = (1 — [A]?)~Y/P.

Proof. When p = 2,03(F) = F(\) = Syo0 FUDNE = (£, k)2, where
kr(z) = Zxkzk,z eD,

k>0
is the Szego reproducing kernal of H2, hence ||¢y]| = ||kl = (1 —|A?)~V2.
When p-is arbitrary, recall that for every function f, |f(A)| < |[f]A| and

I fllp = !|[f]p/2]|§/p which leads to:
loall = sup{If (V)] f € HY, 1 fllp < 13 = sup{[[f17207 1772 < 1)

= (=)™

Exercise 5.46. ( Neuwirth and Newman, 1967 ) Let f € H?(D),p > 0.
Show that f = constant if and only if the following hypothesis is verified:

(i) p > 1 and f(() is real a.e. ¢ € T.
(ii)) p > 1/2 and f(¢) > 0 a.e. ( € T.

Show that the conclusion no longer holds if p < 1.



54 HARDY SPACES

Proof. Case (i) is evident, because in this case f, f € H'(T), which implies
f=constant.

For (ii) see Exercise p.41]

For the last assertion, consider the function f; = zi“ respectively fo =

f2. It is easy to see that f; € HP(D) for any p < 1 and f, € H?(D) for any
p<1/2. O

Exercise 5.47. Let f, g € H?> and h = fg. Show that \ﬁ(n)\ <D hijmn \f(k)\
9(5)I-

Proof. The Fourier series g = .., 9(2)2’ converges in L*(T) hence by
Cauchy Schwartz’s inequality the series h = fg =3, 9(2)f 2J converges
in L(T) and by continuity of h ﬁ(n), we obtain E(n) =D ez f(n —
7)9(j); the result follows. O

Exercise 5.48. Let p(e) = i(t — «) for 0 < t < 27. Find the Fourier
coefficients of .

Proof. $(0) = 0 and for k # 0,
2m
o(k) = / i(t —m)e Mdt /2
0

2w
= [~ (t — m)e ™ j27K] Zo +/ e Mt )2nk
0
=—1/k
]
Exercise 5.49. (The Hilbert Inequality, 1908) Let f,g € H? Show that

Y- Jah) k+ IR < flelgl

k,7>0

Proof. For F,G € L*(T) and ® € L*(T) just as in (a) above, we have
(PF,G) =2 i ji—o ) F(K)G(j), which gives

(of,79) = Z
5 >0k+]+1

Then the result follows from
[(0f,Z9)] < llefll2llZgllz < llellsll fll2llgllz = =l fll21lg]]2-
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O]
Exercise 5.50. (The Hardy Inequality, 1926): For every function h € H?,
Sz Sl < il

Proof. By Exercise [5.44, h = fg with f,g € H? and | f||3 = ||gl13 = ||kl
and by Exercises [5.47] and [5.49]

> UG > Lot FO196) < allfllallglla = 7Bl

k>0 k>0 kt1

]

We have seen that every H? function f (re?) converges almost everywhere
to an L? boundary function f(e”). It is important to know that whether
f(re?) always tends to f(e”) in the sense of the L” mean or not.

Exercise 5.51. (Mean convergence theorem) If f € H?(0 < p < oo) then

. 2w ” 2w »
(512) i [ 17 = [ e
and .
(5.13) lin | f(re®y — f(e™)|" db = 0
r— 0

Proof. First let us prove for p = 2. If f(z) = > a,z" is in H?, then

S~ |an|? < oo, But by Fatou’s Lemma ,

/ C|F(re®) — f(e)2df < tim in / [f(re?) — f(pe”)|*db
0 p—

0

—2772 |, |2 (1 — "

which tends to 0 ar » — 1. This proves and hence (5.12)) for p = 2.
BIffe H(0 < p < o0), we use the factorization f = Bg. Since

[9(2)]P/? € H?, it follows from what we have just proved that
2m 2m

2m 2m
| seenpao< [ lgtenras [ loepas = [ 1pepas
0 0 0 0
This together with the Fatou’s Lemma proves ((5.12))

The following lemma can now be applied to deduce (5.13)) from ((5.12)).
[
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Lemma 5.52. [12]/p. 21] Let 2 be a measurable subset of R and let ¢, €
LP(w),0 <p<oo;n=1,2... Asn — oo, suppose p,(x) = o(x) a.e. on
Q and

/Q\Sﬁn(x)\pdx —>/Q|go(:c)\pd:c < 00

then
/Q (@) — (@) Pdz — 0.

Corollary 5.53. If f € H? for some p > 0, then
2m
i [ [log" £ ()] ~ log" £(e") | 46 = 0
r— 0

Proof. Immediately follows from Mean convergence theorem [5.51] and the
following inequality:

|log™ a —log™ b| < 1\a—b\p,a >0,b>0,0<p<1
For the proof the inequality see [12][p. 22] O
Exercise 5.54. [12][p. 34] A function f analytic in D is representable in
the form f(2) = Py(z) i.e. ,
16 =g [ RO=0sEar
as a Poisson-integral ¢ € L' if and only if f € H'. In this case p(t) = f(e™)

a.c.

Proof. If an analytic funcition f(z) has the form f(z) = ZPp(z) then
2

2T reie T
/O F(re)|db < / (1) di

so that f € H!.
Conversely, suppose f € H', and write

1 2 )
O(z) := —/ PO —t)f(e™)dt
27T 0
For any fixed p,0 < p <1

Ho) =52 | PO = 01r(ei

But by the Exercise [5.51 027T |f(pet) — f(e®)|dt — 0 as p — 1,50 f(pz) —

®(2). Hence ®(2) = f(2). O
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Corollary 5.55. A function f(z) is analytic in |z| < 1 is the Poisson
integral of a function p € LP(1 < p < o0) if and only if f € HP.
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6. SZEGO INFIMUM AND GENERALIZED
PHRAGMEN-LINDELOF PRINCIPLE

In this section, we consider two applications of the canonical Riesz-
Smirnov factorization. Namely, the Szego infimum dist(1, Hj(u)) is ex-
pressed in terms of measure y, the cyclic functions of L?(T) are described.
The classical logarithmic integral criterion for completeness of the polyno-
mials, the case of incompleteness, and the closure of the polynomials H?(u)
is described in terms of the outer function related to Radon-Nikodym de-
rivative w = j—;fl. We consider outer functions, their extremal and extension
properties, and distribution value properties. The important Smirnov sub-
class of Nevanlinna functions is considered. After transferring these results
to an arbitrary simply connected domain of C, we use these techniques to

get a remarkably general Phragmen-Lindelof type principle due to Smirnov
(1920) and then by Helson (1960).

6.1. Szego infimum and weighted polynomial approximation.

Theorem 6.1. (Szegd, Kolmogorov) Let du = wdm + dus be a Borel mea-

sure. Then
inf / 11— pl*dp = exp (/ logwdm> :
pePy JT T

Proof. By the Theorem two cases are possible

(i) If there exists f € H? such that |f|*> = w a.e. m then dist* = 0;
otherwise

(ii) dist? = | £(0)?
By the Corollary [5.36| Case (ii) < logw € L! holds if and only if logw € L!

and in this case:
+z

e [ € }
I@=ew [ omut@dm(e)
Since f € H?, f(0) = f(0) and [f(0)|* = |f(0)]* = exp [ logwdm.

L]

Let f € L*(T), and write E; = span{z"f : n > 0}. If E; = L*(T), we say
f is a cyclic vector. Note that the half of the trigonometric system (2"),,>¢
is far from being complete in L?(T), but multiplying by a suitable function
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f one can get completeness property i.e. span{z"f : n > 0} = L*(T). It
may happen that for different halfs of (2"),cz, nothing similar is true.

Corollary 6.2. Let f € L?. Then E;y = span{z"f : n > 0} = L? if and
only if f(§) #0 a.e. onT and [;log|fldm = —cc.

Proof. Two cases may possible: Either zEy = F; or, zE; C Ey. In the first
case by N-Weiner Theorem [3.4| there exists o C T such that E, = x,L*(u).
If the second case holds: zE; C E;. < there exists 6 such that |0 =1
and Fy = 0H?. Since Ey = L? = zE; = L? again, hence only the first
case is possible, so second case does not possible, i.e., V0 such that || = 1,
E; # 0H? < there does not exists g € H? such that 2"f = fg Vn &
L|f] = 1.|lg| & |f| = |g| & log|f| € L' by Corollary .36

( <) there exists o € T such that E; = x,L*(T). As f € x,L*(T) and
f#0ae onT we get 0 =T, and then E; = L*(T). O]

Example 6.3. (a) If f(¢") = |1 — €|, a > —1, then E; # L*(T).
(b) I £(e) = exp (1_——1) then E; = L¥(T).

The following two theorems are final statements on weighted polynomial
approximation on the circle T.

Theorem 6.4. Let i be a positive measure on T and let w = 5—51 its Radon-
Nikodym derivative. Then polynomials P, are dense in L*(p) if and only

if logw ¢ LY(T).

Proof. Polynomials are dense in L?*(u) if and only if the Szego distance
is zero follows from Corollary 4.4 This holds if and only if there does
not exists an outer such that |f|*> = w ( using Theorem [.15)), which is
immediate from Corollary [5.36] ]

Theorem 6.5. Let p be a positive measure on T, let du = wdm + dus be
its Lebesque decomposition and suppose that logw € LY(T). Let ¢ € H? be
the outer function defined by ¢ = [w%] Then closure H*(p1) = clospz(, Py
1S given by

H*(n) = L*(ps) ® (¢~ H?) = L*(ns) @ {f € Hol(D) : fo € H}.

Proof. Indeed, Corollary [t.1] gives H?(n) = H?(wdm) ® L?(us) and Lemma
and Theorem show that H?(wdm) is 1-invariant (non-reducing)
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subspace of L(wdm) ( see also Remark [4.2). < H?(wdm) = §H? for some
0 such that |#|*w = 1 by the Helson Theorem [3.11] = 6 = [w2] ! = -
/2]

]
0

Hence H*(wdm) = —H? = ¢~ H? since ¢ = [w

6.2. Properties of Outer functions. Note that from Theorem to
define [f] the condition log|f| € L' is sufficient, but the extra condition
f € LP ensures that [f] € HP(D). In general, the definition of the outer
function is defined as follows:

Definition 6.6 ( Outer functions ). Let h be a measurable function on
T with log |h] € LY(T). An outer function ( of absolute value |h] ) is a
function f = A[h] with |A\| =1 and, as in Theorem .27}
C+=z2
1) = e ([ 52 togn(@)lam() ). 1 < 1

—Z

Below we are discussing few properties of outer functions:

Properties 6.7. (i) An outer function f admits non-tangential bound-
ary limits f. Moreover, f € H?(D) < f € L(T)

Proof. By Fatou’s theorem lim,_; log |[f]|(r§) = lim, 1 [, Pre(¢)log | f[(¢)dm(¢)

log | f| (€) exists non-tangentially a.e. on T. Hence |[f](£)| = |f(£)] =
L]l =171

If f € L?(T) then [f] € H?(D) follows from the Theorem [5.27] (i).
If [f] € HP(D) then f € L? since |[f]| = |f]. O

(ii) Let f € H?,p > 1. Then f is outer if and only if Ey = closg»(fF,) =
HP(< f is cyclic in HP)

(iii) If f € H? and % € Hi(p>0,q > 0), then f is outer.
P'I”OOf. f = AlBlSl[f] and% = )\23252[%] = m = )\QBQSQ[%] -
1 =ABS[4] = ABS = B=1,5=1(since |B| <1,|S| <1onT)

Similarly, B1 = B, = 1 and S; = S5 = 1. Hence f is an outer (% is

also an outer.) O
(iv)
Theorem 6.8. (Smirnov, 1928)

(a) If f € Hol(D) and Re f(2) > 0 for all z € D, then f € H?,
0<p<1 (but perhaps f ¢ HY(D)) . Moreover, f is an outer.
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Proof. Note that Re f(z) > 0,Vz € D = Re f(2) > 0,Vz € D.
Indeed if there exists a point zy € D such that Re f(zp) = 0 then
by maximal/minimum principle for harmonic functions Re f = 0
on D, so f is constant, identically equal to 0, a contradiction [see
[L1] p.150.]
As the values of f are in the right-half plane:
C' ={z € C:Re(z) >0}
the function z — (f(2))? is analytic and we can choose arg f(z)
such that |arg f(2)P| < pn/2, z € D. Hence if 0 < p < 1, then
there exists ¢, > 0 such that |f(2)]? < ¢, Ref(z)? [since Re
f(2)? = |f(2)[Pcos(arg(f(2))?)]. The MVT applied to the har-
monic function Ref(z)? gives
2m ‘ dt 2m ’ dt
| ety < [ Relrre)) costmp/2)5 - = Re(#(0)/ cos(mp)2)
" for O§fr’<01.HencefEHp(]D)),O<p<1.
BWMoreover, since Re () > 0 in D, we have f and % in H?, 0 <

[(2)
p < 1. By Property (iii), f is an outer function. ]

(b) More generally, if f € Hol(D), f(2) # 0 and o := ), p|arg(f(2))] <
oo then f is outer and f € HP(D) for every 0 < p < w/2a (but

perhaps f # Ha(D).)

Proof. Apply the first case to g = /2%, ]
(¢) For every h € LY(T), Th € Ny<p<1 HP(D) for every 0 < p < 7/2a
where ‘ot
z
Ph(z) = h(¢)dm(¢)
TG — 2

Proof. If h > 0 then Re I'h(2) > 0 in D, hence I'h € Ny<p<1 HP (D).
The general case follows from h = hy — ho + ithy — ihy where
0 <h; <|h| O

Remark: By the Herglot’z Theorem [5.28, the general form of a
function f € Hol(D) with Re(f) > 0 is
¢+ =z .
tu(z) = [ S5 2au(0) +ic
o ( —
where p 15 a positive measure on T and ¢ € R.
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Example 6.9. (Herglotz Integral) Let u € M(T) such that
fu =

1-|z
Then f, € H?,0 < p < 1since Re f,(2) fT B |Z|‘2d,u f?r E)du >
0if p>0and p = pg — po + ips — iptg where 0 < p; < |u|
B If © > 0 then also Re(fi) >0 = fi € HP?, hence f, is an
outer.

Example 6.10. (Cauchy Integral) If f is integrable then F'(z) =
27'[' ezt it 277 e“
L [ M8 = L gt = F(z) = 5= [T L dpu(t). Tf

ett— 2wt JO  eit—z

@ >0 then Re{eit,z} = 171%25;&@9)91# > 0. Hence f € HP,0 < p <

1.
(v) If f € H* and || f|lcc <1, then 1+ f is outer.
Proof. Re(1+ f) > 0 and apply Theorem [6.8) (a) O

(vi) The set of outer functions is a commutative group for standard point-
wise-point multiplication.

(vii) Let f, g € H?(p > 0)
(a) Then fg is outer if and only if f, g are outer.

Proof. Let f = A\;B1S1[f] and g = Ay B2Ss[g], hence fg = (A A2) B1B2515:[f 9],
then use the uniqueness part of the Smirnov Canonical Factoriza-
tion Theorem [5.32] O

(b) Let f be an outer function and let |f| <|g|, then g is an outer.
Proof. Obviously, g € H* and 5 has no zeros in [D. By Theorem

5.32| we get the representation 5 = ASF, where F' is outer. Sup-

pose that g is not outer. Then g = \.S1F; with 5] is a non-trivial
singular inner function and f = (AA)(SS1)(FFy) with SS; #
constant, which contradicts the hypothesis. [

(c¢) If fe HP(D), p > 1 and inﬂ1;|f(z)\ > 0, then f is outer.
2SS

Proof. 1t is clear that for ¢ € H?(q > 1) we have % € HY and
hence by Theorem [5.33] (iv) f is outer. O

Theorem 6.11. Let p > 0.



HARDY SPACES 63
(1) Let f, € H? be a sequence of outer functions with f,(0) > 0. If | f| \¢
on T, then f(z) = lim f,(2), z € D exists uniformly on compact sets.
n—oo
Moreover, if lim f,(0) = 0, then f = 0, otherwise [ is an outer H?
n—oo

function.

(ii) Let f € HP be an outer function. Then there exists a sequence of
outer functions f, € H? and inﬂg|fn(z)| >0,n>1,[ful \(|f] on T
ze

(and hence on D) and f(z) = lim f,(2), z € D.
n—oo

Proof. (i) As the functions f,, are outer, we have

log |fu(2)] = / P(=8) log | fo(€)|dm ().

To show the uniform convergence of f,,, it is enough to show that f,
is uniformly Cauchy sequence. For this, we will show log|f,(2)] is a
uniformly Cauchy.

108 11,(2)| ~ogfun @] = | [ P lon T S m(@\

AGIHE
|fn+p

= cons 0 11 m
- t/qu B (e

— const ([ gl £,(€)ldm(€) — [ 1og]fsp(€)ldm(©)).

The conclusion is followed by monotone convergence theorem.
Suppose that 11’>1f1 fn(0) = 0, then
n=z

< sup|PZ§!/‘1

‘d
|2|<R |

lim [ log|f,|dm = lim log f, = —cc.
n—00

n—oo T

For a point zy € D, we have P(z€) < 7 H'ZO' = (. Hence,

1—]z0

log | f(z0)] < C [ 1og] fn\dm.
T
We conclude that lim log |f,(z9)| = —oo and similarly for all z € D
n—o0

and we get f = 0.
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If 1I§f1 fn(0) >0 and |f,| N\, h on T, then

/loghdm— lim /log]fn\dm> —00,

and hence logh € L. Now, it is obvious that lim f,(z) = f(z) with
n—oo
/= [h].
(ii)) Without loss of generality, we may assume that f(0) > 0. Set f, =
[| f| + 5], where 6, > 0 an appropriate sequence with lim ¢, = 0 and

n—oo

Jplog(| f] 4 d,)dm < oo. Then f, satisfies the desired properties.
]

6.3. The Nevanlinna (/N) and Smirnov (/V;) classes. We know that
Nevanlinna class can be represented as

= {f € Hol(D) : there exist fi, fo € U H? such that [ = fl/fQ}

p>0
and let

D = {f € Hol(D) : there exist fi, fo € U HP? such that f = f1/fs and f5 is outer}
p>0
be the Smirnov class (sometimes denoted by IV, ).

Lemma 6.12. We have
N = {f € Hol(D) : there exist fi, fo € H™ such that f = fl/fg} and
D= {f € Hol(D): there exist fi, fo € H® such that f = fi/f> and fo is outer}.

Proof. Let f € N, f 20 and f = %, where f1, fo € HP’s have canonical
factorizations fi = A[f1]B1.S1 and fo = A[f2]S2. Set F1 = A[min(1, |f])]B15:
and Iy = [min(]f|~%, 1)]S,. Clearly Fy, F» € H* and since | f|. min(|f|71,1) =
min(1,|f|), we also get f =

171 [mm(!fl ', 1)] = [min(1, | f[)]

1
— 1f]=1lfl) = [Lﬁ?fﬂ"{ b
Now, & = A[Efl;“(ﬁ}"fl' AL = A[f125 = \[f]B1Ss.

Hence f =4 = A025 — \[4 ]B Sy = A[f]B1Ss = 2. O



HARDY SPACES 65

Definition 6.13. (Outer in Nevanlinna class) A function f € N is called
outer if there exist two outer functions fi, fo such that f = %

Properties 6.14. (of the class D and Nevanlinna outer functions)

(a) If f is outer, then f € D.

(b) If f1 and f5 is outer, then so is fi fo.

(c) If f1fo are outer, and f1, fo € D, then f1, fo are outer.
(d) It f17f2 € D7 then fle € D.

(e) If F € Hol(D), G € D and |F| < |G| in D, then F' € D.

To verify (c), just let G = % with G1,Go € H*®, and G5 outer. By
hypothesis |GoF| < |G1] in D, and hence GoF' € H*. We conclude that
F=%¢cDp

Theorem 6.15. (Generalized Maximum Principle) Let f € D and g be an
outer function in N. If |f| < l|g| on T, then |f| < |g| on D.

Proof. Let f = f—; and g = g—; where fy, 91 and go are outer functions in
H> and f; € H*. By assumption |f1gs| < |f291] on T and hence | f1go| <
f192]] < [[fog1]| = | fogn| in D. O

Remark 6.16. This result is not true in general if f € N \ D and/or if g
1s not outer.

Let us recall that by Fatou’s theorem every f € H* has a non-tangential
limit a.e. on T and the boundary function satisfies:

/log | fldm > —o0,

T
that means the non-tangential limits of f are non-zero a.e. From here we
see that:

Proposition 6.17. Every function in N class has a non-tangential limat
a.e. on T.

Proposition 6.18. H? C N,
Proof. Hint: If f € HP\{0} then f = )\BS[f] where

1) = e ([ 208170 i) )

Now log = log™ —log™ and consider f1 fo corresponding to functions log™
and log ™. [
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So we have the relation: H? C N, C N.

Theorem 6.19. (Smirnov Theorem) f € N, and its boundary limit func-
tion belongs to LP then f € HP 1.e. N, N LP = HP.

Proof. The proof depends on the Arithmetic-Geometric Mean Inequality:

exp (/ log hda) < /hda,
T T

where h is a non-negative function on T which is integrable.

If f € NT then f = g1/g> where g1,90 € H* and g» is outer. Since the
presence of an inner factor in g; will not affect whether or not f € H?, we
can also assume that g; is also an outer. Using the definition of an outer
function applied to functions ¢g; and g we see that

0= (] v IiiiiiIM-)

Furthermore, for each r € (0,1) and w € T

) o[ s )

Now apply the Arithmetic-Geometric Mean 1nequahty to the function
|91/ 92| and the measure P,,dm:

2
ﬂ(rm\ <[
g2 T

Integrate both sides:

[frw)Pdm(w) = | = (rw)Pdm(w)
J s

< / ( / 20| P <c>dm<<>> dm(w)

= [ ([ Pat0rin)) dm
- [ ( I <<>dm<w>) dm(¢)
= [ \rPam

= (rw)

By Prwdm(C).

g2

(6.1)
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Thus supg.,.1 [r |f(rw)]*dm(w) < [ |f]*dm, which implies f € H>.

To prove the second statement of the theorem, observe that if f € N
and f|r € L* then as before we can assume f = ¢1/go and g1, 9> are
bounded outer functions. By (6.1]) we see that

2

2 _ |9l 9
0P =| 20| < [20] Puodn)
= [ IO Pucam(©
2 | P.,d
<17l | Prdmzeta)
= Hfh['@oa
which implies f € H*. ]

Remark 6.20. Smirnov’s theorem is no longer true for f € N even when

f is analytic on ID. For instance the function
1+ 2z
f(z) =exp | 1=
which is the reciprocal of the atomic inner function described in Example
belongs to N class, analytic on D and has boundary values of unit
modulus a.e. on T. However it does not belongs to H? since as in Remark
5.43]

ol =ew (1) e @)

which does not satisfy the necessary growth condition for an H? function
as described in see[8](p. 59):
/]

FACYIS A

The original definition of the Nevanlinna class is different from definition
inf6.3l f € N if and only if

sup /TlogJr |f(r&)|dé < .

0<r«1
The equivalence of the two definitions is not at all obvious; the proof can be

found in Nevanlinna and Nevanlinna (1922), Privalov (1941), Duren (1970)
[12][p.16], and Koosis (1998) [4] . We will state the theorem as follows:

fe H
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Theorem 6.21. [12]/p.16] A function analytic in the unit disk belong to
the class N if and only if it is the quotient of two bounded analytic function.

Proof. (<) Suppose first that f(z) = ¢(2)/¢(z) where ¢, are analytic
and bounded in . There is no loss of generality in assuming |p(z)| <
1, |Y(2)] <1 and ¥(0) # 0. Then

2 27

/ log" | f(re)|do < — / log [t (rei®)|d6).
0 0
But by Jensen’s formula (see Ahlforse, p. 206)

2m
—/ log |1 (re)|df = log |1 (0)| + Z log| i
|, |<r “n

where z, are zeroes of 1. This shows that [log|t| increases with r, so
feN.

(=) Let f(2) #Z 0 be of class N. Let f has a zero of multiplicity m > 0 at
the origin, so that 27" f(z) — a # 0 as z — 0. Let z, be the other zeroes
of f, repeated according to multiplicity and arranged so that 0 < |z1| <
|29] < --- < 1. If f(2) # 0 on the circle |z| = p2< 1, the function

P P~ — ZnZ
Pl = tog { 1) S (225 )}
is analytic in |z| < p, and ReF( ) = log|f(z)| on |z| = p. Hence by
analytic completion of the Poisson formula:

2 pzt+z

F(Z)Z%/ log | (pe’ )\pe “dt +iC.

This is sometimes called the Poisson-Jensen formula. After exponentiation,
it takes of the form f(z) = ¢,(2)/v,(2) where

™ p(z — z,) S pe + z
pp(z) = p—mH|zn|<pm-eXp{—§/o log™ | f(pe’ )|p€ _dt +1iC
1 [ pett + z
o) =exp{ oo [ gt pe 25

Now choose a sequence {p;} increasing to 1 such that f(z) # 0 on the
circles |z| = pi. Let ®@p(2) = @, (pr2;); Wi(2) = ¥, (prz). Then f(prz) =
O (2)/Vk(2) in D. But the functions are analytic in the unit disk, and
|D(2)] < 1, |Ui(2)] < 1. Hence {®;} and {¥;} are normal families, and
there exists a sequence {k;} such that @y, (2) — ¢(2) and V. (2) — ¥(2)
uniformly in each disk |z] < R < 1. The function ¢, ¢ are analytic in unit
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disk and |p(z)| < 1,[¢(2)| < 1. According to the definition of ¢, the fact
that [log™ |f| is bounded gives a uniform estimate |¥y(0)] > & > 0, so
Y(z) #£ 0. Thus f = ¢/1 and the proof is completed. H

The importance of this theorem is that it allows properties of functions
in NV to be deduced from the corresponding properties of bounded analytic
functions. The boundary behavior, for example, can now be discussed.

Theorem 6.22. For each f € N, the non-tangential limit f(e) exists
almost everywhere and log |f(e)| is integrable unless f(z) = 0. If f € H?
for some p > 0, then f(e) € L.

Proof. Assuming f(z) # 0, represent in the form (z)/1¢(2), where |¢(z)] <
1 and |¢(2)| < 1. Since ¢ and v are bounded analytic functions, they have
non-tangential limits ¢(e?) and () almost everywhere. Appleaing to
Fatou’s Lemrzna we have

m 27
/ | log [p(e')||df < lim inf {—/ log \go(rew)dﬁ}
0 r—1 0

But [ log ¢(re??)dd increases with r, by Jensen’s theorem. Hence log |¢(e™)]
L' and similarly for . In particular 1(e?’) cannot vanish on a set of pos-
itive measure. The radial limit f(e?) therefore exists almost everywhere,
and log |f(e"”)| € L'. Another application of Fatou’s lemma shows that
f(e") e LPif f € HP. O

The theorem says that if f € N and if f(e”) = 0 on a set of positive
measure, then f(z) = 0. In other words, a function of class N is uniquely
determined by its boundary values on any set of positive measure.

It is evident from the representation f = ¢/t that [log™|f(re)|dd
is bounded if f € N. Hence f € N if and only if [ |log|f(re?)||df is
bounded.

6.4. A conformably invariant framework. Here we consider the classes
Nev(€2) and D(12), where 2 is a simply connected domain (# C), that is,
domains that are conformably equivalent to the open unit .

Definition 6.23. Define
H>*(Q) ={f € Hol(Q) : || fllz~ = Sup | f(2)] < oo}
AS

and
N(Q2) = {f € Hol(Q) : there exist fi, fo € H*(Q2) such that f = f1/f2}.
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For w : D — Q be an onto conformal map. A function f € Nev(Q2) is
called outer if f ow is an outer in Nev(D). With this definition, we get
D(Q) = {f € Hol(Q2) : there exist fi, fo € H*(Q) such that f = fi/f, and f> is outer]
The following two results are simple factorization to €2 of the corresponding
well known facts in . Note if w : 2 — D extends to a homeomorphism of
clos (2) onto clos (D), then we say (2 is Jordan domain.

Lemma 6.24. (Generalized Mazimum Principle) Let Q) be a Jordan do-
main. Let A € 99, f € D(Q) N C(clos() \ {A}) and let g be an outer
function such that g € C(clos(Q) \ {A\}) and |f| < |g| on O\ {A}. Then
[ < lgl on €.

Lemma 6.25. Let f € H*(R2). Then f is outer if and only if there exists
a sequence of outer functions (fy)n>1 € H>®(Q) such that

Wl [f,(2)] > 0,0 > 1, I fu(2) = (), ()] NS (o)), 2 €

Corollary 6.26. Let €)1 C €y be two simply connected domains and [ €
N(€Qs).

(1) If f is outer on Qo, then flo, is outer on €.
(ii) If f € D(), then flo, € D().

6.5. The generalized Fragmen-Lindlof principle. The result of Theo-
rem [6.15] and Lemma [6.24] are, in fact, the versions of the Fragmen-Lindl6f
principle. The difference is that, in general, the mejorants are not given
by analytic functions.

Let €2 be a Jardon Domain, let M and M, be two non-negative functions
on €, and let w € C(92 \ {A}), where A € Jw, Q2 > 0. Then M, is
called Fragmen-Lindlof majorant for M and w if for every f € Hol(Q2) U
C(clos(2) ~ {A\}) with |f| < M on 0Q ~\ {\} we have |f| < M,.

Theorem 6.27. (Generalized Fragmen-Lindlof principle) Let f € D(Q)
and G € N(22) N C(clos(2) \ {A}) be such that M < |F| on Q, w < |G|
on 0\ {\}. Then either there exists an outer function [w o w] (and then
M, = |[wow]ow™| is a Fragmen-Lindlof majorant for M and w) or f =0
for all f € Hol(Q2)UC(clos(2) N\ {A}) such that |f| < M on Q and |f| < w
on OQ{\} (and then M, =0).
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Proof. In view of (e) of Properties [6.14], the inequalities |F| < M < |F|
show that f € (Q2). If there exists f £ 0, f € N(2) such that

|fow| <wow < |G ow)|
on T\ w™({\}), then we can define the outer function [w o w|. Applying
Lemma [6.24 we get | fow| < |[wow]| on T~ w }({A}) and hence the desired
result. ]

6.6. Exercises.

Exercise 6.28. Let b be a non-constant function in the closed unit ball of

H®>®. Put
1

J—
1 —
Then f is an outer in H?, for 0 < p < 1.

Proof. Since b € {||f|lcc < 1: f € H*} by the maximal principle, [b(2)| <
16]]cc < 1 for each z € D. Hence f is analytic on . Moreover we have

1 1 —Reb(z) _ 1—|b(2)]?
R = > Ouad D).
Tz LR S bp e
Hence by Smirnov Theorem [6.8] f is an outer in H?. ]

Exercise 6.29. If a polynomial p has no zero in the open disc D, then p
is outer.

Proof. Consider p(z) = ConstH (1 — g), & > 1. As |z| < 1T and |§] > 1,
i=1 ’

we have Re (1 — f) > 0. By_applying Theorem [6.8] and the Property (

ia) a
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7. HARMONIC ANALYSIS IN L*(T, 1)

The main result of this section is the Helson- Szego theorem characteriz-
ing those L?(T, 1) in which the Fourier series of every function f € L*(T, i)
converges in the norm topology. This is one of the main results of harmonic
analysis on the circle group T. It is closely related to generalized Fourier
series with respect to a minimal sequence; harmonic conjugates, the Riesz
projections, and weighted estimates for Hilbert singular integrals.

Definition 7.1. A sequence (z,),>1 in Banach Space X is called minimal
if v, ¢ M, = span{x, : k # n}, and is called uniformly minimal if
inf dist (i Mn> > 0.

n>1 lznll’
To proceed we need a corollary of the Hahn Banach Theorem.

Proposition 7.2. Let M be a linear subspace of a normed linear space X,
and let xg € X. Then xo € M if and only if there does not exists a bounded
linear functional f on X such that f(x) = 0 Ve € M but f(xog) # 0 (in
fact it is 1).

Proof. (<=)If 2y € M, f is a bounded linear functional on X and f(x) = 0
Yz € M. The continuity of f shows that f(z¢) = 0 (since zy € M). So
there does not exists a bounded linear functional f on X such that f(z) =0
Ve € M.

(=) 2o ¢ M. Then 3 a § > 0 such that ||z — zo| > §,Vz € M. Let
M’ be the subspace generated by M and xy and define f : M’ — C by
f(x + Axg) = Nif z € M and ) is a scaler. Since 6|A| < |M|||zg + Az|| =
Azo + || = |f(z + Axo)| = || < §l[Azo + x| Also f(z) =0 on M
and f(z¢) = 1. By the Hahn Banach Theorem there exists unique f which
extends f from M’ to X. H

Lemma 7.3. (i) A sequence (x,,)n,>1 C X is minimal if and only if there
exists f, € X* such that (xg, fn) = Okn. Such a pair ((n)n>1, (fr)i>1)
will be called biorthonormal and f,, n > 1 coordinate functionals.

(11) (p)n>1 C X is uniformly minimal if and only if there exists a se-

quence (fn)n>1 of coordinate functionals such that sup ||z, || || f.|| < oc.
n>1
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Proof. (i) By Hahn-Banach theorem, if x,, ¢ M,, then there exists a

sequence fn € X* with an“ = 1, fn(xn) = Hxnuu fn(xn) =1, fn =
_In_
|zl

(ii) Moreover for any subspace E C X,
dist(x, E) = sup{| f(x)| : f € X*, fla =0, |f]| < 1}.
For this, if x € E then both sides are equal. So firstly we will show
7<”. When x ¢ E, by Hahn- Banach theorem there exists fex*
such that f(z T) = dlst(x E), and f(E) = 0 with || f]| < 1. Implies
dist(z, ) = [f(2)] < sup{|f(z)] : fe X", fle=0,[[f] <1}.
For the other inequality, let y € E, then we have

[f(@)] = [f(x =) < [[flllle =yl < llz =yl
and hence |f(z)| < in}fJ |z — y|| = dist(x, E). This implies
ye

sup{|f ()| : f € X, fle =0, [[f]| <1} <dist(x, E).
Thus,
sup{|f(z)|: f € X", fle =0, |f[| <1} = dist(z, E).
Now, replacing f by f/f(x), it follows that
1
inf {|IfIl - f€ X", fle=0, f(z) =

) dist(z, E)
(If  #S C (0,00) then sup(s) jnf% = infycg 1)
Main Proof: Apply this to © = Ty, FE = Mn; and let fn e X* be

the corresponding coordlnate functionals with minimal norm. Then,

1 1
dist ( M ) dist (2, M) = —— .
lzall’ (|l nH a1 £l
Thus,
H;f1 dist (H R ) > 0 if and only 1fsup a1 frl] < o0.

L]

Definition 7.4. To a minimal sequence (x,) we associate the (formal)
Fourier series
T~ Z(m, fn)xn, x € X.
n>1
The operator * —— P,z = (x, f,)x, is called the projection on the
" Fourier component (or the co-ordinate projection with respect to the

biorthogonal pair ((z,)us1. (fi)iz1).
Remark 7.5. We have ||P,|| = || fu]|||®s]| (because f,(z,) = 1).
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Proof. [[By(za)|l = [fu(zn)lllzall = Lll2all = [[fullllznll (since fo(zn) =
l,and 1 = || f,]|). Also, since P,z = (z, f,)x, we have
[P ()]
sup ——=— < || fallllzal|
w20 ||
= [|Pull = [ fulllzall,
because at the point x,, the function value attends its maximum. ]

Definition 7.6. A sequence (z,) in Banach space X is called a basis of
X if for all x € X there exists a unique sequence (a,) C C such that

T = Z arpzi. Note that a,, = a,(x) A sequence x,, is called a basis sequence
k>1
if it is basis in Spany{x, : n > 1}.

Theorem 7.7. (S. Banach, 1932) Let (x}) be a basis of the Banach space
X. Then (zy) is uniformly minimal and fi(x) = ag(x), z € X are the
coordinate functionals.

Definition 7.8. Let X be a Banach space and let (x,),ez be a family
in X. Then it is called symmetric basis if for all x € X, there exists a

unique (ay(z))rez C C such that z = lim g ai(z)zg. It is called non-
n—oo
k=—n

symmetric if z = lim g ai(T)xy.
n,Mm—00

k=—m
Lemma 7.9. Let x = (xp)kez and (fi)rez be a biorthogonal pair in a

Banach space X. Set Py, ,, = Z (., fr)xg, m,n € Z. Then

k=—m
(1) x is a symmetric (respectively non-symmetric) basis if and only if

sup || Ponnl| < 0o (respectively sup || P..| < 00) and x is complete.
n>1 m,n

(11) If x is a (at least symmetric) basis, then (fi)rez is total, i.e. fr(x) =0
for all k € 7 implies x = 0.

(1ii) For o C Z, define x, = Span{xy : k € o} and x” = span{zr € X :
fe(x) =0 for all k & o}. If x is a basis, then for all o C Z, we have

g

Xo = X -
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Proof. (i) Since x is a basis, lim P, ,o = x for all z € Lin{xy : k € Z}.
m,n

By the UBP (uniform bounded principle: pt-wise bounded implies
uniform bounded) sup,,, ,, || Pn.n| < 0.
(ii) If fr(z) =0 for all k € Z, then P_,, ,x = 0 for all n > 1. Hence x = 0.
(iii) The inclusion x, C x7 is clear (even for minimal families). On the
other hand, if z € X7, then 2 = lim P_, ,z with P_,, ,x € X,. Hence

n—oo
T € X,.

]

7.1. Skew projections. Let L, M be two subspaces of a vector space X
such that L N M = {0}. Define P : L+ M — X by P(x +y) = z, then
P? = P, P|; =id and P|y = 0. Then P is called skew projection onto
L parallel to M and denoted as P := Pr ;.

Lemma 7.10. Let L, M be two subspaces of a Banach space X verifying
LN M ={0}. Then

(i) Prjm is continuous if azzd only if Pry s well defined and continuous
(here L = clos L and M = clos M ).

Proof. Let x +y € L+ M,z € L,y € M. Then Ppjys is continuous
= [|Pym(z +y)|| = |lz|| < c|lz+ y| for every x € L,y € M <=
[zl <Cllz+yl, 7 € L,and y € M <= Pp3; is continuous. O

(ii) If L, M are closed, then Pr is continuous if and only if L + M =
clos (L + M).

Proof. Apply closed graph theorem for the operator T' = P ;. [

Definition 7.11. Let L, M be two subspaces of a Hilbert space H. Define
angle o € [0, 7] (or minimal angle) between L and M by

cos(L, M) = cosa = sup (@, y)| :
reL.yedt |7yl
NOTATION: We write o = (L, M).

Remark 7.12. L 1L M if and only if a = 7.

Lemma 7.13. With the above notati_ons_we have
cos(L, M) = cos(L, M) = || Py; Pz ||
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and -
sin(L, M) = sin(L, M) = || Pya]| ™",
where the symbols have obvious meaning.

P,
Proof. Clearly, sup [(Pyrz, )] = || Py;x||. Moreover, (z,y) = (Pyx,y)

yeM\{0} ]|
for y € M and hence
P37 )
O 07 I v
0£z€L, 04yeM [l [ly] 0£z€L,04yeM [ |yl
1 P57
v L P
ozael ||| 0yenr [yl
| Py
sup
0£z€l HxH
P p 1Py Pl Py Pl
Y LT L7
sup 10l _ T = T = || PP
0£z€L || 0#£zel ||| 0£z€H | ]]
Hence cos(L, M) = || Py Pz ||
Now, )
| Prjjar(z + )l
|Pyul® = sup o
0#£xe€L,0£ye M ||:C + y”
]|

sup —_—
0£zel, 0£yeM ||+ y|?

oy P
0#£x€L inf();éyeM HZC + yH2

B 7
oatr I — Pyp)a]?

This now gives

vedl 1 — Py)z|? 1
Sin2<L,M>:1—C032<L7M>:1_ su HPMxH — inf H( M)xH .

otacr Nzl ogeer 22 Pyl

. 1
SO SlH<L, M> = m ]

Corollary 7.14. The projection Prjy is continuous if and only if || Pp Py || <
1 (and hence if and only if (L, M) > 0). Moreover, || Pl = || Puzll-
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Proof. Pr) is continuous < || Ppj || exists and > 0 < —l exists and

>0 < sin(L,M) >0« (L, M) > 0. Since sin(L, M) > 0 < cos(L, M) <
1 & || PyPrll < 1 by Lemma
]

7.2. Bases of exponentials in L*(T, u). Now, let X = L*(T, u), where
{1 is a finite Borel measure, and z;, = e, k € Z (or, z;, = 2*, k € Z).

Lemma 7.15. If (¢")cz is a basis of L*(p) then p, = 0.

Proof. Let 0, = {k : k > n}, let L = 8pan;s(,{z" : k > n}, and let f;
be coordinate functionals associated to (e’**);cz, then

ﬂ L) ={z € L*(y): fi(z) =0 for allk € Z} = {0}

n>1
(rx e LP(p) = z=> @ i) =Y fi(x)" and fi(z) =
0 since fy L L%*(oy) for all k > 1( by Proposition [7.2]) = 2 = 0 (by
Banach theorem [7.7)). Clearly, L? is an invariant subspace, and 2" € L7
and 2" # 0 on T. So it can be deduced (as in Corollary [4.1)) that L2 =

L2 (pa) + L*(ps) for all n € Z. But then also ﬁ Lgn > L*(u,), implies
n>1

L*(us) = 0. O

Remark 7.16. For studying exponential basis in L*(T, i) one can restrict
to measure which is absolutely continuous with respect to the Lebesgue
measure m, dy = wdm, w € L1 (T, m).

Lemma 7.17. (Kolmogorov, 1941) Let w > 0, w € LL. Then (2")yez is a
minimal sequence in L*(wdm) if and only if L € LY(T).

Proof. Due to biorthogonality, we have
5n,k - (vafk)LQ(wdm) - /ankwdma n, keZ.
T
So we deduce that fyw = z*, k € Z, that is f; = i, k € 7Z. Hence

1
fr € L*(wdm) if and only if/ @wdm < 0.
T
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7.3. Riesz Projection. Let P, P, be as earlier and P_ = span{e’** : k <
0}. Define the Riesz projection P, by

Pif= Zf ke, f €P.

Then
P_|_ — P]p+||]p_ .
Let also

mnf Zf Zkth]P) mnEZ m<n.

The following result g1ves the principle link between the problem of bases
and the norm estimation of the Riesz projection.

Lemma 7.18. Let w € L1+. Then the followings are equivalent.

(i) (2*)rez is a nonsymmetric basis of L?(wdm).

(17) sup || Pnnl < oo.
n,meZ

(iii) (2*)rez is a symmetric basis of L*(wdm).
(i) sup || Popnl| < 0.
nez

(v) The Riesz projectz'on P, is continuous on L*(wdm).
(vi) (P, P_) >0 (or (H},H?) > 0, where H: = closp2(ydm) P

Proof. In view of Lemma we get (i) < (i) and (iii)) < (iv). It is
also clear that (ii) implies (iv). Using Lemma and Corollary we
obtain (v) < (vi). Next, we verify that (iv) implies (v). Pick f € P,
then for n = n(f) sufficiently large, we get (using the relation: z/—@" (k) =

fn+ k), Prf = 2"Ponz"f, s0 [[Puf]] = [Ponnz™" Il < [Ponnlll[f]
implies ||Py|| < sup ||P-pn||- It remains to show that (v) implies (ii). Note

n>1

that
Ponf =2""1 = Pz (mtmtp omy o f e P,
But then
[Punfll = (1 — P00 P2 < PP A1 < 1P 2
for all f € P, since ||1 — P4|| = || P+||, (by Corollary [7.14]). Hence the result
follows. []
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7.4. Harmonic conjugates. In order to get the desired characterization
of exponential type bases in L?(u), we need a result of analytic type,
namely, the so-called harmonic conjugation on T (or D).

Theorem 7.19. Let u € L*(T) be a real valued function. Then there exist
a unique real valued function v € L*(T) such that 9(0) = 0 and u+iv € H?,
The mapping u — v is linear and continuous with ||v|| < ||ul|.

Proof. Let u = Zﬁ(n)emt € L Then @ = Zﬁ(n)e_mt. Since u is real
nez nez
valued, & = u < 4(n) = u(—n), n € Z. Define

f=1(0)+2) i(n)z

n>1

ThenfEHQand
Re f = (f—l—f = (0 —I—Zu mt—l—Zﬁ(n)e_im:u

n>1 n>1
This means that v = Im f will satisfy the conclusion of the theorem. Next,

we show that v is unique. If u + iv = u + ivy € H?, then v — v, € H?. As
v — vy is real valued v — v; € H?. But this is possible only if v — v; = c.
Also ¢ = v(0) — v1(0) = 9(0) — 91(0) = O[since for v,v; € H> = v(0) =
v(0),v1(0) = v1(0); and v(0) = v1(0) = 0 from assumption.| Finally, we
have

v=Imf = /- 5 f %(Za(n)emt—z ﬁ(n)e_mt) = %(Zﬂ(n)emt—z a(n)emt).

n>1 n>1 n>0 n<0
The process u —— v is linear and

loll* = latk)® < Jlull?

k40
and if (0) = 0, then ||u|| = ||v]|- O]

Definition 7.20. The function v is called Harmonic conjugate of u. Let
v = @. The mapping H : L*(T) — L*(T), u —  is called the Hilbert
transform.

7.5. Different formula for .

(a) We can translate the above formula for @ in terms of Riesz projections
1 1
U = T(fﬁlt—‘fllw'—'fﬁ(O)
7 i
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In particular, if @(0) = 0, then @ = 1(Pyu — P_u). Also, we have
f=u+ii=2P.u — (0).

(b) If u verify the conditions of the theorem, then f = u +iv € H? and
u = Re f. As f extends to D so Re f does as well. For z € D, u(z) =

Ref * P, = u* P,. Since the Poisson kernel verify P,(({) = Re (g + z>’
— 2

we get u(z) = Refi(z), where
A = [ Zu(@)dm@.

(—=z
Note that f; € Hol(D)*! and Re f; = u, f1(0 fudm € R. By
uniqueness, we have f = f; and
_ B B C+=z [ Lodt
=t f =1 fi = [ 1 (2 )u(@dm(O) = [ Qe = nute)3]

where z = re’t and

Ou(t) = Im <C—|—z> 2rsint

(—z 1 —2rcost+r?
*1[
eit—l—z . 1 T eit—i—z ;
uadeit_z = 1—}—222 e " — (et_z)f(e”))dt

/f tht-I—— Zzemtf zt
= AO) —|—22f(n)2_
n=1

Since it has a power series it is analytic. (See [9] p.12 )]

int
Remark 7.21. For r — 1, @, ~ % = cot(t/2). In fact, one can
— COS
show that )
" dt
ir) = (s cot(/2)(r) = [ alr = t)cot (¢/2) 5
27

in the sense of Cauchy principle valued integral.
7.6. The Helson-Szego theorem.

Theorem 7.22. Let p be a finite Borel measure on T. Then the followings
are equivalent.
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(i) The family (2"),ez is a (symmetric or nonsymmetric) basis of L*(1).
(ii) The Riesz projection P, is bounded on L?(1).
(iii) The angle satisfies sin(P,, P_) > 0. B

h
(iv) du = |h|*dm, where h € H? is an outer function such that dist (E’ H°O> <
1.

(v) dp = wdm, where w = " and u,v are real valued bounded functions
and [|v]|o < § (condition (HS)).

The proof of the theorem will be given in several steps based on the
following lemmas.

Lemma 7.23. The mapping j : H> x H> — H*, (¢,v) — ¢ is continu-
ous and symmetric. Moreover, j(B? x B%) = B!, where B? is the unit ball
in HP.

u+0

Proof. The continuity follows from the Cauchy Schwarz inequality ||¢v||;
|®ll2]|10||2. For surjectively, let f € H?', then f = ABS[f]. Write ¢
ABS[f]z and ¢ = [f]2 then ¢) € H?.

Lemma 7.24. Let E be a subspace of the Banach space X, and & € X*.
Then
|P|g|| = inf{||¥V||x<: =& on E} = inf{||P+al|x:: a € X* and a|p = 0}

LI IA

Proof. The inequality ”<” is clear. For ”>" apply Hahn-Banach theorem.
Let V' = ®|g. Then
[Wlx- = Sup\‘lf( )| = V)| x- = Supl‘l’( )| = [[®[e].

By Hahn-Banach theorem there exists U € X* such that ||®|g| = || V'] x~,
and hence the result follows. [J

Lemma 7.25. Let f € H' and suppose that f(T) C A C C. Then f(D) C
conv A) (the closed convex hull of A).

Proof. Observe that for z = rw € D,|w| = 1 we have f(z) = P, x f =

f ‘14 |§‘|2 ¢)d¢ € conv(A). However, conv(A) = NH where the intersection

is taken over all the half-planes: H = {z € C: Re(az 4+ b) > 0} containing
A, a,b € C. Since P, > 0 and [, P,dm(&) = 1, we see that the condition
Re(af(¢ +b) > 0) for ae. (€ Tas f({) e AC H = Re(af(z) +b) >
0 = f(z) € conv(A) O
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FIiGURE 2. Figl

Lemma 7.26. (V. Smirnov, A. Kolmogorov) Let v € L*>®(T) be a real
valued function then e’’ € LY(T) if Mv||s <

(CTE I Y

Proof. It is sufficient to show that |lull, < Z implies e® € L. Set f =

e~ v+ which is well defined in D, since u+ it € H?. Clearly |f| = e and

(1l —¢)
arg f| = Ju| < =———
Lemma, [7.25)). The same reasoning as in (Theorem now gives f € H'
and hence |f| = e € LI(T). O

Proof. Implication (i) < (ii) < (iii) < (iv) of Helson-Szeg6 theo-
rem.

Recall that we may restrict to du = wdm, w € LL(T). By Lemma [7.18
we get the equivalence of (i),(ii) and (iii).

Next we show (i) and (ii) are equivalent to (iv) (See Fig 1): Note that
if the sequence (z"),ez is a basis, then we can see from Banach’s (Theorem
7.7) and Kolmogorov’s (Lemma [7.17)) that i € L' and hence logw € L'
(this can be justified without using Banach theorem as z ¢ H?(u) we get

for some € > 0 (on T and hence on D in view of
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logw € L'). In view of the later observation, we suppose that there exists
an outer function h € H? such that |h\2 = w. Thus,

(f,g)LQ(u)Z/fgltJdm:/fhgh dm = /fh (gh) dm /FG dm
T
for all f € P, and g € P_ and therefore,

111z Z/\fh|2dm= 1F Nz N9z = IGNZ2r)

Clearly F = fh € H?, since g € P}, we get G € H{. By definition of
outer function, it follovvs that span{F fh: f eP,} = H? and also
A:={F = fh: feP, | F| <1} is dense in the unit ball B> of H?. For
the same reason, we see that B := {G = gh : g € P_, |G| < 1} is dense
in B>N HZ. We deduce that

cos(Py,P_) 12y = sup{[(f, 9)| - f € Py, g €P_[[fI7 () <1, llgll7(p) <1}
:sup{’/FG%dm‘ FeA Ge B}.
_ T

Set ®(k) = [ k(%)dm, k € L'(T). As h/h € L>(T), we get ® € (L'(T))*.

T
By (Lemma |(7.23)), we see that the angle (Py,P_) = ||®|g]|, and by means
of (Lemma [7.24]), we can express it in terms of h:

. h 1\ L . h o0
cos(F. P 2y = Bl = dist (. (H3)*) = disg (5 ).
The last equality is the consequence of the relation

(H):={geL>: /gfdm:()for all f e Hy} = H™.

Now, we conclude that cos(]P’jIF’) < 11if and only if logw € L', w = |h|?
for an outer function h € H? satisfying distze) (%, H*) < 1, that is (i)
and (ii) are equivalent to (iv). )
Proof of implication (iv) = (v):(See Fig 2) Suppose dist (1) (%, H*) <
1, where h is a outer and |h|*> = w. Then there exists ¢ € H* such that
Hh gl < 1. That is for € > 0, we have |@—g| <1l—e€ae onT, and
hence ||h]? — gh?| < (1 —¢€)|h|* a.e. on T. Setting a = |h(£)|* > 0 for £ € T,
we see that |a — gh?| < (1 — €)a.

Geometrically, it means that if a € (0, §) is such that sina = 1 — ¢, and
A={z:|argz| < a}, then we get gh*(T) C A (cf. Figure 1).

From (Lemma we get gh?(D) C A, so log gh? is analytic in D. We
set v = — Im log gh? = — arg gh? and get |0| = Re log gh?+c = log |gh|?+c,
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FIGURE 3. Fig2

where ¢ has to be chosen such that ©(0) = 0. We obtain log gh? = o —iv —c

and gh?> = €"=¢ on T, we have |% — g| < 1 — ¢, which implies that
v—c

11— ]g|] <1 —¢, hence € < |g| < 2 — e. Finally, |h|* = e‘ ’ — ¢"*7 where
g

u= —log|g| —c € L*(T) and |[v]| < 5.
Proof of implication (v) implies (iv):

Let wdm = e"""dm, where u,v € L*(T) are real valued and ||v||~ < 3.
Clearly logw = u + @ € L' and by (Lemma we have w € LY(T).
Hence there exists an outer function h € H? such that |h|*> = w. Thus
log|h|?* = u+ v and logh?> = u+ 9+ i(u+9)~ = u+ 0+ (i — v + c)

for some constant ¢ € R. Setting g = e~ (“T®~¢ we obtain, in view of
u

lg| = e, a bounded holomorphic function g € H*>. Moreover,
h h? s S :
79= Wg =exp(i(t —v+c¢) —u—iu—ic) = exp(—u — iv),

where ||v|l < 5. This gives the following estimates on T.
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1—¢)

(M| = <
arg_g—\v\<7r 5

oIl < ’Zg’ < el

)

(cf. Figure 2). The value of ( )g thus belongs to

D .= {z e C: el <)z) < el Jarg 2| < 7'('(1 ; 6)}
For A sufficiently big and some § > 0 we have B(A, (1 —d)A) D clos D or
AIB(X, (1-8))\) = B(1,1-4) D At clos D. Then A~ 1hg € B(1,1-9) a.e.
on T. In other words, |A~ (z)g—1| <1-dae onT,and |\ Tg— ( )| <1=9
a.e. T. As g € H>™, this gives diStLoo(’H‘)(%7Hoo) < 1. O]

7.7. An example. Let w(e?) = |t|%, t € (—m,7), @ € R. Then for o > 1
we have 1/w ¢ LY(T) and (e"),cz cannot be uniformly minimal in view
of Lemma [7.17, For o < —1, w ¢ L'. Thus, the only interesting case is
laf < 1.

First note that if the quotient w;/ws and ws/wy are bounded, then the
sequence (e™),cz is a basis of L?*(w;) if and only if it is one of L?(ws).
| [wrl < K and [{2] < Kj. By the Lemma [7.17] (e™),ez is a basis of
L*(wy) & o- € L' Now

1
/|—|</|—\_K/—<c>o:>—€L1
|y | wo

(e™),ez is a basis of L*(wy) by Lemma [7.17, Similarly the other case
follows.]
The identity map f —— f is an isomorphism from L?(w;) to L?(ws).
Next, let w; = w and wy = (1 — e®)®. Then
logwy = log |1 — €| = aRearg(1 — ") := u.
Necessarily, we get

fb(t) = aarg(l — eit) — &arg(ez’tm(e—it/z _ eit/g)
= ozarg(e“/Q(—%sint/Q).
{aﬁﬂ—ﬂﬂ)ﬂt>0
a(r/2 —1/2) ift <O0.
We deduce that [|iljo; = |04|§ < gif |a| < 1. Hence (e"),cz is a basis in
L([t|]odt) < |a| < 1.
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8. TRANSFER TO THE UPPER HALF-PLANE

In this section, we give an outline of the Hardy-space theory in the half-
plane and on the line. We restrict ourselves to the key results only: an
isometric correspondence between Hardy-space in the disc and in the half-
plane, the canonical factorization, the Fourier transform representation
(Paley-Wiener theorem), and invariant subspaces.

8.1. A unitary mapping from LP(T) to LP(R). Let w: D — C, w(z) =
i%, be the usual conformal mapping of the disc D to the upper half-plane

C,={eC:Im¢ > 0}.

The restriction to the boundary w|r is a one to one correspondence be-

tween T . {1} and R. The inverse w™!, w(z) = ~ " has Jacobian

x4+

|J(x)] = 5, ¢ € R. Hence the mapping

14+
U=U,: L”(T) - L*(R)

1 1/p )
0f0) = (s ) S s ek
is an isomorphic isomorphism (unitary for p = 2) of the space LP(T) onto
LP(R).
First, we give three descriptions of the image under U of the Hardy-space
H?*(T) C L*(T), then pass to arbitrary p, 1 < p < oco. Clearly, U,H?(T) is
a closed subspace of LP(R).

8.2. Cauchy kernel and Fourier transform. The first description of
Uy H?(T) is straightforward.

Lemma 8.1.

1
Uy HA(T) = spaan(R){—_ : Imop > O}.
T — i

To prove this we first need the following proposition:

Proposition 8.2. H%(D) = span{c) = ﬁ A e D}

Proof. From Corollary for f € H?, and for each A\ € D the evaluation
map ) is bounded and by Riesz-representation theorem it takes of the
form: ¢)(f) = f(A) = (f,c\) where ¢y € H? is unique. We now calculate
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¢ and see that it is X ,z € . For each A € D, the function A —+ 53 € H?,
since

= Z A 2" and (A) € £2(Np)
n>0
and so

n>0 n>0 n>0

Furthure, if f=73,20an2" € H® then

< 1—)\z> ZQ”M_

By the uniqueness of the Riesz- representatlon theory: c), = ﬁ More-

T ~nn B 1

over, |[cA]|? = (e, cn) = en(A) = z- € is called the Cauchy Kernal

1
-\
or Szego Kernal. The space H? ;s called the Reproducing Kernal
Hilbert space.

It is easy to check that the set D = {c) : A € D} is linearly independent.
Also if f € H? is orthogonal to cy, VX € D then f = 0 ( since f(\) =
(f,c\). Hence D is dense in H?. (A set D in X is dense if and only if

L 2o
[

Proof of Lemma[8.1]. Since H*(T) = spaan(T){ﬁ A < 1}, and Uj is
an isometry, we have

C

_ 1
H?*(T) = spat,» {U 1—Az _1:—’\_:/\611)}:81)%
(1) = S {2 (132) ! = (—
Clearly, p# = w(\) runs over the entire upper half-plane C, . ]

Now, we recall that Fourier transform F and its inverse F !,

F(f)(z) = \/%/Rf(x)e_mzdx,
1

FUNE) == [ 1w)e=as

are unitary mapping of L?(R) onto itself,

Lemma 8.3. UsH? = F1L*(R,), where [*(R,) = {f € L*R) : f =
0 on (—o0,0)}.

— :Imp > 0}.
T
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Proof. Compute the inverse Fourier transform of the function xg,e™* €
L*(R.), where Im A > 0 :

—1 iAx 1 IAx ixz 1 1 . 00 i 1
F (xr, ") = \/%/RXR& edr = NGETICESY ix(z+ M), = NGy
where —\ = p runs, again, over the entire half-plane C,. Since F~! is an
isometry, Lemma reduces to the proof of the following identity:
L*(R,) = span{xgr, e Im\ > 0}.

The equality follows from the injectivity (classical Fourier uniqueness the-
orem) of the Fourier transform F. Let f € L?*(R,) and suppose that
fJ_XRJre“‘x for all A with Im A\ > 0.

/ f(@)xr, e Mdr =0

— / f(@)xr, e ‘e ¥ dx = 0 (putting A =y + )
= F(fxr,e ")(y) =0 (Vy € R)

— fXR+€ =0 a.e. onR[sincef:O — f:()]

8.3. The Hardy space HY = H?(C+). Here we see from real line R to
the half-plane C,. We identify the subspace U,H? C L*(R) with the space
of boundary values of a certain holomorphic space in the half-plane C..

Note that w™'(z) = = is a conformal mapping from C; to D.

Hence the same formula as above, U, : H?(C*) — H?(D)

1) = (= i))l/pfwl(z», m 2> 0

defines a holomorphic function in C; for all f € HP(C,).

Moreover, w1 is still conformal at the boundary points » € R and trans-
fers a Stolz angle in C,, {z + iy : |r — r| < cy}, into a Stolz angle
in D. Now, Fatou’s theorem implies that the functions U,f, f € H?(D),
have non-tangential boundary limits (U,(f))r a.e. on R, U,(fr) = (U, f)r.
Hence in order to get another characterization of U,H?(T), it remains to
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describe U,H?(D) in intrinsic terms as a subset of Hol(C, ). This is done
in the next theorem. But, first we define Hardy classes on C,.

Definition 8.4. Hardy space HY = HP(C,), 0 < p < oo, is the class of
functions g € Hol(C,) such that

1
lollue =sup ([ lota+ in)Pas)” <,
y>0 R

with the usual modification for p = co. In order to compare H?(C,) with
U,H?(D), we need the following simple result.

Lemma 8.5. (i) Let vy be an arbitrary circle in D. Then

/ F)P)d] < 2 / F()P)dz]

for all f € HP(D), 1 < p < oo, here |dz| stands for the arc length
measure.
(i1) Let g € HP(C,), 1 <p < oo and z € C,, then

9 < (=) gl

Proof. (i) First let p = 1. For u € L'(u), denote by u, be the harmonic
extension of u in the unit disc,
1 — 2
wle) = [ 00 = dm(0), = €.
We show that u — w.|, is a bounded operator from L'(7) to L'(v) of
norm at most 47. Indeed,

[l < [ @i pim e
= [me( ,C‘_'Zlgidz! m(c)

:27T7“/|u = 0‘2 dm(¢),

where v = (¢, r). In the last inequality, we have used the MVT for har-
monic functions applied to the Poisson kernel P,(¢) = Re (zi_é) Since

2rdm(z) = |dz| on T, r < 1 — |c| and |1C_—|2Iz < ?r}j < 12| - we get the
desired inequality. For an arbitrary p, 1 < p < oo, we have |u.|? < (|u|P)s,

from Holder’s inequality, and the result follows.

mIm z
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(ii) Using the MVT in the disc, D = {z + iy : |\ — (z + iy)| < Im A},
Holder’s inequality, and what is sometimes called the “rolling a disk” trick:

1
lg(N)] = W/Dmdxdy\
1 1
< o / gdedy)s( [ 1dody
< p 5 2y
< (- / glPdzdy)” (v(Im 1))

< (W Y ) (/jlmdy/ lg(x +@y)lpdy)

Q=

The following theorem is one of the main result of this section.
Theorem 8.6. Let 1 < p < oco. Then U,H?(D) = HP(C,).

Proof. If g € Hol(C,), y > 0, and U f = g, then
_ 1
[ ot iwprar = 5= [ 15

where C), is the circle in D having the mterval [L= +1, 1] as diameter and being
tangent to the unit circle T at the point 1. A hne on the upper half plane

at a distance y parallel to z-axis maps to the circle Cy :=={z : |z — 45| =

ﬁ}, i.e., to check! for a point (z 4 iyp) in the line parallel to z-axis in
the upper half plane maps to Cy, under w . ie., w(z + iyy) = if:—zgjr;

satisfies |z — There are two points to be noted from the above

1| - Yo +1
discussions (Flg 3): (i) Infinite straight-line parallel to z-axis on the upper-
half plane wraps around the circle C,

(ii) The region Imz > y > 0 maps into the inside of the circle C,, easily
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check that (0,2y) maps to center of the circle (==, 0). Now

+o0o 1
/lg($+iyo)|pd9?=/
R —00

m(x + iy + 0)

f<$+iy0—i) P
x—l—z’yo—l—i

v+l

|f(w ™z + iy))|Pdx

dx

+00 1
|
_ pldz|
— [ 1y

Yo
So it remains to verify that

sup /\f ) \p|dg\<oo<:>sup/ |£P|dz| < 00, Vf € Hol (D).

O<r<1

(=) Using Lemma 8.5 (i) = : for any closed curve v € D,
fepdz <2 [ s
T

v

— sup / F(2)Pdz < 2sup / () Pd
Y

— sup/|f(z)\pdz<oo
Y

— sup/ |f(2)|Pdz < oo [for v = C,)]
y>0

( <= )To prove the converse, let g € HY. By Lemma 8.9 (ii), g is bounded
on every half-plane Imz > y > 0. Hence g o w is bounded on the disc
int(C,). Since the function (1 — 2) is outer on the int(C}) (no-zero inside
the interior) and f = W((12’Z)2>p(gow) e LP(C,),*t we get f € HP(C,)
by the integral maximum principle (iv). (We use the previous theory
for the following classes H?(D) over disc D = int (C)), instead of the
unit disc ID; the corresponding modifications, including the very definition
of H?(D), do not cause any difficulties and can be obtained by a linear
change of variable). Now, applying Lemma [8.5](1) to the circle y(r) = {z €
C: |z| =r} C int(C,), we get

()P de] < 25 / F(2)P|dz].

y(r)
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In fact, the Poisson representation (Corollary implies that for g € HY

the norms )
([ lote+ipaz)
R

are monotonically increasing in y > 0 and tend to ||g|r|/zr as y — 0 (to
see this, use approximate identity properties of the Poisson kernel). This
shows that [|g|rl/zr = [|g[/m2 - O

e, (x1(Z5)9)lgow(2)dz = [fine passing through v} 190 wdw = [z |g(w)Pdw <
oo since g € HP(CL) =

sup(/ \g(a:—l—iy)\pd:p)p <00 = Vy>0,/|g(a:—|—iy)\pd:p<oo
R R

y>0

]

Theorem 8.7. (R. Paley and N. Wiener, 193})
HY(C,) = FULA(R,)

Proof. This is immediate from Lemma [8.3] and Theorem [3.6] H
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8.4. Canonical factorization and other properties. The following
properties are straightforward consequences of the change of variables from
Section [8.1, Theorem [8.6 and the corresponding facts from H? theory in
the disc .

Corollary 8.8. (Poisson formula) If f € HP(C,), 1 < p < o0, then

. 1 Y
= — t)dt 0.
Fatin) =7 [ ot >
Proof. f € HY(C,) there exists ¢ € HP(D) such that Upg( ) =
f(2),z€ C; = f(2) =( (Zlﬂ))l/pg(zﬂ) z€C,. Nowput w == €D

for z € C; then (ZH)2 = (132)% hence f(z) can be re written as

_ 1/p
f(z) = (%(1% )2> g(w) for 2 € C, and w € D.
= h(w) € H?(D) [since (1(1 —v

T 2

1/p
)2> is bounded on D and g € H?(D)

Now using Poisson formula for h on ID)

2
F(2) = o+ ig) = hlw) =5 / s
S t—i L2 2dt ot z-
27r Rh(t+z) HZ—ZHP + 12 [Smceg_tﬂ"w_ﬁ
5 J O
_;/R(x—t) +yf()dty>0 .

Corollary 8.9. (Boundary uniqueness theorem) If f € HP(C,), 1 <p <

oo and f # 0, then
[ Loy,
R 1+562
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Proof. Let f € HP(C;) = f(z) = h(w) for z € C.,w € D and h €
HP(DD) By the boundary uniqueness theorem for the disk:

1 27
3= | o lhlldg] < o

1 ~ 2dt
— [ sl
— 5 [ [l

1+t2<oo

o [Lleslfl o
S

]

Corollary 8.10. (Blaschke condition and Blaschke product) If f € HP(Cy), 1 <

p < oo, and f # 0, then
1+ [An]? ’

where A, are the zero of f in Cy (counting multiplicities). The correspond-
ing Blaschke product (having similar properties as in D) is

Z— A\
B pr— n—_nI’ E(C ;
(2) 1;[52_)\” z +

where €, = |§z‘j:| (by definition, €, = 1 for A\, =1).

Proof. Let f € HP(C,),1 < p < oo and f # 0. Then there exists g €
H?(D) such that Uyg = f. Now, f(\,)) =0 = Uyg(\) =0 =

1/p . .
<7r( . )2) 9(3252) =0 = g(y) = 0 where 7, = 32 € D. So A5 are

An+i Anti At
roots of f if and only if 7/ s are roots of g. B B
] = Ao =il = e = Mo =i Anti P i —id 1 14 A2 -
D V] ! T N T A =i M= M, 1 T4 A2 A
where v, = Im(\,,).
Yn (An) ) 4,
Calculate 1 — |’}/n = 1+|yn|—2+2yn

We have g € H?(D). So |y, — 1 when n — oo as > (1 — [y]) <
oo since Y a, < oo = lima, = 0. So lim, ([N, = 1) =0 =
. . . —_ 2 .

lim,, 00 | An| = 1) since 11mn—>0011—‘|—A;n,|| = lim, (1 + |Au|) = 2(£ 0). So
S(1 = |wml) < o0 & S2(1 = |wl*) < oo (Limit comparison Test of the
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series). Now consider the series: > %
AYn
THAP TP LA Al + 2y,
(If[A\] > 1inCL = |\ = 2 axis = Im ), —yn—>0)
Hence by Comparison Test > (1 — ]fyn| ) <00 & ) i < oo. Hence
the desired Blaschke condition is: Z : H A |2 < 00.
B The Blaschke factor for g € H?(D) is 11b,,

o forw € D and g(7y,,) =

bl D Q=i 21 O) 21t Qi)
0. Here b, = = ottt — . L = . - = =
Tn Tn )\ZIZ (An—0)[An+i (An—=1)[ A+ (A24+1)(Ap+3) (Ap+1)
A2+ 1A, +i
A2 +1A,+1
Now

mow _ N¥E 202w —i) _ (= A)Oa+)
1—7,w 1_W 2i( A, — 2) A 1) (2= M)A + 1)
n—)(z+1
B(z) = ILb,, 2= W HWE”z}: - %11' .
Now A\, =i = 7, =0 = wis a factor of B(w),w € D = = is
a factor of B(z) and obviously ¢, = 1. O

Theorem 8.11. Fach function f € HP(C;); 1 < p < oo, has a unique
factorization of the form f = ABV|f]|, where A € T, B is the Blaschke
product constructed from the zeroes of f, V is a singular inner function
(an H* function having no zeroes in Cy and with unimodular boundary
values on R) of the form
Vo) =) = e (i [ T2 Ed).
R t—z

where a > 0, and v is a finite positive singular measure on R, [f] is the
Schwarz-Herglotz outer factor of the form

A6 =exp (52 [ T logl @) =€ Cs

Proof. Let f € HP(C,). Then there exists g € H?(D) such that f(z) = g(w)
for z € C, and w € D. Now

4w
o {—w

) = exp | - g 3(6) €|
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Putting £ = m and w = . we have:
t—ziz—z_ {tz+ 1+t —iz} £{tz+1—i(t — 2)}
t+i  z+i (t+4)(z +1)

§+w  1+tz

— E—w it —2)
Hence [f](z) = [g)(3) = exp (£ fo S 10g| f(1)|s ), 2 € Cy
B As g € HP(D), g can be written as ¢ = ABS|g]. Here S(w) =

exp [_nger (&)| for w € Dand £ € T and p L m. .. S(i—;) —
exp | = [ A5 (52)]

S(0) -y - [ |

— 5 (Z;i) — exp :m({1})z _ /R iittt;dﬂ (i;i)] & % _ ]
V(2) = € exp [ / 14tz du(t)]

it = 2)
when o = p{1}, dv(t) = dp ( 2 du(t). ]

t-l—z) T 1442

Remark 8.12. It is clear from the previous computations that other facts
of the Hardy Nevanlinna theory of Sections 3 and 4 in the disc can be
transferred to the half-plane. In particular, the properties of the inner
outer factorization from subsections still hold with corresponding
modifications caused by the change of variables. For instance, a function
f € HP(C,) having an analytic continuation across a point x € R has
singular representing measure zero in a neighborhood of this point. To
find the point mass of the singular measure, the logarithmic residues of
Section 4 (to be added) can be redefined and Computed and so on and so

on. In particular, the point mass at oo is a = — lim — log | f(iy)].
y—00 Y

8.5. Invariant subspaces. Here we consider translation invariant sub-
spaces of L?(R) and their Fourier dual objects - character invariant sub-
spaces.



HARDY SPACES 97

8.6. Duality between translation and multiplication by characters.
Define the translation operator 7, by

(1sf)(x) = f(z — ), v € R, for s € R.
This is a group of unitary operators on L?*(R). A subspace E C L*(R)
(closed, as always) is said to be (translation) 2-invariant and if 7,F C F
for all s € R, and (translation) l-invariant if 7, C F for all s > 0 but
not for (all) s < 0. The Fourier image of the translation operator 7y is the
multiplication operator by the corresponding character e*** of the group R:

7o(Ff) = F(ef), for all f € L*(R).
Without any risk of confusion, we write ’** both for the function x — e*
and for the multiplication operator by this function, f — €’** f. Hence,
we have

Ty = Fe* T F 1

that is, the groups (7)ser and (e%) g are unitarily equivalent (conjugate)
via the Fourier transform.

We use the same terminology as above for e’** -invariant subspaces. A
subspace £ C L?(R) is (character) 2-invariant if ¢**F C E for all s € R,
and (character) l-invariant if e**E C E for s > 0 but for (all) s < 0.
Hence, E is an 1- or 2- character invariant if and only if its Fourier image
FE is a 1- or 2- translation invariant subspace.

Clearly, the Hardy space H*(C,) is a character 1-invariant subspace, and
FH?*C,) = L*R,) is translation 1-invariant.

Below, we will derive analogue of the Wiener theorem and Beurling
Helson theorem for character invariant subspaces. First, we prepare
the transfer of these results to L?(R) by means of the operator Us.

Lemma 8.13. Let u, = exp (s%) s € R, and let E be a (closed) subspace
of L*(R). The E is a 2-invariant subspace (with respect to the shift operator
f = zf) if and only if usE C E, for all s € R, and E is 1-invariant
subspace if and only if usE C E, for all s > 0, but not for (all) s < 0.

Proof. If b € H*, and F is a z-invariant subspace of L*(T), then bE C E.
Indeed, by DCT, we have
lim b — b, fll2 = 0, for all f € E.
where b,(z) = b(rz).
On the other hand, z"f € E, for n > 0 and therefore, b.f € F, since
Taylor series of b, is absolutely convergent on T. Hence bf € E. The same
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holds true for b € H* and Z—invariant subspace E. These prove the “only
if” part of the lemma.

By analogous reasoning, to prove the converse, it suffices to show that the
s 1 -
function z is the bounded pointwise limit of functions ¢, = ¢ El n 8; as
Us — S
s — 04. We have Re(1 — us(¢)) > 0, and hence |¢4(¢)| < 1, for ( € T. On
the other hand, using the standard formula

e’ = 14+sw+o(s) as s — 0, we easily get 111% ¢s(¢) =Cfor ¢ € T\{1}. O
S—

Theorem 8.14. (P. Lax, 1959) Let E be a subspace of L*(R).
(i) E is a (character) 2-invariant subspace if and only if E = xxL*(R)
for a measurable subset > C R.
(i) E is a (character) 1-invariant subspace if and only if E = F,H*(C,)
for a measurable function q¢ on R with |q| =1 a.e.

Proof. Lemma [8.13|shows that F is 2 or 1-invariant if and only if its preim-
age Uy Ip L*(T) has the same property with respect to the shift operator
on L*(R). The results thus follow by applying theorems , and The-
orem [3.6] O

Corollary 8.15. Let E be a subspace of L*(R).
(1) E is translation 2-invariant if and only if E = FxsL*(R) for a
measurable subset > C R.
(2) E is translation 1-invariant if and only if E = FqH?*(C,) for a
measurable function g on R with |q| =1 a.e.

Indeed, it suffices to use Theorem [8.14] and duality of Subsection [8.6]

Corollary 8.16. (i) If F C H*(C.), then spWHi{emF s > 0} =
OH?(C,), where © is the g.c.d of the inner factors of f € F.

(it) If F C L*(Ry), then spanpg {7.F : s > 0} = F(OH?*(C,)), where
© is the g.c.d of the inner factors of F ' f, f € F.

(iii) If f € L*(R), then spﬁLQ(R){emf s € R} = L3(R) if and only if
f#0 a.e. onR.

() If f € L*(R), then Span g {e*"f : s > 0} = L*(R) if and only if
f#0 ae and

/(1+x2)log|f|dx = —00
R
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(v) If f € L*R), then spanp:gy{7sf 1 s > 0} = L3(R) if and only if
Ff#0ae onR

(vi) If f € L*R), then span ) {7sf 1 s > 0} = L*(R) if and only if
Ff#0 ae and

/(1 + %) log | F f|dz = —o0.
R

Indeed, it suffices to use Theorem and Corollary and the cor-
responding properties of z-invariant subspaces of L*(R).

Theorem 8.17. (Cauchy Representation) Assume that 1 < p < 0.

(1) Let F(z) belongs to HP(Cy) and let F(x) be its boundary function.
Then F(z) € LP(—00,00). F(2) =
1 [ F(t
— ( )dt,y > 0 and
2 J_ ot — 2
L [~ F(t)
8.2 0=—
(82) 2mi J_ot — 2
(11) Let F(x) be any function in LP(—o00,c0) satisfying (6.2). Then (6.1)
and the Poisson representation (Corollary 8.8 ) define one and the
same function F(z) on Cy. F(z) belongs to HP?(C,) and the non-
tangential boundary function is equal to F(x) a.e.

(8.1)

,y < 0.

Proof. (i) By Fatou’s lemma and the definition of H?(C, ), we have:
/ |F(x)|Pdx < lim mf/ |F(x +iy)[Pde < co = F € LP(—00,0).
) =

y—>0
Let G(z) = 5= [ t . “Wt,y # 0 Then G(z) is homomorphic separately for
y>0andy<0 For y > 0

1 1 1

G@—G@:—f[x{ _ JF@&

2 J_ |t —2 t—%Z

_y [T FO)
_w[m@—wﬁ+fﬁ

= F(z).
Since F(z) and G(z) are homomorphic on C; so is G(Z), z € C... But

a§:_1 /F”ﬁzec+

271 t— =z
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is also homomorphic. Since G(z) and G(z) are both holomorphic, hence
G(Z) is constant on C,. Since G(—iy) — 0 as y — oo, G(Z # 0) on C;.
Thus (8.1)) and (6.2) holds.

(ii) Assuming

1 [ F(t 1 [> F(t

0=— Ldt,Vy<()=>O=— / ()dtVy>O:>O_G(E),Vy>C
2mi J_ ot — 2 2mi t—

In (i) we have proved: G(z) — G(Z) = F(z) for y > 0 — G(2) = F(2).

Applying Holders inequality:

/_Z|F(x+¢y)|pdx:/: /Z (t_%” Pt de
- e 2F<t>r/p[<t%Ly?r/thpdx
<[ (o) ([ =) |
ININ= W A7 “)‘dt) ([ =ty o
o "
S/ / y/ﬂ Q\F()\pda}dt
< [ 1reypra

This shows that F € Hp((C+) 0

8.7. Cauchy kernels and LP- decomposition.
Theorem 8.18. (i) Show that H?(C,) = Spﬁp(R){% cImp > O}
for1 <p < 0.
(Hint: Use HP(Cy) = U,H? and solve U, f = ﬁ)
(ii) Let 1 < p < oo. Show that LP(R) = HP(C,) ® HP(C_), where @
stands for the orthogonal sum for p =2 and direct sum for p # 2.
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(iii) Let
1 [ f)
C = dt C\R
f(z) ot Jgt —z z€C\

be the Cauchy integral of f € LP(R), 1 < p < oo, then the followings

are equivalent.

(a) f € HP(Cy).

(b) Cf = f., where f, stands for the Poisson integral extension.

(c) Cf(z) =0 for Im z < 0.

Proof. Previously solved. ]

Theorem 8.19. (The Paley Wiener theorem) An entire function E is
called of exponential type if
log |E(2)|

lim|z_>ooT < o0

the limit itself is the type of E. Let £, = set of all entire functions of
exponential type < a. For a > 0, show that the followings are equivalent.

(i) E € & and Elgr € L*(R).
(ii) There exists f € L*(R) such that Ff = E and supp f € [—a, a.

Hint: For (ii) = (i), estimate the exponential type of E applying the
Cauchy inequality to the Fourier transform of f :

a 2a|Im 2|
B =| [ e pwnds] < 1l

€ —1\: alIm z
Im 2 ) (2@)26 el
Moreover, || E|ls = ||f||2 by Plancherel’s theorem:
(i) = (ii): First suppose that E|g € L*(R)NL>(R). Then by Phragmen-
Lindel6f theorem |E(2)| < ||EH ezl for 2 € C, implies

aiz 2
|Ex(2 )|_—+M E(z) € H(Cy), A>0.

The Paley Wiener theorem [8.7] entails that F(E)) = 0 a.e. on (—00,0)
and hence F(e®*E) =0 on (—o0,a) (because /\hm |E) — e E||r2®) = )
—
Therefore, F(E) = 7,F('*E) = 0 a.e on (—oo, —a). Similarly F(E) =
a.e. on (a,00.) and we get (ii).
In general case, replace E by E°(z) = [, E( (t)dt, where ¢.(t) =

e 'o(L), ¢ > 0is compactly supported in R. It is easy to see that £ € &,
and supp (E°) C [—a — €,a + €], and we have lir% | £ — El|2w) = 0.
€E—
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Question 8.20. (a) Show that f € H?(C,) if and only if f € L*(R) and
F(f) =0 ae. onR.

(b) Find f € L'(R) N L?(R) such that L*(R) = span 2 g)(7sf : s € R) and
L'(R) # spangy{7sf : s € R} (Hint: Consider f = x(4;).)

(c) Riesz Brother’s theorem for R: Let y be a complex Borel measure
on R such that [; e"'du(t) = 0 for all s > 0. Show that pu << m.

8.8. Exercises.
Exercise 8.21. H'(C,) = H*(C,)H?*(C,)

Proof. We know that w : D — C, is a conformal map.
FeH(C,) = F-uw € H'(D)

— F-w' =Gy -Gy where G, Gy € H*(D)

— F =[G () G- (w)
Now define two functions gy, go by the following forms:
gew=G_G- (w,)il/2

pow=Gy- (w)
— (o w)(w)? =G € H(D)
— (grow)(w)? =Gy € H*(D)

— 01,92 € H? (Cy)
and

F = (g10w)(g:ew)
= Few '=g g
= [ =919
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9. PROBLEM SETS

9.1. Problem Set 1.

1.

Determine the validity (TRUE/FALSE) of each of the following state-
ments, providing rigorous justification in every case.

(a) Every subspace of L*(T,m) of dimension greater than one is simply
invariant.

(b) Let H? = span{z" : n > 0}. Is it true that H? 1L 2H??

(c) If 0 # f € H?, then Ey =span{z"f : n > 0} is a reducing subspace
of H?.

(d) Let p be a finite measure on T. Is Ey necessarily a reducing subspace
of L?(1)?

(e) If © € H? is an inner function, does it follow that
span{z"© :n > 0} = OH*?

(f) Is H*(T,m) N L>®(T, m) dense in L*(T,m)?
(g) Let u be a finite Borel measure on T. If 22 € H?(u), does it follow
that H?(u) = 22H?*(u)?

(h) Let f = xo,z}- Does it follow that
span{z"f :n >0}
is a non-reducing subspace of H*(T,m)?
(i) Suppose 0 < p < m. Can it happen that H?(u) is a proper reducing
subspace of L?(u)?

. Let p be a finite Borel measure on T. Prove or disprove that

L*(p) = L*(u) - L*(n).

. Let 1 be a finite Borel measure on C. Prove or disprove that for every

f € L*(C, p) there exist g, h € L*(C, 1) such that f = gh.

Let w € LL(T,m) = {g € L'(T,m) : g > 0}. Suppose there exists
f € H? such that |f|*> = w a.e. on T. Show that there exists a unique
outer function f, satisfying |f,|*> = w a.e. on T.
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10.

11.
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. Let p be a finite Borel measure on T. Define H3(u) = zH?(u). Show

that

Hg (1) = Hg(pa) © L*(pss),
where p = u, + s is the Lebesgue decomposition of p.

. Let u be a finite Borel measure on T. Prove that the following are equiv-

alent:

(i) There exists a non-reducing subspace E C L?(u) with zE C E.
(ii) There exists a nonzero complex measure v absolutely continuous
with respect to u and orthogonal to P, i.e.

dyv =0 Vn>1.

T
Let u be a finite measure on T. Show that
:ECECIL*y) = z2E=FE
if and only if m is not absolutely continuous with respect to pu.

. Let u be a compactly supported finite measure on C. Show that every

reducing subspace E of L?*(u) is of the form
E = xoL* (),
for some Borel set o C C.

. Let L*>(T,m) denote the space of essentially bounded measurable func-

tions on T. Prove the following:

(i) If f € H>N L>, then fH? C H?

(ii) If f € H?> N L™ with || f|l < 1, then 1+ f is an outer function.
(iii) If f € H?> N L™, then e/ € H? is an outer function.

Show that z— \ is an outer function if and only if |A| > 1. Hence, deduce
that a polynomial p is outer if and only if p has no zero in the open unit
discD={zeC: |z| < 1}.

Let p be a finite measure on T. If H?(u) is a proper subspace of L?(j),
show that
dist(1, H3(p)) > 0.
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13.

14.

15.
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If f € H? is an outer function, prove that
span{z"f :n > 1} = zH”.

Let 1 be a finite Borel measure on T and define

H3(p) =span{z" :n > 1} C L*(p).
For f € L*(u), compute dist(f, H3(u)).
Let f € HY(T,m) N L>(T,m). Show that there exist f; € L*(T,m)
(j = 1,2) such that

Efz = flEfQ,

where E, := span{z"g : n > 0}.
Let f(2) = e and suppose g € H%(T, m) satisfies f * g = 1. Show that
g must be constant.

9.2. Problem Set 1I.

1.

Determine whether each of the following statements is TRUE or FALSE,
providing rigorous justification in each case.

(a) An infinite Blaschke product has only finitely many repeated factors.

(b) For functions in H?(D) with 0 < p < 1, non-tangential limits coin-
cide with radial limits.

(¢) Can a non-zero function f € HP(T), 0 < p < 1, vanish on a set of
positive measure?

(d) If f € HY(D) is outer, then necessarily log |f| € L'(T).

(e) If f € L>(T), then there exist inner functions 6y, 6, and a sequence
of polynomials P, such that P,(6;6y) — f uniformly.

(f) For p > 0, let f € HP(D) with f # 0. Does this imply that log |f| €
LY(T)?

(g) Let f € Hol(ID). Does the existence of non-tangential limits of f at
a.e. £ € T imply the existence of radial limits at a.e. £ € T?

(h) If © is an inner function in H*(T,m) such that ©H?*(m) = H?*(m),
does it follow that © is constant a.e. with respect to m?

(1) Suppose f, g € HZ(M) are two non-zero functions with ¢(0) = 0.
Does it follow that (fg)(0) = 07

(i) Let f € H*(T) satisfy ; € H>(T). Does it follow that + € E?
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(k) For f € H>*(D), define
f(r)(Z):f(’l“Z), |Z‘ <%7 0<r<lL
Does it follow that
tim || e = 11 =07

Let Sy ={zeD: [z—1] <c(l—]z])}. For z =re, |7| <7, 0 <71 <1,

show that % is uniformly bounded on S5j.

. Prove that IP)& is dense in H? for 1 < p < oo, and also dense in H* N

C(D).

. Prove that H* is not separable.
. Show that H? \ HY # {0} whenever ¢ < p.
. For £ €D and 1 < p < oo, define

pe: H = C, oe(f) = [(£).

loe/HP|| = (1 — [¢") 717

Show that

. The Nevanlinna class is defined as

N(D) = {f € Hol(D) : sup /logJr |fr] dm < oo},
0<r<1JT
where log™ t = max(0,logt) for t > 0 and f,(z) = f(rz).

(i) Let f € N(D) with f # 0. Set h.(§) = max(1,|f.(£)]) for £ €
T, 0 < r <1, and define &, = [h,]. Show that

max(L, [£,(2))) < |9,(2)] (2 €D), @,(0) < €,
where ¢ = supg.,.; [plog" | f,| dm.

(ii) Deduce that f, = /¢, where ¢, = 1/®, € H* with [¢,| < 1,
lor]l < 1in D, and |p-(0)] > e ¢ for all 0 < r < 1. Applying
Montel’s theorem, conclude that there exist ¢, € H* with f =
v/ .

(iii) Show that

ND) ={d/p: .9 € H*} NHol(D).
Hence, for every f € N(D), the non-tangential limits exist a.e.,
log|f| € L, and
= ABV,H, (b =|f),

where V,(z) = exp(fT gfz d,u(C)) for |z| < 1 and p is a singular

measure on T.
(iv) Conversely, ABV,[h] € N(D) for every A, B,V,, and every h > 0
with log h € L. Moreover, H? C L”? N N(D) for every p > 0, and



HARDY SPACES 107

H? = PN N, where
Ny ={ABV,[h] € N(D) : > 0}.
(v) Let fr € L*(T) (1 < k <n) and define
E=span{z"fy: m>0,1<k<n}.
Show that F is simply invariant (i.e., zE C FE) if and only if
a) [plog|fi] dm > —oo for all k, and
(b) 9% € N(D) for all j, k, where  is an inner function.
8. Let f € N(D) with f(0) # 0, and let (A\,)n>1 = Z(f) be its zero
sequence. Suppose u satisfies

Vi(2) = exp /T g 2 auo)).

(i) Show that
g/ (0)] + 3 108 3+ (%) = [ Tog 1 dm.

n>1
(ii) Let f € H*> with |f(z)] § 1 in D and f(0) > 0. Show that f is a
Blaschke product if and only if

lim/ log | f| dm = 0.
r—=1 Jp

(iii) Let f € Hol(D) with f(0) > 0. Show that f is a Blaschke product
if and only if

lim/ log | f| dm = 0.
r—1 Jp

(iv) Let f € Hol(Dgr), R > 0, with zero set (\;),>1 (counted with
multiplicities). Define
n(s) = card{ A\, : |Ng|] < s}, s>0.
(a) Assuming f(0) # 0, prove

gl 7(0)]+ [ ﬁds—/logifvsndm( 6, r<R
(b) Suppose f(0) # 0. For 0 < a < R, show that
/—ds</log|f(r§)|dm( )+ C, a<r<R,

where C' = C(f,a) depends only on f and a.
9. Let p be a finite Borel measure on T singular with respect to m. Define

— oxn| - §+ 2
1o =ew(- [ au). e
Show that |f| =1 a.e. on T.
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Let f be holomorphic on D with f(0) > 0. If
lim/ |log | f-|| dm = 0,
r—=1 Jp

prove that f is a Blaschke product.
Let f € Hol(DD). Show that there exists g € L>(T) such that

|M <1 ae.onT.

Let f € H*. Show that there exists g € N(ID) such that
Z(finD={zeD: g(z) =1}.
Let {©;, € H?: i € I} be a family of inner functions. Show that
span {©;H*: i € I} = OH?,
where © = gcd{©, : ¢ € I}.
Show that a polynomial p(z) is outer in H?(T) if and only if Z(p) C
{zeC: |z| > 1}.
For w € LY(T), define
E, =span{z"w: n > OHD(T).
Does there exist w € L!(T) such that z € E,? Determine all such w.
Let M(T) denote the space of all complex Borel measures on T, and
define
W ={pe M(T): p(k) =0 for k < 0}.
Suppose i, € W converges to u € M(T) in the weak* topology of M(T).
Show that there exists h € H'(T) such that (k) = h(k) for all k € Z.
Let f,g € H*(T,m). Show that fg € H'(T,m). Does the same conclu-
sion hold if f € L*(T, m)?
Using the identification of H!(ID) with H(T), show that convergence in
H(T) implies uniform convergence on every disc in D.
Let f € H*(D). Show that f(,) converges to £ in the weak* topology of
L>(T).

9.3. Problem Set III.

1.

(a) Let p > 0 and suppose f € HP(D) with f #£ 0. Does it follow that
log |f| € LY(T)?
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(b) Let f € Hol(D). Does the existence of non-tangential limits of f at
almost every £ € T imply the existence of radial limits of f at almost
every £ € T?

2. Let p be a finite Borel measure on T, singular with respect to m. Define

+ 2
r@=ew (- [$2au),  zep
Show that |f| = 1 almost everywhere on T.

3. Let f be holomorphic on the open unit disc D with f(0) > 0. If

lim/|log|ferm:O,
r—1 Jp

then show that f is a Blaschke product.
4. Let f € Hol(D). Show that there exists a function g € L*>(T) such that

M <1 ae.onT.

7=
5. Let f € H*. Show that there exists a function g € Nev(D) such that
Z(fiNnD={zeD:g(z) =1}.

Additional Exercises. The following exercises are from N. Nikolskii,
Operators, Functions, and Systems: An Fasy Reading, Vol. 1.
Chapter 4, Exercises: 4.8.1-4.8.3

9.4. Problem Set IV.

1. Determine whether the following statements are true or false, providing
rigorous justification in each case:

(a) Can a Blaschke product be an outer function?

(b) Does the generalized Jensen inequality hold for H” when 0 < p < 17

(¢) Can an inner function arise as the uniform limit of Blaschke products
with distinct zeros?

(d) If f € Nev(D) is outer on D, does it follow that f is outer on D?

(e) If u € L>®(T) is real-valued, does this imply that its Hilbert trans-
form w also belongs to L>(T)?

2. Let f € Hol(D). Suppose there exists a non-negative harmonic function
g on D such that |f(2)] < g(z) for all z € D. Show that f € H*(T).



110

3.

1
. Show that the function )
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Prove that
{g e L>=(T) : /gfdm =0 for all f € Hé} = H>.
T

is outer in D whenever |A| > 1.

— 2z
5. Let p,q,r > 1 and let f € HP(D). Suppose that for any g € H?, the

10.

condition g/ f € L"(T) implies g/f € H". Prove that f must be outer.

. Let 0 C T have positive Lebesgue measure. Define

1
fn =NXs + EXT\J? n = 2.
Show that 2 < |f,(2)| <n for all z € D and that |f,|(T) C {1, n}.

. Let

E=span{z"fy : fr € L*(T), m >0,1 <k <n}.
Show that if zE' # FE, then for some inner function # we have 9% €
Nev(D) for all j, k.

If f € HY(C,) and f # 0, show that

/Ilog!f( W,

1+ 22

. Let f € Hol(D), f # 0, and suppose f = fi/f> with f, fo € H'. Show

that there exist g1, g2 € H* such that f = g1/¢o.
Prove that

1
H*(T) = Spall ) {1 3, A < 1}

Additional Exercises. The following problems are taken from N. Nikol-
skii, Operators, Functions, and Systems: An Easy Reading, Vol. I:

e Chapter 5, Exercises 5.7.1-5.7.2
e Chapter 6, Exercises 6.6.1-6.6.3
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