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Preface

These lecture notes have been prepared for the course MA5/9: Topology. They are intended
to provide a clear and self-contained introduction to point-set topology, with emphasis on the
concepts, examples, and proof techniques that form the foundation of the subject. The exposition
is organized so that definitions are followed by motivating examples, structural results, and
proofs that illustrate the main methods of topological reasoning.

The notes are suitable for an advanced undergraduate or beginning graduate course. They
begin with topological spaces, open and closed sets, neighborhoods, bases, subbases, and standard
examples. The discussion then develops closure, interior, boundary, limit points, continuity,
and homeomorphisms before moving to the fundamental constructions of subspace, product,
and quotient topologies. Throughout the text, special attention is given to the transition from
metric-space intuition to the more flexible language of general topology.

A central aim of the course is to explain how local information, expressed through open sets
and neighborhoods, gives rise to global topological structure. For this reason, connectedness
and compactness are treated as major organizing principles. The notes also discuss countability
axioms and separation axioms, which clarify the extent to which familiar metric arguments
remain valid in abstract spaces and where new phenomena appear.

The later chapters include classical results such as Urysohn’s lemma, the Tietze extension
theorem, and Urysohn’s metrization theorem, together with further tools for studying convergence
and structure in general topological spaces. Nets and filters are introduced to supplement
sequential convergence, and the Baire category theorem is presented as an important connection
between topology and analysis.

The manuscript has been written with two complementary purposes in mind. First, it is meant
to support classroom lectures by presenting the main definitions and theorems in a systematic
order. Second, it is meant to help the reader develop independent problem-solving ability by
highlighting recurring proof patterns: reducing arguments to basis elements, using neighborhoods
effectively, passing between open and closed formulations by complements, extracting finite

subcovers in compactness arguments, and separating sets by continuous functions.

Learning objectives.

e Develop a precise understanding of topological spaces, continuity, and the standard construc-
tions of the subject.

e Learn how closure, interior, boundary, convergence, and compactness encode global topological

structure.

e Understand the countability and separation axioms and the role they play in metrization and

function extension theorems.
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e Study connectedness, compactness, quotient constructions, and product spaces as central
organizing themes of point-set topology.

e Acquire the conceptual tools needed for later work in analysis, geometry, algebraic topology,
and related areas.

Key ideas.
e The notes are designed to help the reader move from metric-space intuition to genuinely

abstract topological reasoning.

e Standard examples and counterexamples are used throughout to show which phenomena

depend only on open sets and which require additional structure.

o The chapter sequence is arranged so that logical dependencies are clearer and the main ideas

of the subject emerge more naturally.

How to read these notes.  These notes are best read in stages. On a first reading, focus
on the definitions, the principal examples, and the statements of the main theorems. On a
second reading, reconstruct the proofs without following the text line by line, paying special
attention to the recurring patterns of argument that topology uses again and again. On a
third reading, use the exercises and examples to test whether the abstract notions have become
effective working tools. The notes are intended not only to present theorems but also to help
the reader acquire the habits of thought by which topological arguments are actually built.

ii
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Chapter 1

Introduction

Topology is the language of “continuous” phenomena. It abstracts the parts of metric geometry
that are genuinely needed to speak about continuity, convergence, and qualitative shape, while
discarding the quantitative structure of distances. In these notes we develop the foundational
definitions and tools of point-set topology (bases, closure and interior, continuous maps, and
the standard constructions), and then study the structural axioms and global properties that
organize the subject (separation, countability, connectedness, compactness). We conclude with
classical theorems that illustrate the power of the abstract framework.

Roadmap.

e The opening sections explain what topology retains from metric space theory and why open

sets rather than distances are the fundamental primitives.

o Several proof patterns are highlighted in advance so that later chapters can be read structurally:

basis reduction, complement duality, and finite-subcover arguments.

e The roadmap section places the main theorems of the course in logical order, which is essential

because later chapters repeatedly build on the constructions introduced early on.

1.1 What topology abstracts

The subject begins by asking which parts of metric reasoning remain once the metric itself is
forgotten. The answer is that openness, continuity, and convergence can all be reformulated
purely in terms of neighborhoods. This observation is the conceptual starting point of general
topology.

In a metric space (X, d), openness is encoded by open balls, and continuity can be expressed
without e—0 estimates: a function f : X — Y is continuous if and only if the inverse image of every
open set in Y is open in X. Likewise, convergence can be described in terms of neighborhoods.
Both ideas make sense without a metric once we decide which subsets of X are to be declared
open.

A topological space is therefore a set X together with a collection 7 C P(X) of subsets, called
open sets, satisfying axioms modeled on the behavior of open subsets in metric spaces. Once the

axioms are in place, the guiding philosophy is:

Two spaces are considered the same from the topological viewpoint if they are related

by a homeomorphism (a bijective continuous map with continuous inverse).
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Thus topology studies properties and constructions that are invariant under homeomorphisms.
This includes both “local” information (neighborhood structure, separation and countability

axioms) and “global” information (connectedness and compactness).
1.2 Recurring proof patterns

A first course in topology can seem definition-heavy, but the proofs themselves are built from
a relatively small repertoire of recurring ideas. Recognizing these patterns early makes the
subject much easier to learn and allows later arguments to be read structurally rather than

line by line.

Point-set topology has a small number of argument patterns that appear repeatedly. Keeping

them in mind makes proofs shorter and more conceptual.

Key ideas.

« Basis arguments: to prove a set is open (or a map is continuous), it is often enough to test
the claim on a basis or subbasis.

¢ Closure—interior dualities: many statements come in pairs related by complements, e.g.
closure vs. interior, closed vs. open maps.

« Compactness via finite subcovers: the typical compactness proof reduces an infinite

condition to a finite one, often by a minimal-counterexample or refinement argument.

1.3 Roadmap of the notes

Topology is cumulative: later results depend not only on earlier definitions but also on a
growing stock of standard constructions and proof techniques. A brief roadmap is therefore
useful, both to indicate the logical order of the material and to explain why particular chapters
appear where they do.

The development follows the standard logical progression of the subject. After establishing the
language of topologies and the basic set-theoretic operations, we study continuous maps and
homeomorphisms, then the three fundamental constructions (subspaces, products, and quotients).
We next introduce the principal hierarchies of hypotheses (countability and separation axioms),
and then the two central global properties (connectedness and compactness). The later chapters
highlight cornerstone theorems (Urysohn—Tietze and metrization) that show how these notions

interact.
1.4 Prerequisites and conventions

Because the course moves quickly from familiar metric-space examples to genuinely abstract
spaces, it is helpful to make the standing conventions explicit at the outset. Doing so keeps

the exposition uniform and avoids repeated interruptions later in the notes.

2



MA549: Topology 1. Introduction

Basic set theory and familiarity with metric spaces (open and closed sets, convergence, continuity)
are assumed. Unless stated otherwise, all spaces are nonempty. We use A for closure, int(A) for
interior, and dA for boundary. For maps f : X — Y, the fiber over y € Y is f~'({y}) and the

graph is {(z, f(z)) : z € X }.
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Chapter 2

Topological spaces, bases, and
subbases

We introduce topologies and the intuition of continuity coming from metric spaces. After basic
examples (discrete, indiscrete, cofinite), we discuss comparison of topologies (finer/coarser) and
develop the indispensable tools of bases and subbases for generating and working with topologies.

Roadmap.

o The main structural result is that a basis (respectively, subbasis) determines the smallest

topology containing it; this is the mechanism by which most natural topologies are built.

o Basis comparison criteria are emphasized because they let one prove equality or inclusion of
topologies locally, point by point.

e The lower-limit topology and the K-topology are included to show early that small changes
in the basic neighborhoods can produce genuinely different spaces.

2.1 From metric spaces to topologies

The first conceptual step in topology is to separate the genuinely topological content of metric
space theory from the numerical apparatus of distance. What survives is the behavior of open
sets under arbitrary unions and finite intersections. Once this passage from geometry to
azioms is understood, we can treat continuity and convergence in settings where no metric is
available.

Let (X,d) be a metric space. A subset O C X is open if for every x € O there exists r > 0
such that the open ball

B(z,r)={y € X : d(z,y) <r}
is contained in O. In particular, every open set is a union of open balls.
Let T4 denote the collection of all open sets in (X, d). Then:
(i) @ €Tgand X € Ty;
(ii) if {Os}ier € Ta, then U;c; O; € Tg;
(iii) if O1,...,0y, € Tg, then Nj—; O € Ta.
These three axioms do not mention the metric d explicitly; they depend only on the distin-

guished family 7; C P(X). This motivates the abstract notion of a topology.

4
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Definition 2.1. Let X be a set and let 7 C P(X). We say that T is a topology on X if:
(i) €T and X € T;

(ii) for every family {U;}icr C T, the union |J;c; U; belongs to T;

(iii) for every finite subfamily Uy, ...,U, € T, the intersection (;_; Uy belongs to T.
The pair (X, T) is called a topological space, and the members of T are called open sets.
Example 2.2. Two extremal examples occur on every nonempty set X:

(a) Tina = {9, X}, the indiscrete topology;

(b) Taise = P(X), the discrete topology.

If | X| > 3, there are many other topologies in between these two extremes.

If 71,72 are topologies on X, we say that 7T; is finer than 7 (and 73 is coarser than Tp) if
T> € T1. Thus Tgjsc is the finest topology on X, and 7ig is the coarsest.

Example 2.3. Let X = {a,b,c}. Besides the indiscrete and discrete topologies, there are many
intermediate topologies on X. We record a few typical examples. (Counting the number of

distinct topologies on an n-point set is a difficult combinatorial problem; closed formulas are not

known.)
[e1 e e
\a/ N b/ A 6/
70 = {9, X} (indiscrete). 71 = {9, X,{a,b},{c}}. Taise = P(X) (discrete).

Figure 2.1: Schematic depiction of some topologies on X = {a, b, c}.
It is also instructive to write down collections that fail to be topologies. For instance,
T ={9,X,{a}, {b}} is not a topology, since {a} U {b} = {a,b} ¢ T3,
and
To = {2, X,{a,b},{b,c}} is not a topology, since {a,b} N {b,c} = {b} ¢ Ta.
Example 2.4 (Cofinite topology). Let X be a set. The cofinite topology on X is
Teot ={2}U{O C X : X\ O is finite }.

A direct verification shows that T is a topology:
o O € Teor by definition and X € Teor since X \ X = o is finite;
o if {O;}icr € Teof and O = J;c; O; # @, then X \ O = (;c;(X \ O;), an intersection of finite

sets, hence finite;
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o if O1,...,0p, € Teor are nonempty, then X \ NrL; Ox = Upe1(X \ Ok), a finite union of finite

sets, hence finite.

Example 2.5 (Cocountable topology). Let X be a set. The cocountable topology on X is
Teoc ={2}U{O C X : X\ O is countable }.

The verification that 7.oc is a topology is identical to the cofinite case, using that arbitrary

intersections of countable sets are countable and finite unions of countable sets are countable.

Remark 2.6. If X is countable, then every subset of X has countable complement, hence
Teoc = P(X) is the discrete topology.

Definition 2.7 (Basis). Let X be a set. A collection B C P(X) is called a basis on X if

(B1) for every x € X there exists B € B with x € B;

(B2) whenever x € By N By with By, By € B, there exists B3 € B such that © € Bs C By N Bo.

Proposition 2.8 (Topology generated by a basis). Given a basis B on X, define
T(B) = {OQX: for every x € O there exists B € B withweBQO}.

Then T (B) is a topology on X. Moreover, B C T(B) and T (B) is the smallest topology on X

containing B.

Proof. By (B1), X € T(B), and @ € T (B) holds vacuously. If {O;}icr € T(B) and O = U;¢; Os,
then for each z € O we have x € O;, for some iy, and hence z € B C O;, C O for some B € B.
Thus O € T(B). If Oy,...,0, € T(B) and x € (-, Ok, choose By, € B with x € By, C O. By
repeated use of (B2), there exists B € B with x € B C (;—; Bx C Ni=1 Ok, 50 =1 O € T(B).

Finally, if B € B and € B, then z € B C B, so B € T(B). If T is any topology on X
with B C T, then every O € T(B) is a union of sets in B, hence a union of open sets in 7, and
therefore O € T. This establishes the minimality assertion. O

Remark 2.9. Equivalently, 7 (B) consists of all unions of basis elements: O C X is open if and
only if it can be written as O = {J,c 4 Bo with B, € B.

Example 2.10. Let B be the collection of all open discs in R?. Then B is a basis for the usual
topology on R2.

Example 2.11. Let B’ be the collection of all open rectangles in the plane R%2. Then B’ is a

basis. Indeed, condition (B2) is immediate.
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B3

Lo

We will see later that both B and B’ generate the same topology on R?, namely the usual
topology.

Lemma 2.12. Let X be a set, and let B C P(X) be a basis for a topology T on X. Then

TZ{UBQ:BQGB},
acA

that is, every open set is a union of basis elements, and conversely every union of basis elements

18 open.

Proof. Since T = T (B), each basis element belongs to 7T; hence every union of members of B is
open.
Conversely, let O € T. By the defining property of a basis, for each = € O there exists B, € B
such that
x € B, CO.

Therefore

0= J B..

z€0

Thus every open set is a union of basis elements. The representation is generally not unique. [J

Remark 2.13. The two basis axioms are purely local: one asks first that every point lie in at
least one basis element, and then that intersections of basis elements can be refined by smaller
basis elements around each common point. Once these conditions hold, the topology is recovered
simply by taking unions of basis elements.

In practice, one often uses this criterion in reverse: rather than starting with a topology and
extracting a basis, one first specifies a convenient family of sets and then checks that it satisfies

the basis axioms.

Lemma 2.14. Let (X,T) be a topological space, and let C C T be such that for every open set
O €T and every point x € O, there exists C € C with

zeC cCO.

Then C is a basis for T .

Proof. We first verify the basis axioms. Since X € T, for every x € X there exists C' € C such
that x € C' C X. Thus every point of X lies in some member of C.
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Next, let C7,Cs € C and let x € Cy N Cy. Because C7 N sy is open in X and contains x, the
hypothesis yields Cs € C such that

rzeC3CCinCs.

Hence C is a basis for some topology on X, which we denote by 7.
It remains to show that 7/ = 7. If O € T, then by hypothesis each x € O belongs to some
C, € C with C, C O, so
o= ..

ze0

Therefore O € 7', and hence T C T'. Conversely, every member of C already belongs to T, so

every union of members of C is open in 7. Thus 7’ C T, as required. O

If we know bases for two topologies on the same set, it is useful to have a basis-level criterion

for comparing them.

Lemma 2.15. Let B and B’ be bases for the topologies T and T', respectively, on X. Then the

following are equivalent:
(i) T’ is finer than T, that is, T C T'.
(ii) For every x € X and every B € B with x € B, there exists B' € B’ such that

xe B CB.

Proof. Assume (ii), and let O € T. For each x € O, choose B € B such that z € B C O. By (ii)
there exists B’ € B’ with x € B’ C B C O. Hence every point of O lies in a B’-element contained
in O, so O € T'. Therefore T C T, proving (i).
Conversely, assume (i), and let z € B € B. Since B € T C 7', and B’ is a basis for 7', there
exists B’ € B’ such that
r € B CB.

Thus (ii) holds. O

The lemma immediately shows that the topology generated by open discs in R? agrees with
the topology generated by open rectangles. Indeed, each open disc contains a sufficiently small
open rectangle around any of its points, and each open rectangle contains a sufficiently small

open disc around any of its points.
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Consequently, the two families define the same topology on R2.

Example 2.16. Let
B ={(a,b):a < b}, B = {[a,b) : a < b},

and let

K_{:L:neN}, B = BU{(c,d)\ K : c < d}.

Denote by 7 = T(B) the usual topology on R, by 7' = T(B’) the lower limit topology, and by
T" = T(B") the K-topology. Then T’ and 7" are both strictly finer than 7", but 7’ and 7" are
not comparable.

Indeed, every Euclidean open interval belongs to 7’ because

(a,b) = U [x,0).

z€(a,b)

Hence 7 C T'. The inclusion is strict because [a,b) € T’ whereas [a,b) ¢ T.

Likewise 7 C T" because B C B”. The inclusion is strict since (—1,1) \ K € 7", but this set
is not Euclidean open: it contains 0, and every Euclidean open interval about 0 contains some
1/ne K.

Finally, the two finer topologies are not comparable. The set [0, 1) is open in 7’ but not in
T"”, because every T"-basic neighborhood of 0 contains either negative numbers or points of K.
On the other hand, (—1,1) \ K is open in 7" but not in 77, since every T’-basic neighborhood
[0,¢) of 0 contains points of K.

Definition 2.17 (Subbasis). Let X be a set and let S C P(X). Define

n

B(S) ::{ﬂsk:neN, SkeS}U{X},
k=1

where X is interpreted as the intersection of the empty family. The collection S is called a

subbasis on X if B(S) is a basis on X. The topology generated by S is, by definition, the topology

generated by the basis B(S).

Proposition 2.18 (Topology generated by a subbasis). Let S C P(X) be a subbasis on X.
Then the topology generated by S is the smallest topology on X containing S. In particular, when
S = O, the generated topology is the indiscrete topology {&, X}.

Proof. By construction, every member of S belongs to B(S), hence is open in the topology
generated by B(S). Thus the generated topology contains S. Conversely, if 7 is any topology on
X with § C T, then every finite intersection of members of S is in T, because topologies are
closed under finite intersections. Therefore B(S) C 7, and since every set open in the topology
generated by S is a union of elements of B(S), it follows that the generated topology is contained

in 7. This proves the minimality assertion. O
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Example 2.19. We know that
B={(a,b):a<b, a,bc R}

is a basis for the usual topology on R.

J ={(a,+00), (—00,b) :a <b, a,beR}
is an open subbasis for the usual topology U on R.

Example 2.20. We know that open rectangles are a basis for the usual topology on RZ.

But any open rectangle can be written as intersection of two strips.

Y
A

Y
8

Thus, open strips form a subbasis for the usual topology on R2.

(a,0) x RNR x (¢,d) = (a,b) x (¢, d).

J ={(a,b) xR:a,beR, a<b}U{R X (¢,d):¢,d € R, ¢ < d}

is a subbasis for the usual topology on R2.

Supplementary remarks and examples

Remark 2.21. A basis is local data: it tells us what neighborhoods look like near each point.
Different bases may generate exactly the same topology, and in practice one often chooses a basis

that makes computations easier rather than a basis that is somehow canonical.

Example 2.22. Let
Bg ={(a,b) : a,b € Q, a < b}.

Then Bg is countable and is still a basis for the usual topology on R. Thus the Euclidean

topology can be recovered from a very small amount of local data.

10
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Problem Set

Problem guide.  The problems in this chapter are best approached in the same order as
the exposition. Start with basis and subbasis recognition problems, then move to comparison
of generated topologies, and finally test whether you can build or reconstruct examples from
minimal local information. A good check on understanding is whether you can move fluently
between “open-set language” and “basis language.”

Exercise 2.23. Let B C P(X). Prove that B is a basis for some topology on X if and only if (i)
UB = X and (ii) for any By, B € B and x € B1 N By there exists By € B with z € B3 C B1 N Bs.

Exercise 2.24. Let S C P(X). Describe explicitly the topology generated by S as a subbasis,

and prove that it is the smallest topology containing S.
Exercise 2.25. On an infinite set X, show that the cofinite topology is 71 but not Hausdorff.

Exercise 2.26. On an uncountable set X, show that the cocountable topology is 17 but not
Hausdorff. What changes if X is countable?

Exercise 2.27. Let 71 C T2 be topologies on X. Prove that the identity map idy : (X, 73) —

(X, T1) is continuous, and that the converse holds.

Exercise 2.28. Let (X, d) be a metric space. Show that the family of all open balls with rational

radii is a basis for 7y.

11
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Chapter 3

Closed sets, subspaces, and

set-theoretic operations

We study closed sets and the subspace topology, and then develop the fundamental set-theoretic
operations in a topological space: closure, interior, boundary, and limit points. These notions
govern density and nowhere density and provide a convenient language for formulating many
later arguments.

Roadmap.

e The central theorem identifies closure through neighborhoods and then reinterprets it in terms
of limit points, giving several equivalent ways to recognize when a point lies in A.

e Subspace formulas are recorded carefully so that later arguments can move cleanly between
ambient spaces and subspaces.

o Boundary, derived set, and isolated-point decompositions are treated as structural consequences
of the closure-interior formalism rather than as isolated definitions.

3.1 Closed sets and the subspace topology

Open sets encode the local structure of a space, but many arguments are more naturally phrased
in terms of their complements. Closed sets are therefore not secondary objects: they provide
an equivalent language in which limit phenomena, compactness arguments, and restriction to
subsets can be expressed cleanly. The subspace topology explains how a subset inherits exactly
the open sets needed to regard it as a topological space in its own right.

Definition 3.1. A subset A C X of a topological space X is said to be closed if its complement
X \ A is open.

Example 3.2. In (R,), the interval [a,b] is closed because
R\ [a, 6] = (=00, a) U (b, 00),

which is open in the usual topology.

Example 3.3. If X carries the cofinite topology, then the closed sets are precisely X and the
finite subsets of X.

Example 3.4. If X carries the discrete topology, then every subset of X is both open and
closed.

12
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Proposition 3.5. Let (X, T) be a topological space. Then the family of closed subsets of X

satisfies the dual axioms to those of the open sets:
(i) @ and X are closed;
(7i) arbitrary intersections of closed sets are closed;

(iii) finite unions of closed sets are closed.

Proof. Each assertion follows immediately by taking complements in the corresponding axioms

for open sets together with De Morgan’s laws. O

Definition 3.6. Let (X,7) be a topological space and let Y C X. The collection
Ty ={ONY: 0T}

defines a topology on Y, called the subspace topology. Thus the open sets of Y are precisely the

traces on Y of open sets in the ambient space X.

Remark 3.7. The subspace topology is the natural mechanism for restricting a topology to
a subset. Many arguments in topology proceed by passing from a space to a subspace and

comparing the corresponding notions of openness, closedness, closure, and continuity.

Example 3.8. Let Y = [0,1] U (2, 3), regarded as a subspace of R. Then [0, 1] is open in Y,

since
0,1 = (-5.3)nY.
Similarly, (2,3) is open in Y. Because these two subsets are complements of one another in Y,

each of them is both open and closed in the subspace topology.

Proposition 3.9. Let Y be a subspace of a topological space X. A subset A CY is closed in'Y
if and only if there exists a closed set C' C X such that

A=CnNnY.

Proof. Assume first that A is closed in Y. Then Y\ A is open in the subspace topology, so there
exists an open set O C X such that

Y\A=YnNO.
Let C':= X \ O, which is closed in X. Then
A=Y\ (Y NO)=YN(X\0)=YnNnC.
Conversely, if A =Y NC for some closed set C' C X, then

Y\A=Y\ (Y NO)=YN(X\C),

13
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and X \ C is open in X. Hence Y \ A is open in Y, so A is closed in the subspace topology. [

3.2 Closure of a set

The closure of a set records the points that cannot be separated from it by open neighborhoods.
It is the smallest closed enlargement of the set and thus formalizes the idea of adjoining all
possible limit points. This operation appears throughout topology, analysis, and geometry, so
it is important to understand both its abstract definition and its behavior under passage to
subspaces.

The closure of a subset A C X is the smallest closed subset of X containing A; equivalently,
A= ﬂ{F C X : Fis closed and A C F}.

The next theorem explains how closure behaves when one passes to a subspace.

Theorem 3.10. Let Y be a subspace of X, and let ACY. If A% denotes the closure of A in
X and A" denotes the closure of AinY, then

Proof. Since A% is closed in X , the set A% MY is closed in the subspace Y. Moreover, because
AC ZX and A C Y, we have
AcA Ny

Hence A" - a*n Y, by the minimality of A among closed subsets of Y containing A.

Conversely, let B C Y be any closed subset of Y with A C B. By the definition of the
subspace topology, there exists a closed set C' C X such that B=CNY. Since A C B C C, the
minimality of a* gives A C C. Intersecting with Y, we obtain

AXnvycony =B

This inclusion holds for every closed subset B of Y containing A; in particular, it holds for
B=2A4". Therefore A~ NY C ZY, and the proof is complete. O

3.3 Interior of a set

Whereas closure enlarges a set by adding limiting behavior, interior extracts the part of the
set that is topologically robust. A point lies in the interior precisely when the set contains
an entire neighborhood of that point. The duality between closure and interior, mediated by
complements, is one of the most useful formal patterns in elementary topology.

The interior of a subset A C X is the largest open subset of X contained in A. Equivalently,
A°:U{O§X:OisopenandOQA}.

14



MA549: Topology 3. Closed sets, subspaces, and set-theoretic operations

Example 3.11. In (R,U), the set Q has empty interior. Indeed, every nonempty open interval

contains irrational numbers, so no open interval is contained in Q. Hence
int(Q) = @.

Example 3.12. The Cantor set C' C [0, 1] has empty interior. At each stage of the construction
one removes a middle open interval from every surviving interval, so no nonempty open interval
can remain inside C'. Therefore

int(C) = .

Example 3.13. Let
A=R\QU[0,1].

Since R \ Q has empty interior in the usual topology, while [0, 1]° = (0, 1), it follows that

int(A) = (0,1).
3.4 Limit points, boundary, and related notions

Closure and interior become especially effective once they are reinterpreted through neighbor-
hoods, accumulation, and boundary behavior. These notions allow one to describe where a
set is locally persistent, where it is thin, and where it changes from inside to outside. They
also provide the correct vocabulary for density, nowhere density, perfection, and several later
constructions.

The set-theoretic formulas for closure and interior are conceptually important, but they
are often inconvenient for computation. The next results recast these notions in terms of

neighborhoods and basis elements, which is the form most frequently used in practice.

Theorem 3.14. Let A be a subset of a topological space (X, ). Then:
1. x € A if and only if every open set O > x intersects A.

2. If B is a basis for T, then x € A if and only if every basis element B € B with x € B intersects
A.

Proof. For (1), note that z ¢ A if and only if z € X \ A. Since X \ A is open, this is equivalent
to the existence of an open set O 3 x such that O N A = @. Taking complements gives the stated
criterion.

Statement (2) is immediate from (1) in one direction, because every basis element is open.
Conversely, assume every basis element containing z intersects A, and let O be any open set
containing x. Since B is a basis, there exists B € B such that £ € B C O. By hypothesis,
BN A# @, hence also O N A # @. Therefore z € A by (1). O

15
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Example 3.15. Let A be a subset of a metric space (X, d). Then
r€A <<= B.(x)NA+# o for every € > 0.

This is exactly Theorem 3.14(2) applied to the standard basis of open balls. In first-countable

spaces, this is also equivalent to the existence of a sequence (z,) C A with x,, — x.

Corollary 3.16. Let A C X. Then x € A if and only if every neighborhood of x intersects A.
A point x € X is called a limit point (or accumulation point) of A if every neighborhood of x
meets A\ {x}. The set of all limit points of A is denoted by A’ and is called the derived set of A.

Example 3.17. For AC X and z € X,

red < zeA\{z}

Proof. This is a direct reformulation of the definition: every neighborhood of x meets A \ {z} if
and only if every neighborhood of x intersects A\ {x}, which is equivalent to =z € A\ {z} by
Corollary 3.16. O

Theorem 3.18. Let A C X. Then
A=AUA.

Proof. If x € A, then certainly x € A, so A C A. If z € A, every neighborhood of x meets
A\ {z} C A; hence z € A by Corollary 3.16. Thus AU A’ C A.

Conversely, let € A. If x € A, there is nothing to prove. If z ¢ A, then every neighborhood
of  meets A, and since = ¢ A this is equivalent to meeting A \ {z}. Hence 2 € A’. Therefore
A C AU A, and the result follows. O

Example 3.19. For any subsets A, B C X,

8]

AUB =AU

Indeed, AU B is a closed set containing A U B, so by minimality of closure,

N
~

AUBCAU

On the other hand, A C AU B and B C AU B, hence

|
IN
N
(-
Sy

ACAUB and

Therefore AU B C AU B, proving the equality.

By contrast, the inclusion

ANBCANB

16
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may be strict. For example, if A =1[0,1) and B = [1,2], then AN B = &, whereas
ANnB={1}.

Notice also that the equality A = A U A’ need not be disjoint. This motivates the separate
notion of an isolated point, which allows one to decompose a set into isolated and accumulation

behavior more cleanly.

Definition 3.20. Let A C X, where X is a topological space. A point z € A is called an isolated
point of A if there exists a neighborhood NN, of x such that

N, NA={x}.

The set of all isolated points of A is denoted by iso(A).
Theorem 3.21. Let X be a topological space and let A C X. Then

A =iso(A) U A,

where iso(A) is the set of isolated points of A and A’ is the derived set of A.

Proof. First note that iso(A) C A C A, and every limit point of A lies in A, so A’ C A.
Conversely, let z € A. If x € A, there is nothing to prove. Suppose x ¢ A’. Then there exists
a neighborhood U of z such that
Un(A\{z}) =o.

Since x € A, every neighborhood of x meets A; in particular, U N A # @. Hence z € A and in
fact U N A = {x}. Therefore z € iso(A). This proves A C iso(A4) U A’.

Finally, iso(A)NA" = &: if 2 € iso(A), then some neighborhood U of z satisfies UN(A\{z}) =
g,sox ¢ A O

Definition 3.22 (Boundary). For A C X, the boundary of A is
0(A)=ANnX\ A

Proposition 3.23. The boundary 0(A) is closed. Moreover, a point x € X lies in O(A) if and
only if every neighborhood of x meets both A and X \ A.

Proof. Closedness is immediate since 9(A) is an intersection of closed sets. For the neighborhood
characterization, note that z € A means every neighborhood of z intersects A, and x € X \ A
means every neighborhood of z intersects X \ A. Combining the two conditions gives the

claim. O

17
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‘\U
€ O(A)

’
-

int(A) int(X \ A)

Figure 3.1: A boundary point x is characterized by neighborhoods U that meet both A and X \ A.

Example 3.24. In (R,U) with the usual topology,

Thus the boundary may be strictly larger than A (for example, A = Q).

Example 3.25. In the usual topology on R, the singleton {0} is closed and its complement is

dense. Hence

9({0}) = {0} NR\ {0} = {0} NR = {0}.

Example 3.26. Similarly, the finite set {0,1} is closed in R, and its complement is dense.

Therefore
0({0,1}) = {0,1}.

Example 3.27. A useful criterion is that A C X is closed if and only if 9(A) C A. Indeed, if A
is closed, then A = A, so

dA)=ANX\A=ANX\ACA

Conversely, if (A) C A, then every point of A\ A would lie in 9(A), which is impossible. Thus
A C A, and therefore A is closed.

Example 3.28. If A is both open and closed, then its boundary is empty. Indeed,
VA =ANX\A=ANn(X\A) =02.
Example 3.29. For every subset A C X,
A=A°Ud(A).

Indeed, both A° and 9(A) are contained in A. Conversely, if x € A but z ¢ A°, then every
neighborhood of z meets X \ A; since € A, every neighborhood also meets A. Hence z € 9(A).

Definition 3.30. A subset A C X is called perfect if A = A’, equivalently, if A is closed and

every point of A is a limit point of A.

18
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Example 3.31. The Cantor set is a standard example of a perfect set: it is closed, and every

point of it is an accumulation point of the set.

Definition 3.32. A subset A C X is said to be dense in X if A = X. Equivalently, every

nonempty open subset of X meets A.
Example 3.33. In (R,), both Q and R \ Q are dense.
Example 3.34. Another standard identity is

int(A°) = (A)°.
Indeed, a point lies outside A exactly when it has an open neighborhood disjoint from A, which

is equivalent to lying in the interior of A€.

Definition 3.35. A subset A C X is called nowhere dense if
int(A) = 2.

Example 3.36. The Cantor set is nowhere dense in [0, 1]: it is closed and has empty interior.

Example 3.37. If A C X is closed, then A is nowhere dense if and only if int(A) = @. Indeed,
for a closed set one has A = A, so the defining condition int(A) = @ becomes simply int(A) = &.

Example 3.38. If F' C X is closed, then O(F) is nowhere dense. Indeed,
OF)=FNX\F=F\int(F),

so O(F) is closed. Moreover, if U C O(F) is open, then U C F’; since F is closed, this implies
U C int(F), which is impossible because J(F) Nint(F) = @. Hence O(F) has empty interior and

is therefore nowhere dense. This fails for arbitrary sets: in (R,U), the set Q has

which is certainly not nowhere dense.

Example 3.39. In a metric space (X, d), closure and boundary admit useful distance descrip-
tions:

A={re X :d(z,A) =0}

and
J(A) ={re X :d(z,A) =0and d(z,X \ A) = 0}.

These formulas are just metric versions of the neighborhood characterizations of closure and

boundary.

19



MA549: Topology 3. Closed sets, subspaces, and set-theoretic operations

Example 3.40. Two useful special cases are

and
(X \A)=0(A4).

The first identity is immediate. For the second,

AX\A) =X \ANX\ (X\A) =X \ANA = (A).

Example 3.41. The boundary identities may be summarized as follows:
(i) A= A°Ud(A),
(i) A° = A\ 9(A),
(iii) X = A°UI(A) U (X \ A)°.
In particular, every point of X is either an interior point of A, a boundary point of A, or an

interior point of the complement, and these three possibilities are mutually exclusive.

Supplementary remarks and examples

Remark 3.42. The operations of closure and interior are dual under complements:

int(A) = X\ (X\4), (A)=X\int(X\ A).

Many formal identities are most quickly proved by passing from one formula to the other through
this duality.

Example 3.43. In R with the usual topology, the set Q satisfies
(Q) =R, int(@) =4, 8(@) =R.

This single example is a useful stress test for almost every statement about closure, interior, and

boundary.

Problem Set

Problem guide.  Begin with formal identities for closure, interior, and boundary, since
these become reusable lemmas later. Then work through subspace examples carefully: many
mistakes in topology come from forgetting which ambient space is controlling openness or
closedness. The final problems are most valuable if you solve them by proving inclusions both

directly and by using complement dualities.

Exercise 3.44. Prove that A is the smallest closed subset of X containing A, and that int(A)

is the largest open subset of X contained in A.
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Exercise 3.45. Show that for every A C X,
0A=A\int(A)=AN X\ A.
Exercise 3.46. Let Y C X with the subspace topology. Prove that for any A C Y,
=Y =X . .
A" =A"NY and inty(4) =Y Nintx(A).

Exercise 3.47. Let A C X. Prove that A is dense in X if and only if every nonempty open
subset of X meets A.

Exercise 3.48. Show that A C X is nowhere dense if and only if int(4) = @.
Exercise 3.49. Let X be a T} space. Show that the derived set A’ is closed for every A C X.
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Chapter 4

Continuity and homeomorphisms

We define continuity for maps between topological spaces and collect standard equivalent char-
acterizations (via open sets, closed sets, neighborhoods, and bases/subbases). We then discuss
homeomorphisms and basic tools such as the pasting lemma and restrictions to subspaces.

Roadmap.
e The equivalence of the open-set, closed-set, closure, and neighborhood formulations of conti-

nuity is the chapter’s conceptual core.

o Restriction lemmas and pasting principles are proved early because they recur throughout the
later construction chapters.

e The final results characterize homeomorphisms, open maps, and closed maps in ways that

make later quotient and compactness arguments much more efficient.

4.1 Continuous maps

Topology is organized around the class of maps that preserve meighborhood structure. The
topological definition of continuity isolates exactly the part of the metric notion that remains
meaningful in arbitrary spaces. Once formulated in this way, continuity admits several

equivalent characterizations, each of which is useful in a different type of argument.

Continuity is the central organizing principle of topology. In metric spaces it is first encountered
through the e—d definition; however, that formulation is only one manifestation of a more structural
fact, namely that continuity is exactly the preservation of openness under inverse images. This
observation survives unchanged in arbitrary topological spaces and therefore becomes the correct
abstract definition.

Thus, for topological spaces (X, Tx) and (Y, 7y ), a map
f: X—>Y

is continuous if and only if f~1(0O) is open in X for every open set O C Y. Equivalently, f is
continuous at x € X if every neighborhood of f(z) has inverse image containing a neighborhood
of z. In symbols, for each neighborhood Ny (,) of f(z) there exists a neighborhood N, of z such
that

F(Nz) C© Ny, or equivalently N, C f_l(Nf(g:)).
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A major advantage of the topological definition is that one need not test continuity against all
open sets. It is enough to test inverse images on a basis, or even on a subbasis, for the topology
of the codomain. Indeed, if By is a basis for Y, every open set O € Ty can be written as a union
of members of By, so

o= Ui
BeBy,BCO
Likewise, if Sy is a subbasis, then finite intersections of members of Sy form a basis, and inverse
images commute with finite intersections. The following theorem records the standard equivalent

formulations of continuity in a form that will be used repeatedly throughout the notes.

Theorem 4.1. Let f : X — Y be a map between topological spaces X = (X, Tx) andY = (Y, Ty ).

The following statements are equivalent:

1. f is continuous.

2. For every basis B of Y and every B € B, the set f~(B) is open in X.

3. For every subbasis S of Y and every S € S, the set f~1(S) is open in X.
4. For every closed set F CY, the preimage f~(F) is closed in X .
5

. For every x € X and every neighborhood V' of f(x), there exists a neighborhood U of x such
that f(U) C V.

6. For every A C X, one has f(A) C f(A)
f

7. For every BCY, one has f~1(B) C f~%(B).

Proof. The equivalence of (1), (2), and (3) is the usual basis/subbasis criterion: every open set is
a union of basis elements, and every basis element generated by a subbasis is a finite intersection
of subbasic sets.

The equivalence of (1) and (4) is immediate from taking complements.

To see that (1) implies (5), let V' be a neighborhood of f(z). Choose an open set O C V' with
f(z) € O. Then f~1(0) is an open neighborhood of z, and f(f~1(0)) C O C V. Conversely,
assume (5). Let O C Y be open. For each z € f~(0), apply (5) with V = O to obtain a
neighborhood U, of z such that f(U,) € O. Then U, C f~1(0), so f~1(0) is open. Thus (5)
implies (1).

Assume (1), and let = € A. If W is any neighborhood of f(z), then f~!(W) is a neighborhood
of z,s0 f~Y(W)N A # @. Hence W N f(A) # @, which shows that f(z) € f(A). Therefore (1)
implies (6).

Assume (6), and let B C Y. Applying (6) to A = f~1(B), we obtain

f(f~Y(B)) € f(f~'(B)) C B.

Taking preimages under f yields
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so (6) implies (7).
Finally, if (7) holds and F C Y is closed, then

FUE) S FTHE) = f7UE).
Hence f~1(F) is closed, so (4) holds. Hence all seven statements are equivalent. O

Lemma 4.2. If f : X = Y is continuous and A C X, then the restriction fla: A — Y is

continuous with respect to the subspace topology on A.

Proof. Let O CY be open. Then

(fla)~1(0) = An f~10),
which is open in the subspace topology on A because f~!(O) is open in X. O

Theorem 4.3 (Pasting Lemma). Let X = AU B, where either both A and B are open in X, or
both are closed in X. Suppose f: X —Y is a map such that f|o and f|p are continuous and

agree on AN B. Then [ is continuous.

Proof. Because the two restrictions agree on AN B, the map f is well defined. Let O C Y be
open. Then

F7H0) = ((f1la)~(0) U ((f15)~1(0)).

If A and B are open, each term on the right is open in the corresponding subspace and therefore
open in X; hence f~1(0) is open. If A and B are closed, let F C Y be closed. Then

FHE) = ((fla) T E) U (1)~ ()

is a union of closed subsets of the closed sets A and B, hence is closed in X. Thus f is continuous

in either case. O

Theorem 4.4. Let X, Y, and Z be topological spaces. If f : X =Y and g:Y — Z are

continuous, then go f : X — Z is continuous.

Proof. Let O C Z be open. Since g is continuous, g~'(0O) is open in Y. Since f is continuous,

the preimage of this set under f is open in X. But

(go f)7H0) = Mg (0)),
so g o f is continuous. ]

Definition 4.5. A family {4; : i € I} of subsets of X is called locally finite if for every z € X
there exists a neighborhood U, of z that meets only finitely many of the sets A;.

Lemma 4.6. Let {A;}icr be a locally finite family of subsets of X.
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1. For every B C X, the family {A; N B}cr is locally finite in the subspace B.
2. If each A; is closed in X, then |J;c; A; is closed in X.

Proof. For (1), if x € B, choose a neighborhood U, of z in X meeting only finitely many A;.
Then U, N B is a neighborhood of = in B meeting only finitely many A; N B.

For (2), let ¢ ;e Ai- Choose a neighborhood U, meeting only A; ,...,A4;,. Since each
A

i, 1s closed and does not contain x, the set

n
Ve=U,N ﬂ(X\AZk)
k=1
is an open neighborhood of = disjoint from every A;. Thus every point of the complement has an

open neighborhood contained in the complement, so the union is closed. ]

Theorem 4.7. Let {A;}icr be a cover of X. Assume either:

1. each A; is open, or

2. each A; is closed and the family is locally finite.

Then a set B C X is open (respectively closed) in X if and only if each BN A; is open (respectively

closed) in the subspace A;.

Proof. If B is open (respectively closed) in X, then each B N A; is open (respectively closed) in
the subspace topology on A;.

Conversely, suppose each BN A; is open in A;. If the A; are open, then each B N A; is open
in X, and hence

B=J(BnA)
el

is open in X.

Now suppose each B N A; is closed in A;, with the family {A;} locally finite and closed. Then
each BN A; is closed in X, and by Lemma 4.6 the family {B N A;} is locally finite. Therefore

B=J(BnA)

el
is closed in X. O

Theorem 4.8. Let {Ay}aer be a cover of a topological space X such that either all Ay are open,
or all Ay are closed and the family is locally finite. Suppose fy : Ax — Y is continuous for each

A € I, and that the maps agree on overlaps:

Alayna, = fulana, A pel).

Then there exists a unique continuous map f: X —Y such that f|a, = fi for every A.
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Proof. Define f(z) = fa(x) whenever x € Ay. This is well defined because the maps agree on
overlaps, and uniqueness is immediate from the definition.
Let O C Y be open. For each A,

FHO)Y N Ay = 1,10),

which is open in the subspace Ay because fy is continuous. By Theorem 4.7, it follows that

f~1(O) is open in X. Hence f is continuous. O

Theorem 4.9. Let f: X — Y be a bijection. The following are equivalent:
1. f is a homeomorphism.
2. f is continuous and open.

3. f is continuous and closed.

4. For every A C X, one has f(A) = f(A).

Proof. The implications (1) = (2) and (1) = (3) are immediate: if f~! is continuous, then
images of open sets (respectively closed sets) under f are open (respectively closed). Conversely,

if f is continuous and open, then for every open set O C X we have

which is open in Y; hence f~! is continuous. This proves (1) < (2). The proof of (1) < (3) is
identical, using closed sets instead of open sets.
Assume (1). Since continuous maps satisfy f(A) C f(A), it remains to prove the reverse

inclusion. Apply the same inclusion to the continuous map f~! and the set f(A):

FHI(A) € FAH(F(A) = A

Applying f gives f(A) C (Z) and therefore f(A) = f(A).
Finally, assume (4). If FF C X is closed, then

fF) = f(F) = f(F),

so f(F) is closed in Y. Thus f is closed. Since (3) implies (1), we conclude that (4) also implies
(1). Hence all four statements are equivalent. O

Theorem 4.10. Let f: X — Y. The following are equivalent:
1. f is an open map.

2. For every A C X, one has f(A°) C (f(A))°.

3. If B is a basis for X, then f(B) is open in'Y for every B € B.
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4. For every x € X and every neighborhood N, of x, there exists a neighborhood W of f(x) such
that W C f(N,).

Proof. (1) = (2): Since A° is open and A° C A, the set f(A°) is open and contained in f(A),
hence f(A°) C (f(A))°.
(2) = (3): If B € B, then B = B°,

f(B) = f(B°%) € (f(B))° < f(B).

Thus f(B) = (f(B))° is open.

(3) = (4): Let N, be a neighborhood of z. Choose B € B with x € B C N,. Then f(B) is an
open neighborhood of f(z) contained in f(Ny).

(4) = (1): Let O C X be open and let y € f(O). Choose x € O with f(x) =y. Applying (4)
to the neighborhood O of z, we obtain a neighborhood W, of y such that W, C f(O). Therefore

= U w,

y€f(0)

so f(O) is open.
For maps into R, it is often enough to test inverse images of rays. Indeed,

(a,b) = (—o0,b) N (a,0), (—00,b) = fj (—n,b), (a,00) = fj (a,n).

n=1 n=1

Hence a map f: X — R is continuous if and only if the sets {z : f(z) < b} and {x : f(z) > a}

are open for all a,b € R. This leads naturally to lower and upper semicontinuity. O

Definition 4.11. A function f: X — R is called lower semicontinuous if {z : f(x) > a} is open
for each a € R. Similarly, f is called upper semicontinuous if {x : f(z) < a} is open for each
a € R.

Accordingly, f is continuous if and only if it is both lower semicontinuous (Isc) and upper

semicontinuous (usc).

usc

Isc

Example 4.12. A sequential characterization of lower semicontinuity on R is the following: a

function f: R — R is lower semicontinuous if and only if
f(z) < liminf f(z,)

27



MA549: Topology 4. Continuity and homeomorphisms

whenever z,, — x.
Example 4.13. Similarly, f : R — R is upper semicontinuous if and only if

limsup f(zn) < f(2)

n—0o0

for every sequence z,, — x. Consequently, f is continuous if and only if

im_ f(zn) = f(x)

n—o0

for every sequence x,, — x; equivalently, f is continuous precisely when it is both lower
semicontinuous and upper semicontinuous.
The next theorem is stated in a form that extends naturally to other settings, for example in

measure theory and in the study of measurable functions.
Theorem 4.14. Let f,g: X — R be continuous. Then:
1. |f] is continuous;

2. af + bg is continuous for all a,b € R;

3. fg is continuous;
4

. ifg(z) #0 for allx € X, then f/g is continuous (in particular, 1/f is continuous whenever

f is nowhere zero).

Proof. The maps t — [t|, (s,t) — as + bt, (s,t) — st, and t — 1/t on R\ {0} are continuous.
Therefore each assertion follows by composing these continuous maps with f and g. If one prefers
explicit formulas, note that

fo=trver-(f-9?, L=5L

| =
@

This proves the result. ]

Example 4.15. The arc-length functional

)= [ rora

on C1([0,1]) is a standard example of a lower semicontinuous map with values in R.

Example 4.16. Let {f,}acr be a family of lower semicontinuous functions on X such that for
each x € X the set {f(x) : « € I} is bounded above. Define

g(x) = sup fo(x).
acl
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Then g is lower semicontinuous. Indeed, for every a € R we have

{z:9(x) >a} = U {z: fo(z) > a},

ael

and the right-hand side is open as a union of open sets.

Example 4.17. There is a completely analogous statement for upper semicontinuous functions:
the pointwise infimum of any family of upper semicontinuous functions is upper semicontinuous,

provided it is finite everywhere.

Example 4.18. Suppose f: R — R is right-continuous in the ordinary sense, that is,

lim f(z) = f(a) for every a € R.

z—at

Then f, viewed as a map
f : (RvT'f’) - (R,I/),

where 7, is the topology generated by intervals of the form (a,b] and v is the usual topology, is
continuous.

Indeed, let a € R and let V' be a usual open neighborhood of f(a). Choose € > 0 such that
(f(a) — e, f(a) + ) C V. By right-continuity there exists § > 0 with

F((@.a+9)) C (f(a) — &, f(a) +2) C V.
Thus every neighborhood of f(a) contains the image of a 7,-neighborhood of a, which is precisely
the continuity criterion expressed in topological language.

Example 4.19. Let f: X — Y be a map. The following are equivalent:
(i) f is continuous;

(ii) for every B CY, one has
FHBY) S (F71(B))%s

(iii) for every B C Y, one has
o(f~\(B)) C f1(9B).

Proof. (i) = (ii). Let x € f~%(B°). Then f(x) € B°, so there exists an open set V C Y such
that
f(z) eV CB.

By continuity of f, the set f~!(V') is open in X, contains x, and satisfies
f7HV) c F7HB).

Hence z € (f~4(B))°.
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(ii) = (iii). Let € (f~'(B)). Then x ¢ (f~'(B))°. If f(z) € B®, then by (ii) we would
have

ze fTH(B°) S (f71(B)),

a contradiction. Thus f(z) ¢ B°. Applying (ii) to Y \ B, we similarly obtain

FTHYA\B)Y) € (X\H(B))”.

Since x € 9(f~(B)), the point = does not belong to the interior of X \ f~!(B) either; hence
f(z) ¢ (Y'\ B)°. Therefore f(z) € 0B, which proves (iii).

(iii) = (i). Let O C Y be open. Then Y \ O is closed, so 9(Y \ O) C Y \ O. Applying (iii)
with B=Y \ O, we get

o(fH(Y\O) S FHOYN\N0) C fFH(Y\O).

Recall that a subset A C X is closed if and only if 94 C A. Hence f~1(Y \ O) is closed, and
therefore f~1(O) is open. So f is continuous. O

Example 4.20. Let f,g: X — R be continuous.
(a) The set
A={zeX: f(z) < gla)}

is closed. Indeed,
X\A={zeX:f(x)-glx) >0},
and since f — ¢ is continuous, the right-hand side is open.
(b) The function
h(z) = min{ f(x), g(z)}

is continuous. One convenient formula is

f(x) +9(x) — | f(x) — g(=)|
2 Y

h(zx) =

and the right-hand side is continuous because sums, differences, absolute values, and scalar

multiples preserve continuity.

Supplementary remarks and examples

Remark 4.21. Continuity becomes easier to verify when one chooses the right test family. Instead
of checking preimages of all open sets, it is often enough to check preimages of basis elements in

the codomain or neighborhood conditions at each point of the domain.

Example 4.22. Consider the identity map
id: (R, 7)) = (R, 7,),
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where 7y is the lower-limit topology generated by half-open intervals [a,b), and 7, is the usual
topology. This map is continuous because every usual open interval is 7,-open. The reverse
identity (R, 7,) — (R, 1) is not continuous. The example is a convenient way to remember how
finer and coarser topologies interact with continuity.

Problem Set

Problem guide. Treat this problem set as a catalogue of equivalent continuity tests. For
each problem, ask first which language is most efficient: open sets, closed sets, neighborhoods,
bases, restrictions, or compositions. The strongest solutions are the ones that explicitly justify

why a chosen test family is sufficient.

Exercise 4.23. Let f: X — Y be a map between topological spaces. Prove that f is continuous
if and only if f~!(C) is closed in X whenever C is closed in Y.

Exercise 4.24. Let f: X — Y and g: Y — Z be continuous. Prove that g o f is continuous.

Exercise 4.25. Let f: X — Y be a bijection. Prove that f is a homeomorphism if and only if
f is continuous and open (equivalently, continuous and closed).

Exercise 4.26 (Pasting lemma). Let X = AU B where A, B are closed in X. If f: A =Y
and g : B — Y are continuous and agree on AN B, show that the induced map h : X — Y is
continuous.

Exercise 4.27. Give an example of a continuous bijection f: X — Y that is not a homeomor-

phism. (Hint: compare different topologies on the same set.)
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Chapter 5

Subspace, product, and quotient
topologies

We discuss the three central ways to build new spaces from old ones: subspaces, products, and
quotients. For products we emphasize the role of projections and contrast the product topology
with the box topology in infinite products. For quotients we highlight the universal property and
the role of quotient maps in constructing identification spaces.

Roadmap.
o For products, the main results are the basis description, the universal property with respect

to coordinate projections, and the coordinatewise description of closure.

o For quotients, the key ideas are saturation, restriction criteria, and the factorization theorem

that characterizes maps descending to the quotient.

o This chapter is foundational for geometry: later compactification and gluing arguments use

these universal properties repeatedly.

5.1 Finite products: the product topology on X x Y

Once subspaces have been understood, the next basic construction is to place spaces side by
side and study them simultaneously. The product topology is designed so that the coordinate
projections are continuous and so that local information in the product is encoded by local

information in each factor.

Alongside the subspace construction, the product construction is one of the two most basic
mechanisms for producing new topological spaces from old ones. For two spaces, the guiding
principle is simple: a neighborhood of (x, y) should record independent neighborhood information
about z in X and about y in Y. This leads to the family of open rectangles.

Let (X, 7Tx) and (Y, 7y) be topological spaces, and define

B:={OxW:0eTx, WeTy}

We claim that B is a basis on X x Y. Indeed:
(i) for every (z,y) € X x Y, the rectangle X x Y itself belongs to B and contains (z,y);
(i) if (x,y) € (01 x W1) N (O2 x W3), then

(:U,y) € (01 N 02) X (Wl N Wg) - (01 X Wl) N (02 X Wg),
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and the set (01 N O2) x (Wi N Wy) again belongs to B.
Hence B is a basis. The topology generated by B is called the product topology on X x Y.

It is often convenient to describe this topology in terms of the coordinate projections
m: X XY = X, mi(z,y) = x,

m: X XY =Y, ma(z,y) = y.

These maps are surjective whenever both X and Y are nonempty. Moreover,
mH0)=0xY (0 € Tx),

T (W) =X x W (W e Ty),

and therefore
aHO) N (W) =0 x W.

This observation shows that the product topology may equally well be described from a natural
subbasis.

Theorem 5.1. Let
J ={n710): 0 e Tx}U{my*(W): W € Ty }.
Then J is a subbasis for the product topology on X X Y.

Proof. Let T denote the product topology on X x Y, and let 7’ be the topology generated by
the subbasis J. Since each member of J is open in the product topology, we immediately obtain
T CT.

Conversely, every basic open rectangle in the product topology has the form
OxW=r1'O0)nm (W), 0€eTx, WeTy.

Thus each basis rectangle is a finite intersection of members of 7 and therefore belongs to 7.
Since the product topology is generated by such rectangles, it follows that 7 C 7’. Hence
T = T, proving that J is indeed a subbasis.

O

Example 5.2. Each coordinate projection on a product space is an open map. Indeed, if
O xW C X xY is a basic open rectangle, then

(O x W) =0 and m (0O x W) =W,

which are open. Since arbitrary open sets are unions of basis rectangles, both projections send

open sets to open sets.
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711 (O) is a vertical strip, w5, (W) is a horizontal strip

O

Figure 5.1: A basis rectangle O x W as the intersection of two subbasic sets.

5.2 Products, box topology, and the universal property

For infinite families of spaces, one must decide how much openness should be demanded in
each coordinate. The product topology makes only finitely many coordinates active at a time,
and this finiteness is precisely what preserves the correct continuity properties and leads to the
major compactness theorems of the subject. The comparison with the box topology clarifies
why the usual product topology is the natural choice.

For a finite product X x --- x X, the product topology may be described in two equivalent
ways. One may take as a basis the family of all products

110 0; €T,

or, equivalently, one may take as a subbasis the inverse images of open sets under the coordinate

projections. In the two-factor case this amounts to the observation that
ﬂl_l(Ox)IOXXY, Wz_l(Oy):XXOy,

and hence
1 (Ox) N7y Y(Oy) = Ox x Oy.

Thus basic open rectangles are precisely finite intersections of subbasic strips.
For an arbitrary family {X;};c; the distinction between the product and box topologies

becomes essential. The product topology on

X=]]x

el
is generated by the subbasis
J ={r;1(0;) i €1, O; C X, open},
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so a basis consists of all sets of the form [[,c; O;, where each O; is open in X; and O; = X;
for all but finitely many indices. By contrast, the box topology is generated by the larger basis
consisting of all products [];c; O; with no finiteness restriction. Consequently, the box topology
is always finer than the product topology, and in infinite products the two topologies are usually
different.

The product topology is the more natural choice for continuity theory and universal construc-

tions; the next theorem records its universal property.

Theorem 5.3. Let f: A — [],c; Xao be given by f(a) = (fa(a))acr, where fo : A — X,. Let

1 Xa be given the product topology. Then f is continuous if and only if each f, is continuous.

Proof. Suppose f is continuous on A.
Notice that each projection , is continuous. For this, let Q, € U,. The set 7,1(Qq) is a
subbasis element for the product topology on [ X,. Hence f~1(7,1(Q,)) is open in A.
Define f : R — R by
ft) = (t,t,¢,...).

Then each coordinate function f,(t) = ¢ is continuous, so f is continuous in the product topology
on R¥. However, f is not continuous when R“ is endowed with box topology. For this, let us
consider a basis open set
B = (—171> X (_%’%) X oo X (_%’%) N
for the box topology on R¥. Then f~!(B) is not open in R.
If f~Y(B) is open in R, then as 0 € f~1(B), there exists a small interval (open) in f~1(B),
ie.,

(—e,e) € f7H(B).

Therefore,
A. CB
where
A€ = f((_€75))'
Thus,

Tn(Ae) C mn(B)

which gives
(—e,e) c (-1,1), forallneN.

Which is not possible for large n.
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Example 5.4. Let (an)neny and (by)nen be real sequences with a, # 0 for all n. Define
h:R“ — R¥ by
h(z1,z2,...) = (a121 + b1, agxa + by, ...).

Then h is a homeomorphism of R onto itself for the product topology (and, in fact, also for the

box topology).

Proof. For each n, the nth coordinate map h,, : R — R, h,,(t) = ant + by, is a homeomorphism of
R. If R¥ carries the product topology, the universal property of products (Theorem 5.3) implies

that h is continuous. Its inverse is given by

W (g1, s, .. ) = (3/1 —517 y2—52’ )7

ay a2

which is again continuous by the same argument; hence h is a homeomorphism.
If R¥ carries the box topology, the same formulas still define a homeomorphism: for a basic

box-open set U = [[,,en Un,

W= (U) = T ha ' (Un),
neN

which is box-open since each h,;1(U,) is open in R, and similarly for (h=1)~1 = h. O

Theorem 5.5. Let {X,}aecr be a family of topological spaces and let A, C X, for each o € 1.
Equip X = [[,c; Xo with either the product topology or the box topology. Then

T Ao = ] 4.

acl ael
Proof. Write A := [[,cr Aa-
(C) Let x = (o) € A. Fix B € I and let V C X3 be open with x5 € V. For both the product
and the box topology, the projection mg : X — Xp is continuous, hence ng(V) is open in X and
contains z. Thus ng(V) N A # @, so there exists a = (an) € A with ag € V N Ag. Therefore
V N Ag # @, proving xg € Ag. Since 8 was arbitrary, € [[,c; Aa-
(2) Conversely, assume x = (z4) € [[pes Aa- If A = @, then some A, = @ and both sides are
empty, so assume A # @. Let U = [[,c; Un be a basic open neighborhood of z in the chosen
topology; thus each U, is open in X,, z, € U,, and in the product topology we additionally
have U, = X, for all but finitely many «. For each a with U, # X, choose a, € Ay N Uy,

which is nonempty because x, € A,. For the remaining coordinates choose any a, € A,. Then
a:=(an) € ANU,so UN A # &, and hence = € A. O

5.3 Quotient spaces and quotient maps

If product spaces assemble information coordinatewise, quotient spaces do the opposite: they
collapse specified subsets or equivalence classes and thereby encode geometric identifications.
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Clircles from intervals, spheres from disks, and many other standard spaces arise in this way.
The quotient topology is therefore the basic formal device for gluing points together while
retaining a workable notion of continuity.

Quotient constructions formalize the “cut-and-paste” procedures that produce new spaces by
identifying points. A basic example is the circle S', obtained from R by identifying = ~ ¥
whenever x — y € Z. More generally, one may obtain a cylinder from a rectangle by identifying

two opposite sides, and then a torus by identifying the remaining pair of opposite sides.

- _—

T ol Pl l

{pro jective plane}

Figure 5.2: Edge-identification pictures for standard quotients. Arrows indicate the direction in which
boundary points are identified.

Definition 5.6 (Quotient topology and quotient map). Let X be a topological space, let Y
be a set, and let ¢ : X — Y be a surjection. The quotient topology on Y (induced by q) is the
collection

Ty ={UCY :q *U) is open in X }.

Equipped with 7;, the map ¢ is continuous by construction and is called a quotient map.
Equivalently, a surjection ¢ : X — Y is a quotient map if it is continuous and a set U C Y is

open whenever ¢~1(U) is open.

Remark 5.7. If ¢ : X — Y is continuous, surjective, and either open or closed, then ¢ is a quotient
map. In general, quotient maps need be neither open nor closed.

Example 5.8. Let X =[0,1]U[2,3] and Y = [0, 2], and define ¢ : X — Y by ¢(z) = z on [0, 1]
and ¢(z) =z — 1 on [2,3]. Then ¢ is a quotient map, but it is neither open nor closed.

Definition 5.9. Let ¢ : X — Y be a surjective map. A subset S C X is said to be saturated

(with respect to ¢) if it is a union of fibers of ¢; equivalently,
S is saturated <= (¢ '{yH)NS# 2 = ¢ '({y}) CS) forallycy.

Equivalently, S is saturated if and only if S = ¢~!(¢(.9)).
Proposition 5.10. Let q: X — Y be a continuous surjection. Then q is a quotient map if and

only if q(U) is open in'Y for every open saturated set U C X.

Proof. Assume q is a quotient map and let U C X be open and saturated. Then U = ¢~ (q(U)).
Since ¢~ *(q(U)) is open, the defining property of the quotient topology implies that ¢(U) is open
inY.
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Conversely, assume ¢ is continuous and that ¢(U) is open for every open saturated U C X.
Let V C Y satisfy ¢~1(V) open in X. Then ¢~!(V) is saturated and q(¢~(V)) = V because q is

surjective. Hence V' is open by hypothesis, so ¢ is a quotient map. O

Example 5.11. Let X =[0,1]U[2,3] and Y = [0, 2]. Define 5: X — Y by

Blz) = {:c, x € [0,1],
x—1, z€][2,3].

Then S is a quotient map. Now let
A=10,1)U]2,3], g:=0la:A—=Y.

The map ¢ is continuous and surjective, but it is not a quotient map: the set [2, 3] is open and

saturated in A, whereas
9([2,3]) = [1,2]
is not open in Y. This shows that restrictions of quotient maps need not remain quotient maps.

Example 5.12. Let 7 : R x R — R be the projection 7(x,y) = x. Then 7 is open, continuous,

and surjective; hence it is a quotient map. However, it is not closed, because

m({(z,y) : zy = 1}) = R\ {0},

which is not closed in R.
Now let
A={(z,y):zy =1} U{(0,0)}, g:=mla:A—=R

Then g is continuous and surjective, but again it is not a quotient map, because {(0,0)} is open

and saturated in A while
9({(0,0)}) = {0}

is not open in R.

Example 5.13. (Quotient topologies from surjections and partitions.) Let f : X — A be a
surjection from a topological space X to a set A. There is a unique topology on A that makes f

a quotient map, namely
7p:={UCA: f7(U) is open in X }.

This is precisely the quotient topology from Definition 5.6.
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For instance, let A = {a,b,c} and define f: R — A by

a, x>0,
fz)=3b, x<0,

c, x=0.

Then 74 = {@, {c},{a,c}, {b,c}, A}.

A particularly important case arises from partitions (or, equivalently, equivalence relations).
If ~ is an equivalence relation on X, let X/~ denote the set of equivalence classes and let
q: X — X/~ be the canonical surjection. Endowing X/~ with the quotient topology induced
by ¢ produces the quotient space X/~.

Theorem 5.14. Let p: X — Y be a quotient map, and let A C X be saturated with respect to
p. Set q:=pla: A— p(A).
(i) If A is open in X, then q is a quotient map.

(ii) If p is an open map, then q is a quotient map.

Proof. Because A is saturated, for every V C p(A) one has
¢ (V) =Anp (V) =p (V)

since p~1(V) C p~1(p(A)) = A. Likewise, for every U C X,

p(UNA)=pU)Np(A).

For (i), let V C p(A) and assume that ¢~!(V) is open in A. Then there exists an open set
U C X such that ¢ (V) = ANU. Since A is open in X, the set AN U is open in X; by the
first identity above,

is therefore open in X. Because p is a quotient map, it follows that V is open in Y, hence also
open in the subspace p(A). Thus ¢ is a quotient map.

For (ii), again let V' C p(A) and suppose that g~!(V) is open in A. Choose an open set U C X
with ¢~}(V) = AN U. Using the second identity,

V =q(g (V) = p(ANU) = p(A) Np(U).

Since p is open, the set p(U) is open in Y, and therefore V' is open in the subspace p(A). Hence
q is a quotient map. [

Corollary 5.15. The same argument shows that if p: X — Y is a quotient map, A C X is
saturated, A is closed in X, and p is closed, then the restriction p|4 : A — p(A) is also a quotient

map.
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Example 5.16. The composition of two quotient maps is again a quotient map. By contrast,

the product of two quotient maps need not be a quotient map in general; however, if both maps

are open, then their product is open, continuous, and surjective, and hence is a quotient map.
One of the main uses of quotient maps is the construction of functions on quotient spaces by

factoring through equivalence classes. The next theorem records the precise mechanism.

Theorem 5.17. Let m: X — Y be a quotient map, and let g : X — Z be a map that is constant
on each fiber 7 ({y}), y € Y. Then there exists a unique map

f:Y—=2

such that f om = g. Moreover:
(i) f is continuous if and only if g is continuous;

(it) f is a quotient map if and only if g is a quotient map.

Proof. Since g is constant on each fiber of 7, the formula

defines a map f : Y — Z. It is well defined because if 7(z) = w(2'), then x and 2z’ lie in the
same fiber, and hence g(x) = g(2’). The identity f o7 = g is immediate, and uniqueness follows
because 7 is surjective.

For (i), if f is continuous, then g = f o 7 is continuous as a composition of continuous maps.

Conversely, assume that g is continuous. Let V' C Z be open. Then
m V) =g (V)

is open in X. Since 7 is a quotient map, f~!(V) is open in Y. Hence f is continuous.

For (ii), if f is a quotient map, then g = f o7 is a composition of quotient maps and therefore
a quotient map. Conversely, assume that ¢ is a quotient map. By part (i), f is continuous. Now
let V C Z and assume that f~1(V) is open in Y. Then

g (V) =a"H(fTHV)

is open in X. Since g is a quotient map, this implies that V is open in Z. Thus f is a quotient

map. [

onto, cont

Corollary 5.18. Let g: X Z, and set

X*:={g'({z}): 2 € Z}.

Let m: X — X* be the canonical surjection, and equip X* with the quotient topology induced by
w. Then:
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(i) there exists a unique continuous bijection f : X* — Z such that g = f om;

g

Nz

X*

Z

(ii) if g is a quotient map, then f is a homeomorphism;

(iii) in particular, if g is a quotient map and Z is Hausdorff, then X* is Hausdorff.

Proof. Because g is constant on each fiber of w, Theorem 5.17 yields a unique map f: X* — Z
satisfying g = f ow. The map f is bijective: surjectivity follows from the surjectivity of g, and
injectivity holds because distinct points of X* are distinct fibers of g. Part (i) of Theorem 5.17
shows that f is continuous.

If g is a quotient map, then part (ii) of Theorem 5.17 implies that f is a quotient map. A
continuous bijective quotient map is a homeomorphism, proving (ii). Finally, (iii) is immediate

from (ii), since Hausdorffness is preserved under homeomorphism. O

Remark 5.19. Some properties, such as compactness, connectedness, and path connectedness,
do pass to quotient spaces, but many others do not. In general, quotient spaces are often best
understood through a careful study of basic examples rather than through overly broad heuristic
principles. For that reason, it is important to keep concrete models in mind throughout this

discussion.

Supplementary remarks and examples

Remark 5.20. Subspace, product, and quotient topologies are the three basic structural construc-
tions in topology. Conceptually, the subspace and product topologies are initial constructions,
while the quotient topology is a final construction. Their universal properties explain why the

same definitions recur throughout geometry and analysis.

Example 5.21. Identify the endpoints of the interval [0, 1] by imposing the relation 0 ~ 1. The
quotient space [0, 1]/ ~ is homeomorphic to the circle S*. This is the model example for quotient
topology: one first prescribes an identification, and only then asks for the strongest topology

making the quotient map continuous.

Problem Set

Problem guide. Read these problems as training in universal properties. For products, try
to prove statements by composing with projections. For quotients, try to factor maps through
the quotient map whenever possible. A strong sign of mastery is that you can tell immediately
whether a claim should be attacked from the definition of the topology or from its universal

characterization.
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Exercise 5.22. Let X = [],c; X with the product topology. Show that each coordinate
projection my : X — X is continuous, and that the product topology is the smallest topology

making all 7, continuous.

Exercise 5.23. Show that a subbasis for the product topology on [],c; X is given by sets of
the form 7, *(U) where U C X, is open.

Exercise 5.24. Give an explicit example where the box topology on RY is strictly finer than

the product topology.

Exercise 5.25. Let ¢ : X — Y be a surjection. Prove that the quotient topology on Y is the

largest topology making ¢ continuous.

Exercise 5.26. Let ¢: X — Y be a quotient map and f: Y — Z be a map. Prove that f is
continuous if and only if foq: X — Z is continuous.

Exercise 5.27. Let X be a topological space and A C X. Show that collapsing A to a point

produces a quotient space, and describe a neighborhood basis at the collapsed point.
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Chapter 6

Countability and separation axioms

We study two families of structural hypotheses. The countability azioms (first and second
countability, separability, Lindeldfness) control the size and complexity of the topology. The
separation axioms (To, Ty, Hausdorff, reqularity, normality) control how well points and closed
sets can be separated by open neighborhoods.

Roadmap.

The diagonal criterion for Hausdorffness and the normality results are included because they
provide robust geometric tests for separation.

The countability side culminates in the chain second countable = first countable, Lindeldf,
separable, together with the converse theorem for separable metric spaces.

These results are not merely classificatory: they are the hypotheses that drive the Urysohn—
Tietze and metrization theorems later in the notes.

6.1 Separation axioms

Not all topological spaces distinguish points and closed sets equally well. The separation
azxioms measure how effectively the topology can separate geometric objects by neighborhoods
or by continuous functions. These conditions form a hierarchy, and many central theorems in
topology become available only once the appropriate level of separation is assumed.

Definition 6.1. A topological space X is said to satisfy:

(i) Tp if for any distinct z,y € X there exists an open set containing one of x,y but not the

other;

(ii) Ty if every singleton {x} is closed (equivalently, for any distinct z,y there exists an open
set containing x but not y);

(iii) T (or Hausdorff) if for any distinct =,y € X there exist disjoint open sets U > x and

Voy.

Remark 6.2. In these notes we reserve the symbols Ty, 17, T5 for the separation axioms. Earlier

examples of distinct topologies on a finite set are denoted by 7.

Definition 6.3. A Tj space X is reqular if for every closed set F' C X and every point © ¢ F,

there exist disjoint open sets U,V with x € U and F' C V. A space X is normal if for any two
disjoint closed sets F,G C X there exist disjoint open sets U,V with £ C U and G C V.
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Proposition 6.4. FEvery metric space is Hausdorff and normal.

Proof. Hausdorffness follows by taking disjoint open balls around distinct points. Normality
follows by separating disjoint closed sets using the distance function; one standard argument

uses the open sets
U={zeX:dxF)<dzqG)}, V={zxeX:dxG) <dxzF)}.

These are open, disjoint, and contain F' and G, respectively. ]

Proposition 6.5. A topological space X is Hausdorff if and only if the diagonal
Ax ={(z,z) 1z € X}

is closed in the product space X x X.

Proof. Assume first that X is Hausdorff and let (z,y) € (X x X)\ Ax. Then = # y, so there
exist disjoint open sets U 3 x and V' 3 y. Hence U x V' is an open neighborhood of (z,y) disjoint
from Ax. Therefore (X x X)\ Ax is open, so Ax is closed.

Conversely, assume Ax is closed. Let x # y. Then (x,y) ¢ Ax, so because (X x X)\ Ay is
open, there exist open sets U > x and V 3 y such that

(r,y) e U xV C (X x X)\ Ax.

IfUNV # @, choose z€ UNV. Then (z,2) e U x V C (X x X)\ Ax, a contradiction. Thus
UNV =@, and X is Hausdorff. O

Corollary 6.6. Let X and Y be topological spaces, with Y Hausdorff, and let f : X — 'Y be

continuous. Then the graph
Gr={(z, f(x):z e X} CX xY

1s closed.

Proof. Consider the map ® : X xY — Y x Y given by ®(z,y) = (f(x),y). This map is
continuous. Since Y is Hausdorff, Ay is closed in Y x Y by Proposition 6.5. But

Gr=9"(Ay),
hence G is closed in X x Y. O

Proposition 6.7. If X is compact and Hausdorff, then X is normal.

Proof. Let F,G C X be disjoint closed sets. For each x € F' and y € G, Hausdorflness yields
disjoint open neighborhoods U,, > « and V,, 2 y. Fix z € F. Then {V,, : y € G} is
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an open cover of G, hence admits a finite subcover V, ,,,...,Vy,,. Set Uy = =i Uy, and
Ve = Uj=1 Vayp- Then U, is open, z € Uy, and U, NV, = & while G C V. Now {U, : z € F} is
an open cover of the compact set F'; choose x1, ..., 2, with F C U;-nzl Ug;. Let U = U;nzl Us;

and V = ﬂ}”:l Vz;. Then U,V are open, disjoint, F' C U, and G C V, proving normality. O
6.2 Countability axioms

Although topological definitions are generally infinitary, many important spaces are controlled
by countable data. Countability axioms identify precisely when this happens. They connect
abstract topology with sequences, separability, and metrization, and they frequently determine
whether local arguments can be globalized in a manageable way.

Definition 6.8. A topological space X is first countable if each point x € X admits a countable
neighborhood basis, i.e. there exists a sequence of neighborhoods (U, )nen of x such that for
every neighborhood U of z there is n with U,, C U. The space X is second countable if there
exists a countable base B for the topology of X.

Remark 6.9. Second countability is a strong global hypothesis. Among its consequences are the
Lindel6f property and (in the presence of a metric) separability; it also plays a central role in
metrization theory.

Proposition 6.10. FEvery second countable space is first countable.

Proof. Let B = {B,}nen be a countable base. Fix x € X and consider B, := {B,, € B: x € B,},
which is countable. If U is any neighborhood of z, choose B,, € B with x € B,, C U; then
B, € B, so B, is a countable neighborhood basis at x. ]

Definition 6.11. A topological space X is Lindeldf if every open cover of X admits a countable

subcover.

Theorem 6.12 (Lindel6f theorem). FEvery second countable space is Lindeldf.

Proof. Let B = {B,}nen be a countable base for X, and let & be an open cover of X. Consider
the index set
I := {n € N : there exists U € Y with B,, CU}.

For each n € I, choose one such set U,, € U. Then
Uy :={U,:nel}

is countable.
We claim that Uy covers X. Let x € X. Since U covers X, there exists U € U with x € U.

Because B is a base, there exists B, € B such that
r€e B, CU.
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Thus n € I, and by construction B,, C U, for some U,, € Uy. Hence = € U,,, proving that U is a

countable subcover of U. O]

Corollary 6.13. Let X be second countable and let C be any basis for the topology of X. Then

C contains a countable subfamily which is still a basis.

Proof. Let B = {By}nen be a fixed countable base for X. For each n, the family C, := {C €
C: C C By} is an open cover of B,, in the subspace topology. Since B, is open in X and X
is Lindelof by Theorem 6.12, the subspace B,, is itself Lindelof: indeed, any open cover of B,
by subspace-open sets can be enlarged to an open cover of X by adjoining X \ B,. Hence C,
admits a countable subcover C, C C,. Now set C’ := J,,cnCy,, @ countable union of countable
sets, hence countable. If U is open in X and z € U, choose B, € B with z € B,, C U. Since C},
covers By, there exists C' € C, C C' with x € C C B, C U, so (' is a basis. O

Definition 6.14. A topological space X is separable if it contains a countable dense subset.

Corollary 6.15. Every second countable space is separable.

Proof. Let B = {By}nen be a countable base. For each n with B,, # &, choose a point x,, € By,
and set D := {x,, : n € N}. Then D is countable. If U C X is nonempty open, choose B, C U
with B, # &; then z,, € DN U, so D meets every nonempty open set and hence is dense. ]

Theorem 6.16. FEvery separable metric space is second countable.

Proof. Let (X,d) be a metric space and let D C X be a countable dense subset. Set Qsq :=
QN (0,00), and consider the family

B:={B(a,q) :a €D, g€ Qsp}.

The family B is countable because it is indexed by the countable set D x Qxg.

We show that B is a base for the metric topology. Let U C X be open and let z € U.
Choose r > 0 such that B(z,r) C U. By density of D, there exists a € D N B(x,7/3). Since
d(z,a) <r/3 <r—d(z,a), the interval (d(x,a), r — d(x,a)) is nonempty; by density of Q in R,
choose

q € QsoN(d(z,a), r—d(z,a)).

Then x € B(a, q). Moreover, if y € B(a, q), then
d(z,y) < d(z,a) + d(a,y) < d(z,a) +q <

so y € B(x,r). Hence
x € B(a,q) C B(z,r) CU.

Therefore every open set containing x contains a member of B that still contains x, and B is a

countable base for X. Thus X is second countable. O
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Supplementary remarks and examples

Remark 6.17. The countability axioms and the separation axioms measure different kinds of
regularity. Countability controls how much local information is needed to describe the topology,
while separation controls how sharply the space can distinguish points and closed sets. Many

classical theorems live precisely at the interaction of these two hierarchies.

Example 6.18. The Sorgenfrey line is first countable and separable, but it is not second
countable. On the other hand, the cofinite topology on an infinite set is 71 but not Hausdorff.
Keeping these examples in mind prevents one from silently adding nonexistent implications to

the standard diagrams of axioms.

Problem Set

Problem guide. This chapter repays careful organization. Make your own implication
diagram for the separation axioms and a separate one for the countability axioms, then use
the problems to test which arrows are reversible. Counterexamples matter as much as proofs

here: whenever a converse fails, try to locate exactly where the forward proof breaks down.

Exercise 6.19. Prove that second countability implies separability.

Exercise 6.20. Show that in a first countable space, sequential continuity (preserving limits of

sequences) is equivalent to continuity.

Exercise 6.21. Prove that a subspace of a second countable space is second countable.
Exercise 6.22. Prove that every metric space is normal.

Exercise 6.23. Give an example of a T} space that is not Hausdorff.

Exercise 6.24. Show that if X is compact and Hausdorff, then it is normal.
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Chapter 7

Connectedness

Connectedness formalizes the idea that a space cannot be decomposed into two disjoint nontrivial
open pieces. We develop connectedness, components, and path connectedness, and briefly discuss
local connectedness and totally disconnected spaces.

Roadmap.

e Equivalent formulations of connectedness are established first so that later proofs can pass
freely between separations, clopen sets, and continuous images.

e The classification of connected subsets of R by intervals is the chapter’s central concrete
theorem and is used to derive the intermediate value property.

e Components and path connectedness provide two complementary ways of decomposing spaces

into maximally connected pieces.

7.1 Connected spaces and components

Connectedness formalizes the idea that a space should remain in one piece. It is one of
the first genuinely global properties in topology, because it cannot be checked by examining
neighborhoods point by point. Components then decompose an arbitrary space into its maximal
connected pieces and reveal how connectedness interacts with subspaces and continuous images.

Definition 7.1. A topological space X is connected if it cannot be written as X = U UV where
U,V are disjoint nonempty open sets. Such a decomposition (if it exists) is called a separation of

X.

Proposition 7.2. The following are equivalent for a space X :
(i) X is connected.
(i) The only subsets of X that are both open and closed are @ and X.
(iii) There does not exist a continuous surjection f: X — {0,1} (with {0,1} discrete).

Proof. (i) = (ii). If A C X is clopen and nontrivial, then A and X \ A are nonempty disjoint
open sets whose union is X. Thus X is disconnected. Hence a connected space has no nontrivial
clopen subset.

(ii) = (iii). If there were a continuous surjection f : X — {0,1} onto the discrete two-point
space, then f~'({0}) would be a nonempty proper subset of X that is both open and closed,

contradicting (ii).
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(iii) = (i). If X = U UV were a separation, define f : X — {0,1} by f(z) = 0 on U and
f(x) =1on V. The sets U and V are open, so f is continuous, and it is clearly surjective. This

contradicts (iii). O
Proposition 7.3. The continuous image of a connected space is connected.

Proof. Let f: X — Y be continuous and X connected. If f(X) =U UV is a separation in Y,
then X = f~Y(U)U f~1(V) is a separation of X, a contradiction. O

Proposition 7.4. Let {C;};cr be a family of connected subsets of X such that
ﬂ C; #a.
el
Then ;e C; is connected.
Proof. Suppose |J;c; C; = U UV is a separation. Choose p € (;c;C;. Thenp € U or p € V;

assume p € U. Since each C; is connected and meets U, it cannot meet V. Hence C; C U for
every 4, and therefore (J;c; C; C U, contradicting that V # @. O

Proposition 7.5. If A C X is connected, then its closure A is connected.

Proof. Suppose A = U UV is a separation. Since A C A, we have
A=(ANU)U(ANYV),

where ANU and ANV are disjoint open subsets of A. Because A is connected, one of them
must be empty; assume ANV = @. Then V is a nonempty open subset of A disjoint from A,

contradicting the fact that every nonempty open subset of A meets A. Hence A is connected. [
Theorem 7.6. Fvery interval in R is connected.

Proof. Let I C R be an interval and suppose I = U UV is a separation in the subspace topology.
Choose v € U and v € V with u < v. Set

E=UnN{u,v.

Then F is nonempty and bounded above by v, so s = sup F exists. Since [ is an interval and
u,v € I, we have [u,v] C I, hence s € I.

If s € U, then because U is open in I, there exists € > 0 such that (s —e,s +¢)NI C U. By
definition of supremum there exists ¢ € F with s — e < x < s, and then any point of I between
x and s + € also lies in U. In particular one finds a point of E larger than s, a contradiction.

If s € V, then because V is open in I, there exists € > 0 such that (s —e,s+e)NI C V.
Again by the definition of supremum, there exists x € F with s —e <z < s. But thenx e UNV,

impossible.
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Both cases lead to contradictions. Therefore I is connected. ]
Theorem 7.7. A subset A C R is connected if and only if it is an interval.

Proof. One implication is Theorem 7.6. Conversely, suppose A is connected and let a,b € A with
a < b. If there were ¢ € (a,b) \ A, then

AN (—o00,¢) and AN (e, 00)

would be disjoint nonempty open subsets of A whose union is A, contradicting connectedness.

Hence every point between a and b lies in A, so A is an interval. O

Corollary 7.8 (Intermediate value property). If X is connected and f: X — R is continuous,
then f(X) is an interval. In particular, if a,b € X and t lies between f(a) and f(b), there exists
x € X such that f(z) =t.

Proof. By Proposition 7.3, f(X) is connected, and by Theorem 7.7 every connected subset of R

is an interval. O
Definition 7.9. A component of a space X is a maximal connected subset of X.
Proposition 7.10. Components form a partition of X, and each component is closed.

Proof. By Proposition 7.4, two connected sets with nonempty intersection have connected union,
so maximality forces components to be either equal or disjoint; hence they partition X. If C is a

component, then C is connected by Proposition 7.5; maximality therefore gives C' = C, so C is
closed. O

7.2 Path connectedness and local connectedness

Connectedness excludes a decomposition into two disjoint open parts, but it does not by itself
provide an explicit geometric route from one point to another. Path connectedness strengthens
connectedness by requiring such routes, while local connectedness ensures that connected
structure is visible already at small scales. The distinction between these notions is subtle and

leads to some of the most instructive examples in point-set topology.

Definition 7.11. A space X is path connected if for any x,y € X there exists a continuous map
v :[0,1] = X with 4(0) = 2 and (1) = y.

Proposition 7.12. Path connected spaces are connected.

Proof. If X =UUYV is a separation and z € U, y € V, any path + from z to y yields a separation
of [0,1] by v~ }(U) and v~ 1(V), contradicting connectedness of [0, 1]. O

Definition 7.13. A space X is totally disconnected if its connected components are singletons.

It is locally connected if every point has a neighborhood basis consisting of connected open sets.
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Example 7.14. The rational numbers Q C R (with the subspace topology) are totally discon-
nected.

Proof. Given distinct p < ¢ € Q, choose an irrational number « € (p,q). Then
QN (—oo,) and QN (e, 00)

form a separation of Q into disjoint nonempty open sets. ]

Example 7.15. The Cantor set is compact, perfect, and totally disconnected.

Supplementary remarks and examples

Remark 7.16. Path connectedness is stronger than connectedness because it asks not merely
that the space stay in one piece, but that points can be joined by continuous paths. Many
geometric spaces satisfy both properties, but the distinction becomes important in wild subspaces

of Euclidean space.

Example 7.17. The topologist’s sine curve is connected but not path connected. It is therefore
the standard warning that connectedness alone does not guarantee the existence of paths.
Whenever an argument implicitly draws a curve between two points, one should verify that path

connectedness is actually available.

Problem Set

Problem guide. Solve the first problems by translating the definitions of separation and
connectedness into statements about continuous maps to {0,1} or to intervals. Later problems
should be used to build a library of permanence properties: subspaces, products, images, and

unions behave differently, and the point of the chapter is to learn those differences precisely.

Exercise 7.18. Prove that the continuous image of a connected space is connected.

Exercise 7.19. Show that X is disconnected if and only if there exists a continuous surjection
f:X —{0,1} (with {0,1} discrete).
Exercise 7.20. Prove that if X is path connected then X is connected, and give an example of

a connected space that is not path connected.

Exercise 7.21. Let {C;}icr be a family of connected subsets of X with N, C; # @. Prove that

U; C; is connected.

Exercise 7.22. Show that the connected component of a point is closed, and that components

form a partition of X.

Exercise 7.23. Prove that a space X is totally disconnected if and only if every connected

subset of X is a singleton.
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Chapter 8

Compactness and compactifications

Compactness is the topological analog of closed and bounded subsets in Euclidean spaces, and
it controls finiteness phenomena such as the existence of convergent subsequences and finite
subcovers. We develop basic permanence properties, the Tube Lemma and Tychonoff’s theorem,
and then discuss locally compact spaces and the one-point compactification.

Roadmap.

e The first half of the chapter develops the basic permanence theory: closed subspaces, continuous

images, finite products, and closedness of projections over compact factors.

o The finite-intersection-property theorem, Alexander subbase theorem, Heine-Borel, and
Tychonoff together show how compactness can be recognized from several complementary
viewpoints.

e The final section introduces local compactness and the one-point compactification, which

convert noncompact spaces into compact ones by adding ideal boundary points.

8.1 Compact sets

Compactness is the topological substitute for finiteness. It allows one to extract finite infor-
mation from arbitrary open covers and lies behind many fundamental theorems in analysis,
including the extreme value theorem and various existence arguments. In topology, com-
pactness interacts powerfully with continuity, products, and separation axioms, so it merits
sustained attention.

Compactness is one of the central finiteness principles of topology. Finite spaces automatically
enjoy many useful properties, and compactness is the correct topological substitute for that kind
of finite behavior. In Euclidean spaces, the Heine—Borel theorem identifies compact sets with
closed and bounded sets; in general topology, however, the defining feature is the finite subcover
property for open covers. This formulation is robust, behaves well under continuous maps and

products, and lies behind many of the deepest existence theorems in analysis and topology.

Definition 8.1. A topological space X is said to be compact if every open cover of X admits a

finite subcover. Equivalently, whenever

X=U

iel
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with each U; open in X, there exist indices %1, ...,4, € I such that

X=U,U--Ulj;

in*
Example 8.2. The real line (R,%) is not compact, because the open cover
G={(n,n+2):ne’}

has no finite subcover.

Example 8.3. The set
1
K::{O}U{:neN}CR
n

is compact in the usual topology. Indeed, any open cover of K contains an open set U with
0 € U, such a set contains all but finitely many points of the sequence 1/n. The remaining

finitely many points can then be covered one by one.

Example 8.4. The interval (0, 1] is not compact in the usual topology on R, because the family

o { (1) mer)

is an open cover of (0, 1] with no finite subcover. Indeed, if one chooses finitely many members of
Go, the smallest value of n among them determines a left endpoint 1/n > 0, so points of (0,1/n]
remain uncovered. This example already suggests that, in Hausdorff spaces, compact subsets

often behave like closed sets.

Lemma 8.5. Let Y be a subset of a topological space X. Then'Y is compact if and only if every

open cover of Y by sets open in X admits a finite subcover.

Proof. Assume first that Y is compact in the subspace topology and let {O; : i € I} be a family
of open subsets of X with

v clJo.
el
Then {O; NY : i € I} is an open cover of Y in the subspace topology, so there are indices
i1,...,1y such that

YC(O,NY)U---U(0;,, NY)CO;; U---UO;

in .

Thus the original cover has a finite subcover.

Conversely, let {U; : j € J} be an open cover of Y in the subspace topology. For each j choose
an open set O; C X such that U; = O; NY. Then {O; : j € J} is an open cover of Y in X, so
by hypothesis it has a finite subcover. Intersecting with ¥ shows that the corresponding U; also

form a finite subcover of Y. Hence Y is compact. O
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Theorem 8.6 (Closed subspaces of compact spaces). Fuvery closed subspace of a compact space

18 compact.

Proof. Let Y be a closed subspace of a compact space X. If {U/ : i € I'} is an open cover of Y
by sets open in Y, choose open sets U; C X such that U/ = U; NY. Then

X=x\nulyu
iel
is an open cover of X. By compactness, finitely many of these sets cover X; intersecting with Y
yields a finite subcover of Y. Thus Y is compact. O

Example 8.7. In an indiscrete space (X, {@, X'}), every subset is compact, because every open
cover already contains the whole space X. This shows that compact subsets need not be closed

unless one imposes additional separation axioms.
Theorem 8.8. FEvery compact subspace of a Hausdorff space is closed.
Proof. Let Y be a compact subspace of a Hausdorff space X. Fix g € X \ Y. For each y € Y,

choose disjoint open sets U, and V,, with z9 € Uy and y € V,,. Then {V, : y € Y} is an open

cover of Y, so compactness gives points y1,...,y, € Y such that
YCV,U---UV,.

Set
U:=Uy, N---NUy,, V=V, U---UV,.

Then U is an open neighborhood of xg, the set V' is an open neighborhood of Y, and UNV = &.
In particular, U N Y = @. Thus every point of X \ Y has an open neighborhood contained in
X \Y,s0 X \Y is open and Y is closed. O

Lemma 8.9. IfY is a compact subspace of a Hausdorff space X, then for every zg € X \'Y
there exist disjoint open sets U,V C X such that xo € U andY C V.

Proof. The construction in the proof of Theorem 8.8 already yields the desired sets U and V. O
Example 8.10. Every closed subset of a compact interval [a, b] is compact. In particular, the
Cantor set is compact.

Example 8.11. The half-open intervals [a,b) and (a, b] are not compact in the usual topology
on R, because they are not closed subsets of the Hausdorff space R.

Remark 8.12. The Hausdorff hypothesis in Theorem 8.8 is essential. In the cofinite topology
on an infinite set, every subset is compact: given an open cover, any nonempty open set misses
only finitely many points, and those remaining points can be covered by finitely many further

members of the cover. However, in that topology the only proper closed sets are finite sets.
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Remark 8.13. The cocountable topology on R is not compact. Indeed, the family
U={(R\N)U{n}:neN}

consists of open sets and covers R, but no finite subfamily covers all of N.
Theorem 8.14. The continuous image of a compact space is compact.

Proof. Let f : X — Y be continuous and assume that X is compact. If f(X) C U,;c; Vi with
each V; open in the subspace f(X), then

xclyrtm,
el
and each f~!(V;) is open in X. Compactness of X yields indices i1, ... ,4, such that

XCriVi)u---uft(i,),

whence
f(X)CV,u---uVy;

in-*

Thus f(X) is compact. O

Theorem 8.15. Let f: X — Y be continuous, where Y is Hausdorff.
(a) If X is compact, then f is a closed map.
(b) If X is compact and f is bijective, then f is a homeomorphism.

Proof. (a) Let FF C X be closed. Since F is closed in a compact space, Theorem 8.6 shows that
F is compact. Hence f(F') is compact by Theorem 8.14, and therefore closed in the Hausdorff
space Y by Theorem 8.8. Thus f is a closed map.

(b) Assume in addition that f is bijective. By part (a), f is closed. A bijective closed map
has continuous inverse: indeed, if C' C X is closed, then f(C) is closed in Y, so for every closed

set C' C X the inverse image under f~! satisfies

which is closed in Y. Hence f~! is continuous, and therefore f is a homeomorphism. O

Lemma 8.16 (Tube Lemma). Let X be a topological space, letY be compact, and let N C X XY
be open. If {xg} x Y C N, then there exists an open neighborhood W of xg in X such that

W xY CN.
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Proof. For each y € Y, choose open sets U, C X and V,, CY such that
(xo,y) € Uy x V,; C N.
The sets V,, form an open cover of Y, so by compactness there are y1,...,y, € Y with
Y=V,U---uVy,.
Set
W =U, N---NU,,.

Then W is an open neighborhood of xg. If z € W and y € Y, choose k with y € V,,,. Since

z € Uy, , we obtain
(x,y) € Uy, x V,, CN.

Hence W xY C N. OJ
Theorem 8.17. The product of finitely many compact spaces is compact.

Proof. Tt suffices to treat the case of two spaces. Let X and Y be compact, and let {O; : i € I}
be an open cover of X x Y. Fix x € X. Since {z} x Y is homeomorphic to Y, it is compact,
so finitely many of the O; cover {x} x Y. Because the union of finitely many open sets is open,
there is an open set N, C X x Y such that

My
{z} xY C N, C | O,
k=1

By the argument of the Tube Lemma, there exists an open neighborhood W, of x such that

W, xY CN,.
The family {W, : x € X} is an open cover of X, so compactness gives points x1,...,z, € X
such that
X=Wy U---UW,,
Therefore

XXxY =W, xY)U---U(W, xY),

and each W, X Y is covered by finitely many members of the original cover. Collecting those

finitely many sets yields a finite subcover of X x Y. O

Proposition 8.18. IfY is compact, then the projection
px : X xY = X, px(x,y) = x,
s a closed map.
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Proof. Let FF C X xY be closed. We show that X \ px(F) is open. Take zg € X \ px(F'). Then
{zo} xY C (X xY)\F,

and the right-hand side is open. By the Tube Lemma, there exists an open neighborhood W 3 g
such that
WxY C(XxY)\F.

Thus WNpx(F) =@,s0 W C X \ px(F). Hence X \ px(F) is open and px (F) is closed. [

Example 8.19. The Tube Lemma fails if the second factor is not compact. For example, in R?
let

N' = {(2,9) : |2l < ).

Then N’ is an open set containing {0} x R, but it contains no tube W x R about {0} x R, because

every neighborhood W of 0 contains some z # 0, and for sufficiently large |y| one has |z| > %M

Definition 8.20. A family C C P(X) is said to have the finite intersection property (FIP) if

every finite subfamily of C has nonempty intersection.

Example 8.21. Any nested decreasing family
A1 DA D A3D -+

has the finite intersection property, provided each A, is nonempty.

Theorem 8.22. A topological space X is compact if and only if every family of closed subsets

of X having the finite intersection property has nonempty intersection.

Proof. Assume first that X is compact, and let {F,}nca be a family of closed subsets of X with
the finite intersection property. If (,c 4 Foo = &, then the open sets U, := X \ F,, form an open

cover of X. By compactness, finitely many of them cover X, say

Taking complements yields
FyNn---NFE, =,

contrary to the finite intersection property. Thus ,ca Fo # 2.
Conversely, assume that every family of closed sets with the finite intersection property has
nonempty intersection. Let {Uy}aca be an open cover of X. If it had no finite subcover, then

for every finite subset {aq,...,a} C A one would have

X £ Uy U-+-UU,,.
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Hence the closed sets Fy, := X \ U, would satisfy the finite intersection property. By hypothesis,

() Fa # 2,

acA

which contradicts the assumption that the U, cover X. Therefore every open cover has a finite

subcover, so X is compact. O
Example 8.23. If G; O G2 D --- is a decreasing sequence of nonempty closed subsets of a
compact space, then

oo

() Gn # 2.

n=1

This is an immediate consequence of the finite intersection property.

Example 8.24. A major theorem, proved later in this chapter, states that every closed and

bounded subset of R™ is compact. This is the Euclidean Heine-Borel theorem.

Example 8.25. Projection need not preserve closedness without compactness of the other factor.
For instance, the hyperbola
H={(z,y) € R? 12y =1}

is closed in R?, but its projection onto the first coordinate is R\ {0}, which is not closed. Likewise,

projection of a bounded set need not be closed: the set

B:{(m,sin1> :O<x§1}
x

is bounded in R?, while its first-coordinate projection is (0, 1], again not closed.

Theorem 8.26 (Extreme Value Theorem). Let X be a compact topological space and let
f X = R be continuous. Then f is bounded and attains both its infimum and its supremum. In

other words, there exist points c,d € X such that

fle) < flz) < f(d)  (zeX).

Proof. The image A := f(X) is compact by Theorem 8.14. To see that A is bounded above, note
that otherwise the family of open intervals (—n,n), n € N, would form an open cover of A with
no finite subcover. A similar argument shows that A is bounded below. Hence m := inf A and
M := sup A exist.

We show that M € A. If not, then for every n € N one has A C (—oo, M — %), so the open
rays (—oo, M — %) form an open cover of A. No finite subfamily can cover A, because the largest
endpoint is still strictly less than M. This contradicts compactness. Thus M € A. Similarly

m € A. Choosing d,c € X with f(d) = M and f(c) = m gives the conclusion. O
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Definition 8.27. Let (X, d) be a metric space and let A be an open cover of X. A number § > 0
is called a Lebesgue number for A if every subset £ C X with diameter d(E) < ¢ is contained in

some member of A.

Theorem 8.28. (Lebesgue Covering Lemma) If X is a compact metric space, then every open

cover of X has a Lebesgue number.

Proof. Let A be an open cover of X. Choose a finite subcover Aq,..., A,. If one of the A; equals
X, then any positive number is a Lebesgue number, so assume that each A; is proper and set

C; := X \ A;. Define

o(x) == id(m,@), z e X.
i=1

Each function x — d(z,C;) is continuous, so ¢ is continuous. Moreover ¢(z) > 0 for every
x € X: indeed, if x € A; and A; is open, then some ball B(z,¢) is contained in A;, which implies
d(z,C;) > . By compactness, ¢ attains a minimum 6 > 0 on X.

We claim that ¢ is a Lebesgue number. Let E C X satisfy d(F) < 6, and choose xg € E. Since

§ < ¢(wo) < d(wo,Cy)

for some index ¢, we obtain B(zg,d) C A;. Because every point of E' lies within distance < § of

xo, the set F is contained in B(zg,d), hence in A;. Thus § is a Lebesgue number for A. O

Definition 8.29. A map f: (X,dx) — (Y, dy) between metric spaces is said to be uniformly

continuous if for every € > 0 there exists § > 0 such that

dx(z1,72) <6 = dy(f(z1), f(22)) <e¢
for all z1,x0 € X.
Theorem 8.30. Every continuous function on a compact metric space is uniformly continuous.

Proof. Let f: (X,dx) — (Y,dy) be continuous, with X compact. Fix ¢ > 0. The family of open

sets
U= {f_l(B(y,f-:/Q)) cyeY}

covers X. By the Lebesgue Covering Lemma, this cover has a Lebesgue number 6 > 0. If
dx (w1, 79) < 6, then the set {x1, 22} has diameter < §, so it is contained in some f~1(B(y,£/2)).
Therefore both f(z1) and f(z2) lie in the same ball of radius /2, and hence

dy (f(z1), f(z2)) <e.
Thus f is uniformly continuous. O

Definition 8.31. A point x € X is called isolated if the singleton {z} is open in X.
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Theorem 8.32. Let X be a nonempty compact Hausdorff space. If X has no isolated points,

then X is uncountable.

Proof. We first prove a useful claim: if U C X is a nonempty open set and x € X, then there
exists a nonempty open set V C U such that z ¢ V. Indeed, choose y € U with y # x; this is
possible because X has no isolated points. Since X is Hausdorff, there exist disjoint open sets
W, >« and Wy 3 y. Then V := U N W, is nonempty, open, contained in U, and satisfies x ¢ 1%
because W, is an open neighborhood of z disjoint from V.

Now suppose, for contradiction, that X were countable. Write X = {x1,xz9,...}. Starting

with Uy := X, construct inductively a sequence of nonempty open sets U, such that
U, CU,_1 and Ty & Uy

for every m > 1. This is possible by applying the claim with U = U,,_; and x = x,. Then the

closed sets U,, are nonempty and nested, so by compactness and Theorem 8.22,
o0 —_
U, #2.
n=1

Choose z in this intersection. For each n we have z € U, while z,, ¢ U,, by construction; hence
x # x, for all n. This contradicts the assumption that {z,,} enumerates X. Therefore X is

uncountable. O
Corollary 8.33. FEvery nondegenerate interval in R is uncountable.

Proof. A closed interval [a,b] with a < b is compact and Hausdorff, and it has no isolated points.

Hence Theorem 8.32 applies. Since (a, b) contains a closed subinterval, it is also uncountable. [

Limit point compactness.

Definition 8.34. A topological space X is called limit-point compact if every infinite subset of

X has a limit point.

Theorem 8.35. Compactness implies limit-point compactness, but the converse need not hold.

Proof. Let X be compact and let A C X be infinite. If A had no limit point, then each a € A

would admit an open neighborhood U, with
U,N(A\ {a}) =@.
In particular, A would be closed. Then
X=xX\A4ul U

acA
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would be an open cover of X. A finite subcover would force A to be finite, a contradiction.

Therefore every infinite subset of X has a limit point. O

Example 8.36. The converse fails in general. On an uncountable set equipped with the
cocountable topology, every infinite subset has a limit point, so the space is limit-point compact.

However, as noted in Remark 8.13, the cocountable topology on R is not compact.

Theorem 8.37. Let X be a metrizable space. Then the following are equivalent:
(i) X is compact;
(i) X is limit-point compact;

(iii) X is sequentially compact.

Proof. The implication (i) = (i7) is Theorem 8.35.

To prove (ii) = (iii), let (z,,) be a sequence in X. If the set {x,, : n € N} is finite, then some
value occurs infinitely often, yielding a constant subsequence. If the set is infinite, limit-point
compactness gives a limit point x of that set. For each k € N, the ball B(z,1/k) contains

infinitely many terms of the sequence, so one can choose indices
ng<ng <-:--

with z,,, € B(z,1/k) for each k. Then z,, — z, proving sequential compactness.
Finally, assume (i4i) and prove (i). We first show that X is totally bounded. If not, there
would exist € > 0 such that no finite family of e-balls covers X. Choose 1 € X arbitrarily.

Having chosen x4, ..., x,, choose

n
Zni1 € X\ | By, e).
k=1

Then d(x,, x,) > € for m # n, so the sequence has no convergent subsequence, contradicting
sequential compactness. Thus X is totally bounded.
Next we show that every open cover of X has a Lebesgue number. Suppose U is an open

cover with no Lebesgue number. For each n € N choose a nonempty set C;, C X with

. 1
diam(C),) < -

but such that C), is not contained in any member of . Pick x,, € C,,. By sequential compactness,
some subsequence xz,, converges to a point z € X. Choose U € U with z € U. Since U is open,
there exists » > 0 such that B(x,r) C U. For k large enough we have z,, € B(z,r/2) and
diam(Cy, ) < r/2, which implies C,,, C B(x,r) C U. This contradicts the choice of Cy, . Hence

every open cover has a Lebesgue number.
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Now let U be an arbitrary open cover of X, and let § > 0 be a Lebesgue number for /. By

total boundedness, there exist points z1,...,z,;, € X such that

X C G Bl(x;,6/2).

Each ball B(z;,0/2) has diameter < d, so it is contained in some member of ¢/. Choosing one

such member for each j gives a finite subcover of X. Therefore X is compact. O

Example 8.38. Let e, € [0,1]" denote the sequence whose nth coordinate is 1 and whose other
coordinates are (. Then

E :={e, :neN}

is an infinite subset of X = [0, 1] with no limit point for the metric
d(z,y) = sup |Tn — yn|-
n

Indeed, if m # n, then d(en,,e,) = 1, so the points of E stay uniformly separated and no point

of X can be a limit point of F.

Example 8.39. The subspace [0, 1] is not compact in the lower limit topology on R (see
Example 2.16). Indeed,

[0,1] C (U (0,1~ i)> U[L,2),

n>2

and the right-hand side is an open cover in the subspace topology. No finite subfamily covers

points arbitrarily close to 1 from the left, so no finite subcover exists.

Definition 8.40. A space X is said to be countably compact if every countable open cover of X

admits a finite subcover.

Example 8.41. For a Ti-space X, countable compactness and limit-point compactness are
equivalent. The forward implication is immediate, and the converse uses the fact that a countable

open cover without a finite subcover yields an infinite subset with no limit point.

Example 8.42. Let (X, d) be a compact metric space, and suppose that f : X — X satisfies

d(f(z), f(y)) = d(z,y) for all z,y € X.

Then f is a homeomorphism. Indeed, f is an isometric embedding, hence injective and continuous.
If f were not surjective, choose y € X \ f(X). Since f(X) is compact, there exists § > 0 such
that d(y, f(X)) > 6. For m < n,

d(f™ (), f*(y)) = dly, f""(y)) = 6,
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so the orbit y, f(y), f2(y), ... has no convergent subsequence, contradicting compactness. Thus
f is bijective; since a continuous bijection from a compact space to a Hausdorff space is a

homeomorphism, the claim follows.

Remark 8.43. (i) A topological space X is compact if every open cover consisting of basis elements
admits a finite subcover.

(ii) A family G of closed subsets of X is called a closed basis if
{X\C:Ceg}

is a basis for the topology of X. Similarly, one defines a closed subbasis by requiring the family

of complements to be an open subbasis.

Theorem 8.44 (Alexander subbase theorem). Let X be a topological space and let S be a
subbasis for the topology of X. Then X is compact if and only if every open cover of X by
members of S admits a finite subcover.
Equivalently, if
C:={X\S:5€S8}

is the corresponding closed subbasis, then X is compact if and only if every family F C C with
the finite intersection property satisfies (| F # &.

Proof. The open-cover and closed-intersection formulations are equivalent by taking complements,
so we work with the closed-subbase formulation.

(=) If X is compact and F C C has the finite intersection property, then F # & by
Theorem 8.22, since every set in C is closed.

(<) Assume that every F C C with the finite intersection property has nonempty intersection.
By Theorem 8.22, it suffices to show that every family of closed subsets of X with the finite
intersection property has nonempty intersection.

Let A be a family of closed subsets of X with the finite intersection property. By Zorn’s
lemma, extend A to a maximal family M of closed sets having the finite intersection property
(with respect to inclusion among such families). Set My := M NC. Then M C C has the finite

intersection property, hence by hypothesis there exists
x € ﬂ./\/lo

We claim that € () M. Suppose not. Then there exists M € M with ¢ M, so xz € X \ M,
which is open. Since § is a subbasis, there exist Sy,...,S5, € S such that

xeSinN---NS, C X\ M.
Let C; := X \ S; € C. The above inclusion implies
MCCLU---UCh. (8.1)
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We now use maximality of M to show that at least one of the sets C; belongs to M. Indeed, if
C; ¢ M for each i, then for every i the family M U {C;} fails the finite intersection property, so
we can choose finitely many sets M; 1,..., M;, € M such that

CiﬁMiJﬂ-'-ﬂMi’ki:@.

Let
n ki
M*:=Mn()[) M-
i=1j=1
This is an intersection of finitely many members of M, hence M* # & by the finite intersection
property of M. On the other hand, by (8.1) we have M* C C; U---U C,,, while the displayed
emptiness conditions imply M™* N C; = @ for each i, a contradiction. Hence C; € M for some 1.
But then C; € My, so z € Cj; this contradicts z € S;N---N.S, (since S; = X \ C;). Therefore
x €M CNA, and in particular (A # @. This completes the proof. O

Theorem 8.45 (Heine—Borel theorem on R). FEwvery closed and bounded subset of R (with the

usual topology) is compact. In particular, every closed interval [a,b] C R is compact.

Proof. Tt suffices to prove that [a, b] is compact, since any closed and bounded K C R is contained
in some [a, b] and is closed in [a, b], hence compact by Theorem 8.6.
Consider the subspace [a,b] C R. The collection

S:={la,d):a<d<b} U {(c,b]:a<c<b}

is a subbasis for the subspace topology on [a,b] (each set is the intersection of [a,b] with an
open ray in R). The corresponding closed subbasis C = {[d,b] : a < d < b} U{[a,c| : a < c < b}
consists of closed intervals.

Let F C C have the finite intersection property. Define

A:={ce€la,b]:a,c] € F}, B:={de€|a,b]:[db € F}.

Let ¢p :=inf Aif A# @ (and ¢y :=bif A = @), and let dy :=sup B if B # @& (and dy := a if
B = @). We claim that dy < ¢y. Otherwise ¢y < dp; choose ¢ € A and d € B with ¢ < d. Then
[a,c] N [d,b] = @, contradicting the finite intersection property.

Choose any x € [do, co] C [a,b]. If [a,c] € F, then ¢ > ¢y > z, so x € [a,c]. If [d,b] € F, then
d<dy <z s0x € [db]. Hence z € NF, so (| F # &. By the Alexander subbase theorem

Theorem 8.44, the interval [a, b] is compact. O

Theorem 8.46 (Tychonoff’s theorem). Let {X;}ier be a family of nonempty compact spaces.
Then the product [];c; X;, equipped with the product topology, is compact.

64



MA549: Topology 8. Compactness and compactifications

Proof. Let X :=[];c; X; and let m; : X — X be the coordinate projections. A subbasis for the
product topology is given by sets of the form L(U), where U C X; is open. Equivalently, a
closed subbasis is given by sets of the form 7; ' (F), where F C X; is closed.
By the Alexander subbase theorem Theorem 8.44, it is enough to show that any family F of
closed subbasic sets ;" 1(F) with the finite intersection property has nonempty intersection.
Let F be such a family. For each ¢ € I, define

Fi:={F C X, closed : m; }(F) € F}.
Then F; has the finite intersection property in X;: if F1,..., F, € F;, then
A (Fn---NF)=aY(F)n---nrY(F,) # 2

by the finite intersection property of F, hence F1 N ---N F, # @. Since each X; is compact,
Theorem 8.22 yields N JF; # @. Using the axiom of choice, choose z; € N F; (and if F; = &,
choose z; € X; arbitrarily). Let x := (z;);er € X.

If w;l(F) € F, then F € F; and hence z; € F, so x € W[l(F). Therefore = € (| F, proving
N F # &, as required. O

Theorem 8.47 (Generalized Heine—Borel theorem). Fvery closed and bounded subset of R™
(with the usual topology) is compact.

Proof. Let K C R™ be closed and bounded. Choose real numbers a; < b; such that

n
KCR:= H[ai,bi].
i=1

By Theorem 8.45, each interval [a;, b;] is compact; hence the product R, equipped with the
product topology, is compact by Theorem 8.46. Moreover, the product topology on R coincides
with the subspace topology inherited from R"™, since basic open sets in the product topology are
intersections of R with open rectangles in R".

Finally, K is closed in R (as K is closed in R™ and R has the subspace topology), so K is
compact by Theorem 8.6. O

Definition 8.48. A topological space X is locally compact if every point € X has an open
neighborhood U such that U is compact.

Example 8.49. Every Euclidean space R™ (and likewise C") is locally compact. By contrast,
an infinite-dimensional Hilbert space is not locally compact: the closure of any nontrivial open

ball fails to be compact.
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Proposition 8.50. Let X be a Hausdorff space. Then X is locally compact if and only if, for
every x € X and every open neighborhood W of x, there exists an open set V' such that

reVCVCW and V is compact.

Proof. The stated local-shrinking property immediately implies local compactness by taking
W = X. Conversely, assume that X is locally compact and Hausdorff. Fix z € X and an open
neighborhood W of z. Choose an open set Uy 3 = with Uy compact, and set U := Uy N W. Then
U is open, x € U C W, and U is a closed subset of the compact Hausdorff space Uy, hence
compact. Thus it is enough to shrink inside the compact Hausdorff space K := U.

The set K \ W is closed in K and does not contain z. Since compact Hausdorff spaces are

normal, there is an open set O in the subspace K such that
2e0CON CK\(K\W)=KnW.

Choose an open set G C X with O = GNK, and put V := GNU. Then V is open in X, contains
x, and
v¥cofcw

Moreover V™ is closed in the compact space K, and is therefore compact. This gives the required
set V. 0

8.2 Compactifications

Many spaces arising in analysis and geometry are not compact, yet they become more tractable
once embedded densely in a compact space. A compactification adds ideal boundary points
at infinity in a controlled way. This viewpoint packages asymptotic behavior into ordinary
topological behavior and provides a bridge between local structure and global completion.

When a space X is not compact, it is often useful to embed it into a compact space that contains
X as a dense subspace; such an embedding is called a compactification of X. A familiar example
is the two-point compactification of R, obtained by adjoining —oo and +oo, yielding the compact
ordered space [—o00, +00].

The simplest general procedure is to adjoin a single point. Geometrically, this is what
happens when one identifies R” with the sphere S™ minus one point. For the standard one-point
compactification construction, however, one must assume that X is locally compact Hausdorff;
without this hypothesis, the family of complements of compact sets need not define a topology

at infinity. Accordingly, let X be a locally compact Hausdorff space and set
X* = X U{oo}.
We topologize X™* by declaring that the open sets are:
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(i) the open subsets of X (viewed as subsets of X*), and
(ii) the sets U C X* with co € U such that X* \ U is a compact subset of X.

Because X is Hausdorff, compact subsets of X are closed, and this is exactly the point that
makes the topology work. If X is moreover noncompact, then X sits in X* as a dense open
subspace, and X* is called the one-point compactification (or Alexandroff compactification) of X.
If X is already compact, the same recipe simply adjoins an isolated point; the resulting space is
still compact Hausdorff, but X is no longer dense, so in that case one usually does not speak of

a compactification. We now prove the precise statement.

Example 8.51. Compactifications need not be unique. For instance, the interval (—1, 1) sits
densely inside the compact interval [—1,1], but it also sits inside the circle S as S\ {p} for
any point p € S'. Since [~1,1] is not homeomorphic to S!, these give genuinely different
compactifications of the same space.

The next theorem records the basic properties of the one-point compactification and identifies

exactly when it is Hausdorff.

Theorem 8.52 (One-point compactification theorem). Let X be a locally compact Hausdorff
space, and let X* = X U {oo} be equipped with the topology described above. Then X* is a
compact Hausdorff space and X is an open subspace of X*. If X is noncompact, then X is dense
m X*, so X* is a genuine compactification of X. Conversely, if a Hausdorff space X admits a

Hausdorff compactification obtained by adjoining a single point, then X is locally compact.

Proof. Let T* denote the family of subsets of X* described above. We first verify that 7* is a
topology. The empty set is open in X, and X* € T* because X* \ X* = @& is compact.

Let {Uj}jes € T". If oo ¢ U; Uj, then every Uj is open in X, and hence {J; U; is open in X.
If oo € U; Uj, choose jo with oo € Uj,. Then

K :=X"\Uj,
is a compact subset of X. Moreover,

X\ U= K0 (&),
jeJ jeJ

For each j, the set K N (X*\ Uj) is closed in K: this is clear when oo € Uj, and when U; C X is
open it equals K \ U;. Hence the displayed complement is closed in the compact space K, and is
therefore compact. Thus arbitrary unions belong to 7*.

For finite intersections it suffices to consider two sets U,V € T*. If co € U NV, then

X\NUNV) = (X \U)UX"\V),

a finite union of compact subsets of X, hence compact. If co ¢ UNV, then UNV C X. In this

case each factor restricts to an open subset of X: this is immediate for factors already open in
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X, while a neighborhood of oo restricts to the complement in X of a compact subset, hence to
an open set because X is Hausdorff. Thus U NV is open in X. Hence T* is a topology.
By construction, the inclusion X — X* identifies X with an open subspace carrying its

original topology.

Compactness. Let {U;};e be an open cover of X*. Choose jo with co € Uj,. Then K := X*\Uj,
is compact in X. The family {U; N X : j € J} is an open cover of K, so finitely many of these
sets cover K. Together with Uj,, they form a finite subcover of X*. Thus X* is compact.

Hausdorffness. If two distinct points both lie in X, they are separated by the Hausdorff property
of X. Now let z € X. By local compactness and Proposition 8.50, choose an open neighborhood
V of z in X such that V" is compact. Then

x\v*

is an open neighborhood of oo, disjoint from V. Hence X* is Hausdorff.

If X is noncompact, then every neighborhood U of oo satisfies X* \ U = K for some compact
K C X. Since K # X, the set UN X = X \ K is nonempty. Thus every neighborhood of oo
meets X, and X is dense in X*.

Conversely, suppose that Y = X U {oo} is a compact Hausdorff space in which X is dense
and carries its given topology as a subspace. Fix x € X. Since compact Hausdorff spaces are
regular, choose an open neighborhood O of x in Y such that oo ¢ 0. Then V:= 0N X is an
open neighborhood of z in X, and

vYco'nx.
The set O is closed in the compact space Y, hence compact; since oo ¢ 6Y, it is contained in
X. Therefore V™ is compact. Thus X is locally compact. Since X is a subspace of the Hausdorff
space Y, it is Hausdorff as well. ]

Remark 8.53. If X is compact, then in the one-point compactification X* the added point oo is
isolated: indeed X = X* \ {oc} is compact, so {co} is open by definition of the topology at oco.
Conversely, if oo is isolated in X*, then X = X*\ {oo} is closed in the compact space X*, hence

compact.

Remark 8.54 (Stonef(vlech compactification (optional preview)). Beyond the one-point construc-
tion, the Stone-Cech compactification X provides, for suitable spaces X (e.g. completely regular
T, spaces), a largest compactification characterized by a universal extension property: every
continuous map f : X — K into a compact Hausdorff space K extends uniquely to a continuous
map Bf : X — K. We do not develop SX in detail here, but this universal perspective is the

conceptual template for compactification theory.
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Supplementary remarks and examples

Remark 8.55. Compactness is fundamentally an open-cover property. In metric spaces it often
appears through sequences, but outside the metric setting one should resist the temptation
to treat sequential compactness as the primary notion. The cover formulation is the one that

behaves well under products and under continuous images.

Example 8.56. On an infinite set endowed with the cofinite topology, every open cover admits
a finite subcover, so the space is compact. However, a subset is closed only when it is finite
or the whole space. This shows that compactness and closedness are logically unrelated unless

additional separation axioms, such as Hausdorffness, are imposed.

Problem Set

Problem guide.  Approach the problems in three passes. First verify basic permanence
properties of compactness and local compactness. Next practice the standard “finite-subcover
extraction” arguments, especially in products. Finally use the harder problems to understand
why one-point compactification and Tychonoff’s theorem are structural rather than accidental
facts.

Exercise 8.57. Prove that a closed subset of a compact space is compact.
Exercise 8.58. Prove that a compact subset of a Hausdorff space is closed.

Exercise 8.59. Show that if X is compact and f : X — R is continuous, then f attains its

maximum and minimum values.

Exercise 8.60. Let X be locally compact Hausdorff. Construct explicitly the one-point com-
pactification X* = X U {oco} and show that X* is compact Hausdorff.

Exercise 8.61. Show that a Hausdorff space X is locally compact if and only if every x € X

has a neighborhood whose closure is compact.

Exercise 8.62 (Tychonoff for countable products). Let {X,,},en be compact spaces. Prove
that [],en Xn is compact.
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Chapter 9

Urysohn’s lemma and Tietze’s

extension theorem

Normality is the separation hypothesis under which closed sets can be separated by continuous
functions. Urysohn’s lemma provides such separating functions, and Tietze’s theorem upgrades
this to extend continuous real-valued functions from closed subsets. These results are fundamental
in analysis and in metrization theory.

Roadmap.

e Urysohn’s lemma is presented as the fundamental bridge from set-theoretic separation to
function-theoretic separation.

e The Tietze theorem is built from an approximation lemma and a uniformly convergent series,
making the architecture of the proof as important as the final statement.

o These results prepare directly for the metrization theorem in the next chapter, where many
separating functions are assembled into coordinates.

9.1 Urysohn’s lemma

The abstract separation axioms become much more powerful when they can be translated
into statements about continuous real-valued functions. Urysohn’s lemma is the first major
result of this kind: in a normal space, disjoint closed sets can be separated not merely by
neighborhoods but by a continuous scalar field. This theorem is both intrinsically important
and a key technical ingredient in later extension and metrization results.

Theorem 9.1 (Urysohn’s lemma). Let X be a normal space and let F,G C X be disjoint closed
sets. Then there exists a continuous function u : X — [0, 1] such that u|p =0 and u|g = 1.

Proof. Since X is normal, for any disjoint closed sets A, B C X there exist disjoint open sets
separating them. Let D = {2% neN 0<k< 2”} be the dyadic rationals in [0, 1].
We construct open sets U, C X for r € D satisfying

(Ul) FCUand Uy = X \ G.
(U2) If r < s, then U, C Us for all ,s € D.
Start with Uy open with FF' C Uy C Uy C X \ G (normality with F' and G). Set U; = X \ G.

Assume Uy jon are constructed for a fixed n satisfying (U2) for adjacent dyadic rationals. For
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each odd k (so k/2"*! lies strictly between (k — 1)/2"+! and (k + 1)/2"*1), apply normality to
the disjoint closed sets U1y /gn+1 and X \ U(g41)/on+1 to obtain an open set Uy, jgn+1 with

U(k_l)/2n+l - Uk/2n+1 - Uk/2n+1 C U(k+1)/2n+l.

Iterating yields the family {U, },ep satisfying (U1)—(U2).
Define u : X — [0, 1] by
u(z)=inf{reD:2eU,},

with the convention inf # = 1. Then u(z) = 0 on F and u(xz) = 1 on G by (U1). To see continuity,
fix a € [0, 1]. Using (U2), one checks that

{z:u(z) <a} = U U- and {z:u(x)>a}= U(X\ﬁr),
reD reD

both open; hence u is continuous. O

9.2 Tietze’s extension theorem

Once continuous functions can separate closed sets, the mext natural question is whether
continuous data prescribed on a closed subset can be extended to the whole space. Tietze’s
theorem gives a striking affirmative answer for normal spaces. It is one of the clearest
demonstrations that separation azioms control the existence of globally defined functions.

Lemma 9.2 (Tietze approximation step). Let X be a normal space, let A C X be closed, and

let h: A — [—1,1] be continuous. Then there exists a continuous function g : X — [—3%, 3] such

3
that

[h(z) — g(z)| < (z € A).

Wl N

Proof. Set
Fi=h'(CL-d). G=h (k).

Since h is continuous and A is closed in X, the sets F' and G are disjoint closed subsets of X. By
Urysohn’s lemma there exists a continuous map v : X — [0, 1] such that u|p = 0 and u|g = 1.
Define

2 1
g(x) = gu(ac) ~3 (x € X).
Then g is continuous and takes values in [—1,1]. Moreover, if z € F, then g(z) = —1 and

h(z) € [-1,—3], so |h(z) — g(z)| < 2. If x € G, then g(z) = % and h(z) € [3,1], so again
|h(z) — g(z)] < 2. Finally, if € A\ (F UG), then |h(z)| < 1 and |g(z)| < %, whence
|h(z) — g(z)| < 2. This proves the lemma. O
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Theorem 9.3 (Tietze extension theorem). Let X be a normal space and let A C X be closed.

Every continuous function f : A — [—1,1] admits a continuous extension f : X — [—1,1] with

fla=t.

3]

Wl

Proof. Set rog := f. Applying Lemma 9.2 to ry, we obtain a continuous function g : X — [—
such that )
(@)~ @l <5 (v 4).

Suppose inductively that for some n > 0 we have constructed continuous functions
907917"'7gn:X_>R

such that, with

n
Sp = nga T'nt+1 = f - Sn‘Aa
k=0

one has

2\ n+1 1/,2\k
Irniilea<(3)  and lalex <3(3) ©<k<n).

Apply Lemma 9.2 to the normalized function

hpiq = (%)nHrnH A —[-1,1].

We obtain a continuous function ¢, 41 : X — [, 1] such that

2
bt (@) = puni @) S 5 (@€ A),
Now define
2\ n+1
In+1 ‘= (g) Pn+1-
Then

lgnsilloex < 5(5)"

and on A we have

2\ 1

+1 2\ n+
Irass = gnstlallsoa = (5) Iharr = punlallea < (5) -

Thus the induction continues for all n > 0.

Since - o 1 o
n
Z ”gnHoo,X < Z g(g) =1,
n=0 n=0

the series Y_>°  gn converges uniformly on X by the Weierstrass M-test. Let
_ o0
f = Z 9n-
n=0

72



MA549: Topology 9. Urysohn’s lemma and Tietze’s extension theorem

Then f is continuous on X, and |f(z)| < 1 for all z € X. Finally, for € A the remainder

estimate gives

n—oo

7@ =Y g = lran@)l < (3)" =20,
k=0

so f(z) = f(x) on A. Hence f is the desired extension. O

Remark 9.4. The proof is constructive: one corrects the current approximation by a uniformly
controlled Urysohn function at each stage, and the geometric decay of the errors guarantees

uniform convergence.

Supplementary remarks and examples

Remark 9.5. Urysohn’s lemma and Tietze’s theorem are not merely technical results about
functions into [0, 1] or R. They reveal that normal spaces admit a surprisingly rich supply of

continuous functions, enough to separate closed sets and to extend data from closed subspaces.

Example 9.6. If X is discrete, every function f : X — [0,1] is continuous. Thus Urysohn’s
lemma and Tietze’s extension theorem become immediate in that setting. The interest of the
theorems lies in the fact that normality allows one to recover a similar separation-and-extension

mechanism far beyond the discrete case.

Problem Set

Problem guide.  The main skill here is to keep track of what is being separated from what.
In Urysohn-type arguments, monitor the nesting of open sets and the closed-set containment
at every stage. In Tietze-type arguments, organize the approximation scheme before writing
details. These problems are best solved slowly, with the construction written as a sequence of
deliberate design choices rather than as a block of formulas.

Exercise 9.7. Let X be normal and let F, G C X be disjoint closed sets. Use Urysohn’s lemma
to show that there exists a continuous f: X — [0, 1] with f(F) = {0} and f(G) = {1}.

Exercise 9.8. Show that a T space X is normal if and only if for every closed FF C X and
every open set U D F, there exists an open V with F CV CV CU.

Exercise 9.9. Assuming Tietze’s extension theorem, prove that if X is normal then every
continuous f : F' — [—1, 1] defined on a closed F' C X extends to a continuous F : X — [—1,1].

Exercise 9.10. Show that normality is inherited by closed subspaces: if X is normal and FF C X

is closed, then F'is normal.

Exercise 9.11. Let X be normal. Prove that any two disjoint closed sets can be separated by

disjoint open neighborhoods.
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Chapter 10

Urysohn’s metrization theorem

Metrization theorems characterize when a purely topological space arises from a metric. Urysohn’s
theorem states that a second countable reqular space is metrizable. We present a standard

approach: use Urysohn functions to embed the space into a countable product of intervals, and
then pull back a metric.

Roadmap.

e The preliminary lemma shows that second countability plus regularity already implies normality,
so the separation machinery from the previous chapter becomes available.

e The metrization proof then constructs a countable family of Urysohn functions that separates
points from closed sets and therefore defines an embedding into [0, 1]N.

e The final metric is not guessed but transported from the Hilbert cube, which makes clear why

countability is indispensable in the argument.

10.1 Statement and proof

A metrization theorem identifies abstract topological hypotheses that are strong enough to
reconstruct an honest metric. Urysohn’s theorem 1is especially important because second
countability provides a countable amount of local information, while regularity supplies the
separating functions needed to convert that information into coordinates. The proof shows
how these ingredients combine to produce an explicit metric.

Lemma 10.1. FEvery second countable regular T space is normal.

Proof. Let X be second countable, regular, and 77, and let A, B C X be disjoint closed sets.

Choose a countable base { B, }nen for X. For each a € A, regularity yields an open set U, such
that

acU,CU,CX\B.

Choose a basic open set By, with a € By, € U,. Then B,y € X \ B. Since the base is

countable, the collection of distinct sets B,,(,) is countable; enumerate it as C1, Cs, . ... Set

U:=J C, Vi=X\JC

k>1 k>1

Then U and V are open, A C U, and B C V. Moreover U NV = &, because each C, C Cj.
Thus X is normal. OJ
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Theorem 10.2 (Urysohn metrization theorem). Let X be a Ty regular, second countable space.
Then X is metrizable; that is, there exists a metric d on X whose induced topology equals the

given topology.

Proof. Let {By,}nen be a countable base for X. By Lemma 10.1, the space X is normal. Consider

the countable set of index pairs
P :={(m,n) e NxN: B, C B,}.
For each (m,n) € P, Urysohn’s lemma provides a continuous function
Jmn: X —[0,1]
such that

fmn=1o0n By,  fmn=0o0nX\B,.

Enumerate this countable family as fi, fo,.. ..
We first show that the sets

W= {7 ((1/2,1) : k€ N

form a basis for the topology of X. Each set in W is open because the corresponding fj is
continuous. Conversely, let O C X be open and let x € O. Choose a basic neighborhood B,
with x € B, C O. By regularity, there exists an open set U such that

reUCUCB,.

Choose a basis element B,, with x € B,,, CU. Then B,, C U C By, so (m,n) € P. For the
corresponding function f, ,, one has f, ,(z) = 1 because = € By, while f,, »(y) = 0 for every
y ¢ By. Hence

x € frun((1/2,1]) € B, C O.

Thus every open set is a union of sets from W, proving the claim.
Now define
F:X— [05 1]N7 F(:C) = (fk(x))kGN

Since each coordinate function is continuous, F' is continuous. Moreover, F' is injective: if x # y,
then X \ {y} is an open neighborhood of z because X is T7. By the basis property just proved,
there exists k such that

z € fi 1 ((1/2,1]) € X\ {y}.

Therefore f(x) > 1/2 while fx(y) < 1/2, so F(x) # F(y).
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Because the sets f, 1((1/2,1]) form a basis, the topology on X is exactly the initial topology
generated by the family {fi}ren. Equivalently, F' is a homeomorphism of X onto the subspace
F(X) C[0,1]Y; in other words, F is a topological embedding.

Finally, equip [0, 1] with the metric

[0.9]
D(u,v) = Z 2R lug, — g
k=1

This metric induces the product topology on [0, 1]N. Define
d(z,y) == D(F(z),F(y))  (z,y € X).

Since F' is an embedding, the metric d induces exactly the original topology on X. Thus X is

metrizable. n

Remark 10.3. The proof shows more: X embeds homeomorphically into the Hilbert cube [0, 1]V.

Supplementary remarks and examples

Remark 10.4. Metrization theorems convert qualitative topological hypotheses into an explicit
distance function. Urysohn’s theorem is powerful precisely because second countability lets one
produce only countably many separating functions, which can then be assembled into a single

metric.

Example 10.5. The real line with its usual topology is metrizable by the Euclidean metric, but
Urysohn’s theorem gives a conceptual explanation. The space is regular, and rational intervals
provide a countable basis. Thus the theorem recovers metrizability from purely topological input

rather than from a preassigned formula for distance.
Problem Set

Problem guide. Treat this final problem set as a synthesis of the entire course. You
will use bases, separation axioms, continuous functions, and product constructions together
in a single argument. When solving metrization problems, do not rush to guess a metric;
instead, identify the topological ingredients that make the construction possible and then check
carefully that the resulting distance induces exactly the original topology.

Exercise 10.6. Let X be second countable and regular. Show that for every = € X and every
open neighborhood O > z, there exists a continuous f : X — [0, 1] such that f(z) =1 and f =0
on X\ O.

Exercise 10.7. Show that the metric
o0
D(u,v) = Z 27 up, — vg,
k=1
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induces the product topology on [0, 1]N.
Exercise 10.8. Let X be T, regular, and second countable. Using the embedding into [0, 1]

from Urysohn’s metrization theorem, prove that X is Hausdorff.

Exercise 10.9. Prove that every second countable metrizable space admits a compatible

complete metric if and only if it is completely metrizable (state any needed definitions precisely).
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Chapter 11

Convergence: sequences, nets, and
filters

In metric spaces, many topological notions can be phrased using sequences. In general topological
spaces, however, sequences may fail to detect closure and continuity. The correct replacement
is the language of nets (and, equivalently, filters). We develop these notions and record the
standard characterizations: closure via nets, continuity via nets, and compactness via ultrafilters.
We also explain how the countability axioms recover the sequential picture.

Roadmap.

e The closure theorem for nets is the decisive reason to introduce nets: it restores in full
generality the role played by sequences in first countable spaces.

e Subnets, cluster points, and the net characterization of continuity are developed as a coherent
package rather than as isolated definitions.

o Ultrafilters supply a second compactness formalism, while the closing proposition explains

precisely when one may safely return to sequences.

11.1 Why sequences are not enough

In metric and first countable spaces, sequences detect most of the phenomena one cares about.
In arbitrary spaces, however, sequential convergence may miss genuine closure points and
may fail to characterize continuity. Nets are introduced precisely to repair this defect without
abandoning the intuitive idea of convergence.

In an arbitrary topological space, the set of limits of sequences from A C X may be strictly
smaller than the closure A. This motivates the introduction of generalized sequences indexed by

directed sets.

Definition 11.1 (Directed set). A directed set is a nonempty set D equipped with a preorder <
such that for any di,ds € D there exists d € D with d; < d and dy <X d.

Definition 11.2 (Net). Let X be a set and D a directed set. A net in X is a function
Te : D — X, written d — z4.

Definition 11.3 (Convergence of a net). Let X be a topological space and xe = (z4)4ep a net
in X. We say x4 — x (or xe — ) if for every neighborhood U of x there exists dy € D such
that x4 € U for all d = dj.
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Remark 11.4. Every sequence (z,)nen is a net by taking D = N with the usual order. Thus nets

extend sequences without altering the familiar convergence notion.

11.2 Closure and cluster points via nets

One of the principal reasons for introducing nets is that they recover the familiar equivalence
between belonging to a closure and arising as a limit of points from the set. This section
shows that the net formalism is not an abstract luxury but the correct general replacement for

sequences in arbitrary spaces.

Theorem 11.5 (Closure via nets). Let X be a topological space, A C X, and x € X. Then
x € A if and only if there exists a net (aq)gep in A such that ag — x.

Proof. 1f ag — = with ag € A, then every neighborhood U of x contains some a4, hence intersects
A; this is exactly z € A.

Conversely, assume z € A. Let D be the set of all neighborhoods of x, directed by reverse
inclusion: U <X V if and only if U O V. For each U € D choose ay € ANU (possible since
UNA# @). Then (ay)yep is a net in A, and by construction ay — . O

Definition 11.6 (Cluster point of a net). Let xe = (24)qep be a net in X. A point x € X is a
cluster point of x4 if for every neighborhood U of x and every dy € D there exists d > dg such
that z4 € U.

Definition 11.7 (Subnet). Let zo : D — X be a net. A subnet is a net wy,) : E — X of the
form e — x4, where E is a directed set and ¢ : E — D is cofinal: for every do € D there exists
eo € E such that ¢(e) = dy for all e = ep.

Theorem 11.8 (Subnets and cluster points). A point x € X is a cluster point of a net xo if

and only if some subnet of re converges to x.

Proof. (=) Suppose that x is a cluster point of the net x4 = (24)qep. Let E be the set of pairs
(d,U), where d € D and U is a neighborhood of z, ordered by

(d1,Uy) = (d2,U3) <= dy =Xdgand Uy CUj.

This is a directed set: given (dy,U;) and (da,Us), choose d € D with dy,ds < d, and use
(d, Uy NUsy) as a common upper bound.
Since z is a cluster point, for every (d,U) € E there exists an index ¢(d,U) € D such that

o(d,U) = d and Tya,U) € U.
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Define a net y(q ) = ¢(4,)- Because ¢(d,U) = d for all (d,U), the map ¢ : £ — D is cofinal;
hence y, is a subnet of x,. Now fix a neighborhood U of . Choose any dy € D. For every
(d,V) = (do,U) we have V' C U, and therefore

Ya,v) = Te@ay) €V CU.

Thus the subnet y, is eventually in every neighborhood of x, so ys — .
(+=) Conversely, suppose some subnet y. = x4 converges to z. Let U be a neighborhood of
x, and let dy € D. Because ¢ is cofinal, there exists e; € E such that ¢(e) = dy for all e = e;.
Because y. — x, there exists es € F such that y. € U for all e = es. Choose e = e1,es. Then
o(e) = dy and
Tpe) = Ye € U.

So every neighborhood of z meets the original net arbitrarily far out, which is exactly the

definition of cluster point. O

11.3 Continuity in terms of nets

A good notion of generalized convergence should interact with continuous maps exactly as
ordinary sequential convergence does in metric spaces. The net formulation of continuity
confirms that this is indeed the case. It also provides a conceptually economical way to
transport many sequential arguments to general topological spaces.

Theorem 11.9 (Continuity preserves limits of nets). Let f : X — Y be a map between topological

spaces. Then f is continuous if and only if for every net x4 in X and every x € X,
Toe =z = flzd) = f(2).

Proof. If f is continuous and ze — m, let V be a neighborhood of f(x). Then f~1(V) is a
neighborhood of x, so eventually x4 € f~1(V), hence eventually f(z4) € V.

Conversely, assume the net condition. To prove continuity, let U C Y be open and take
z € f~YU). If f~1(U) were not a neighborhood of x, then z € X \ f~1(U). By Theorem 11.5
there exists a net z, in X \ f~1(U) with 4 — 2. Then f(z,) — f(z) € U, so eventually
f(ze) € U, contradicting z¢ C X \ f~1(U). Thus f~1(U) is a neighborhood of each of its points,
hence open. O

11.4 Filters and ultrafilters (optional but standard)

Filters encode convergence through families of large sets rather than through indezed points.
This language is often more flexible for compactness arguments and is particularly well suited
to maximality principles. Ultrafilters, in particular, provide an elegant reformulation of

compactness that complements the viewpoint developed earlier through open covers.

80



MA549: Topology 11. Convergence: sequences, nets, and filters

Definition 11.10 (Filter). Let X be a set. A filter on X is a nonempty family F C P(X) such
that:

(i) @ ¢F;
(ii) if A,B € F, then ANB € F;
(iii) if Ae Fand AC BC X, then B € F.
A filter U is an wultrafilter if it is maximal among filters with respect to inclusion.

Definition 11.11 (Filter convergence). Let X be a topological space, z € X, and F a filter on
X. We write F — z if every neighborhood of x belongs to F.

Theorem 11.12 (Compactness via ultrafilters). A topological space X is compact if and only if

every ultrafilter on X converges to some point of X.

Proof. (=) Assume that X is compact, and let & be an ultrafilter on X. Suppose, for contradic-
tion, that U does not converge to any point of X. Then for each x € X there exists an open
neighborhood U, > z such that U, ¢ U. Since U is an ultrafilter, this implies X \ U, € U. The

family {U, : x € X'} is an open cover of X, so compactness yields a finite subcover
X=Uy U---UUy,.

Taking complements, we obtain
n

NX\U,) =2.

k=1
But each set X \ Uy, lies in U, and filters are closed under finite intersections, so @ € U, a
contradiction. Hence U converges to some point of X.
(<) Conversely, assume that every ultrafilter on X converges, and suppose that X is not

compact. Choose an open cover {U;};c; of X with no finite subcover. Let

jEF

A= {X\ UUj:FQIﬁnite}.

Because the cover has no finite subcover, every member of A is nonempty, and A has the finite
intersection property. By the ultrafilter lemma (equivalently, by Zorn’s lemma), there exists an
ultrafilter & on X containing A. By hypothesis, i — z for some = € X. Since {U; };es covers
X, choose 19 € I with x € U;,. Because U — x, the neighborhood Uj;, belongs to ¢4. On the
other hand, taking F' = {ip} in the definition of A, we have X \ U;, € A C U. Thus both Uj,
and X \ U, lie in U, so their intersection & lies in U, again impossible. Therefore X must be

compact. ]

11.5 Countability and the sequential viewpoint
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After seeing why sequences fail in general, it is natural to ask when they suffice after all.
First countability gives a precise answer: a countable local base allows one to replace nets by
sequences in many fundamental arguments. This section makes explicit the bridge between
abstract topology and the more familiar sequential language.

The first countability axiom guarantees that, in many arguments, nets may be replaced by

sequences.

Proposition 11.13. Let X be first countable, A C X, and x € X. Then x € A if and only if

there exists a sequence (ay) in A with a, — x.

Proof. Assume first that z € A, and let (Uy,)nen be a countable local base at x. Replace it by

the decreasing local base
V, =U1nUsN---NU, (TLGN)

Since = € A, each Vj, meets A; choose a, € ANV,. Let U be any neighborhood of z. Because
(Up) is a local base, there exists N such that Uy C U. Then for every n > N we have
an €V, CVy CUNy CU. Hence a,, — .

The converse holds in every topological space: if a,, — 2 with a,, € A, then every neighborhood

of = contains some term of the sequence, and therefore meets A. Thus = € A. ]

Supplementary remarks and examples

Remark 11.14. Sequences detect topology perfectly in first countable spaces, but arbitrary spaces
require a more flexible convergence language. Nets and filters are not optional technicalities:

they are the correct replacement for sequences when countability is absent.

Example 11.15. Let X be an uncountable set equipped with the cocountable topology. If a
sequence (x,) converges to x € X, then it is eventually constant with value z. Indeed, the set of
values taken by the sequence away from z is countable, so one may remove all of them and still
obtain an open neighborhood of z. This shows that sequences alone can severely under-report

the true convergence structure of a space.

Problem Set

Problem guide. Work these problems in two layers. First master the definitions of
directed set, net, subnet, filter, and ultrafilter. Then use them as tools: closure should be
translated into existence of convergent mets, continuity into preservation of convergence, and
compactness into the existence of cluster points or convergent subnets. Whenever a sequential
arqgument fails, ask what the corresponding net argument should be.

Exercise 11.16. Give an example of a topological space X and a subset A C X for which A is
strictly larger than the set of sequential limits of points of A. (One classical example uses the

first uncountable ordinal with the order topology.)
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Exercise 11.17. Let f : X — Y be a map. Prove Theorem 11.9 directly from the open-set

definition of continuity.

Exercise 11.18. Show that a space X is compact if and only if every net in X has a convergent

subnet.
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Chapter 12

Baire category

The Baire category theorem is a fundamental tool that converts “countably many bad sets” into
a small exceptional set. It underlies many existence and genericity arguments in analysis

and dynamical systems, and it is one of the standard bridges between topology and functional
analysis.

Roadmap.

e The main theorem is presented in its dense-Gs formulation, which is the version most often

used in applications.

e The proof is organized around a nested-ball construction in a complete metric space, illustrating
how completeness converts approximate solvability into an actual point.

e The closing corollary packages the theorem in the language of comeagre sets, which is the

form most useful for genericity arguments in analysis.

12.1 The Baire category theorem

The Baire category theorem is one of the main principles through which topology influences
analysis. Its content is qualitative rather than measure-theoretic: a complete metric space
cannot be exhausted by countably many topologically negligible sets. The theorem underlies
many genericity arguments and explains why large sets often arise as countable intersections
of dense open sets.

Definition 12.1 (Nowhere dense and meagre sets). Let X be a topological space. A set A C X

is nowhere dense if int(A) = @. A set is meagre (or of first category) if it is a countable union of

nowhere dense sets. A set is comeagre if its complement is meagre.

Theorem 12.2 (Baire category theorem). FEvery complete metric space is of second category

in itself. Equivalently, if X is a complete metric space, then the intersection of countably many
dense open subsets of X s dense.

Proof. We prove the dense-intersection formulation. Let G1,Go, ... be dense open subsets of the
complete metric space (X, d), and fix a nonempty open set W C X. Choose 9 € W and 9 > 0
such that B(wzg,70) € W, replacing 79 by a smaller radius if necessary.

Since G is dense and open, the nonempty open set B(zg,r9) N G1 contains an open ball
B(x1,71) whose closed ball satisfies

B(:El,’l“l) QB(ZL'o,To)ﬂGl, 0<r <2_1.
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Inductively, once B(z,—1,7,—1) has been chosen, the open set B(x,_1,7,—1) N Gy, is nonempty;

choose z,, and r,, > 0 so that

B(xp,rn) C B(xp—1,7n—1) N Gy, 0<r,<2™™

Thus the closed balls are nested and B(x,,m,) C G, for every n > 1.

If m > n, then x,, € B(x,,7,), and therefore
AT, Tp) <1 <277

Hence (x,) is Cauchy. By completeness, x,, — x for some x € X. For each fixed n, all terms z,,
with m > n lie in the closed ball B(xp,ry,), so © € B(zy,,r,). Consequently

(o]
zeWn ﬂ G,,.
n=1
Since every nonempty open set W meets (), Gy, that intersection is dense in X. O

Corollary 12.3. In a complete metric space, every comeagre set contains a dense Ggs set, and

every dense Gg set is comeagre.

Proof. If A is comeagre, then X \ A = J;2; Ny, where each N,, is nowhere dense. The set
iy JE—
G:= () (X\Nn)

n=1

is a dense G5 set by the Baire category theorem, and G C A. Conversely, if G =, Uy, is dense

and each U, is open, then each U, is dense. Hence
X\G =X \Uy)
n

is a countable union of closed sets with empty interior, so G is comeagre. O

Remark 12.4. Many spaces occurring in analysis are Baire spaces even without an explicit metric:
for instance, every locally compact Hausdorff space is a Baire space. This principle frequently

turns “countably many bad sets” into a “small” exceptional set.
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Notation and Glossary

A quick reference for recurring notation and terminology used throughout the notes.

Notation

XY Z topological spaces (unless otherwise specified).

T a topology on X; the pair (X, 7) denotes a topological space.

P(X) the power set of X.

A closure of A C X.

int(A) interior of A C X.

0A boundary of A C X.

A derived set (set of limit points) of A C X.

J0(A) boundary operator used in parts of the notes, typically 9(A) = AN (X \ A).

Ty subspace topology on Y C X.

[Ler X product space with index set I, equipped with the product topology unless
stated otherwise.

T the A-th coordinate projection in a product.

q: X =Y a quotient map; Y carries the quotient topology induced by gq.

To, T1, T separation axioms (with 75 meaning Hausdorff).

First/second countable
countability axioms: existence of a countable neighborhood base at each

point / existence of a countable base for the topology.

Glossary of key terms

Topology A collection 7 C P(X) containing & and X, closed under arbitrary unions

and finite intersections.

Basis / subbasis A basis B generates 7 by unions; a subbasis S generates 7 by finite

intersections and unions.
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Continuous map f:X — Y is continuous if f~(U) is open in X whenever U is open in Y.

Homeomorphism A bijection f: X — Y that is continuous with continuous inverse; equiva-

lently, a continuous bijection that is open (or closed).
Connected X is connected if it is not the union of two disjoint nonempty open sets.
Path connected Any two points can be joined by a continuous map [0, 1] — X.
Component A maximal connected subset of X; components partition X.
Compact Every open cover admits a finite subcover.

Locally compact Each point has a neighborhood with compact closure (in Hausdorff spaces,

this is equivalent to the usual definition).

One-point compactification
For locally compact Hausdorff X, the space X* = X U{oo} obtained by ad-
joining one point so that complements of compact sets form neighborhoods

of oco.
Normal Disjoint closed sets can be separated by disjoint open neighborhoods.

Urysohn function In a normal space, a continuous f : X — [0, 1] separating two disjoint

closed sets.

Metrizable The topology arises from a metric.
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Problem Sets

A consolidated collection of problem sets corresponding to the main topics of the course. The
problems are arranged roughly in the order in which the material is developed in the text; starred
problems are intended to be more challenging or supplementary.

Problem Set 1: Topological spaces and bases

1.
2.

List all possible topologies on the set {a,b} and also on the set {a,b,c}.

Let X be a set with exactly 4 elements. Does there exist a topology 7 on X such that there
are precisely 14 open sets in the topological space (X, 7)7 Justify.

Examine whether 7 is a topology on X, where

(a) X =R and 7 = {(a,00) : a € R} U {0, R}.
(b) X =R and 7 = {[a,o) : a € R} U {0, R}.
(¢) X =Rand 7= {(a,0) : a € Qt U{D,R}.
(d) X =Rand 7={[-a,a):a €R,a>0}U{0 R}
() X=Nand7={{n,n+1,n+2,...} :ne N} U{0}.
f) X=Rand7={GCR:Q¢ G} U (R}
(g) X=Rand7={GCR:GCQorQcG}.
)

(h) X =10,1] and 7 = {G C [0,1] : GG C G}.

Here, for A C [0, 1], the notation AA means AA = {xy : z,y € A}.

(i) X is an infinite set and 7 = {0} U{G C X : X \ G is infinite}.

(j) X is a nonempty set, g € X and 7 = {G C X : X \ G is finite or 29 € X \ G}.

(k) X is an uncountable set and 7 = {G C X : G is countable or X \ G is countable}.

Let 7 = {G}, : k € R} U {0, R?}, where for each k € R, G}, = {(z,y) € R? : 2 > y + k}. Prove

that 7 is a topology on R?.

Is 7 a topology on R? if ‘k € R’ is replaced by (a) ‘k € N'? (b) ‘k € Q'? Justify.

Let X, Y be nonempty sets and let f: X — Y.

(a) If 3 is a topology on Y, then show that J = {f~1(H) : H € J'} is a topology on X.

(b) If 7 is a topology on X and if f is one-to-one and onto, then show that 7/ = { f(G) : G € 7}
is a topology on Y.

Show also that, in general, both conditions that f be one-to-one and onto are necessary.

Let X be the class of all (proper) prime ideals of a commutative ring R with unity and for
each E C R, let V(E)={P € X : E C P}. Prove that 7 = {X \ V(E) : E C R} is a topology
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10.

11.

12.

13.
14.

15.

16.

17.

on X.
(7 is called the Zariski topology on X and the topological space (X, 7) is called the prime
spectrum of R, denoted by Spec(R).)

Let 7y and 7. denote respectively the cofinite and the cocountable topologies on a nonempty

set X. Find a necessary and sufficient condition on X such that 7y = 7.
Let (X, 7) be a topological space in which every singleton subset of X is open. Prove that 7
is the discrete topology on X.

Let 7 be a topology on an infinite set X such that every infinite subset of X is open in (X, 7).
Show that 7 is the discrete topology on X.

Let 7 be a topology on an infinite set X such that every infinite subset of X is closed in

(X, 7). Prove that 7 is the discrete topology on X.

Let 7 and 7' be topologies on R such that every countable subset of R is open in (R, 7) and
every uncountable subset of R is open in (R, 7’). Determine (with justification) which of the
following is true.

(a) 7 is strictly finer than 7'.

(b) 7' is strictly finer than 7.
(¢) 7 and 7’ are not comparable.
(d) 7=

Prove that on a finite set with exactly n elements there are at most 2(2"~2) distinct topologies.
(Finding a tractable closed formula for the exact number of topologies on an arbitrary finite
set is a difficult enumeration problem. FExact values are known in many small cases. For
example, if k(n) denotes the number of distinct topologies on a set with exactly n elements,
then it is already known that k(4) = 355, k(5) = 6942, k(6) = 209527, k(7) = 9535241.)

Prove that uncountably many distinct topologies can be defined on any infinite set.

Let X be a nonempty set and let A > 0. Consider the metric d on X defined by
A ifx#y,
d(z,y) = .
0 ife=y(z,yeX).
Find the topology on X induced by d.
Let d be a metric on a nonempty set X and let A > 0. Consider the metrics dy, do and d3

on X defined by di(z,y) = Ad(z,y), d2(x,y) = min{l,d(z,y)} and d3(z,y) = li(dx(f)y) for all

x,y € X. Prove that d, di, d2 and d3 induce the same topology on X.

Let d be a metric on a nonempty set X and let 74 be the topology on X induced by d. Prove
that every finite subset of X is closed in (X, 74).

Without using this fact, show also that every finite subset of R is closed in R with the usual
topology.

Let X be a topological space. If A is an open subset of X and B is a closed subset of X, then
prove that A\ B is an open subset of X and B\ A is a closed subset of X.
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18.

19.

20.

21.

22.

23.

24.

25.

26.
27.

28.

29.

30.

31.

Let X be the class of all (proper) prime ideals of a commutative ring R with unity. Consider
the Zariski topology 7 = {Y\V(E) : E C R} on X, where V(E) = {P € X : E C P} for each
E C R. If P € X, then show that {P} is a closed set in the topological space (X, 7) if and

only if P is a maximal ideal of R.
Let {An}aca be a class of closed subsets of a topological space X. Assume that for each

x € X, there exists an open subset G, of X containing x such that {a € A : G, N A, # 0} is

a finite set. Show that |J A, is closed in X.
acA

Let G be a nonempty open subset of R (with the usual topology) such that z —y € G for all
z,y € G. Show that G = R.

(Thus R is the only open subgroup of the additive group R with the usual topology.)

Let F be a nonempty closed subset of R (with the usual topology) such that z —y € F for all
x,y € F. Show that either F' =R or F' = aZ for some « € R.
(This provides the class of all closed subgroups of the additive group R with the usual

topology.)

Prove that every subgroup of the group (R, +) is either cyclic (and hence closed in (R, 7)) or
dense in (R, 7,).

Consider the topology 7 = {G C R: R\ G is finite or 2 ¢ G} on R. If 7, is the usual topology
on R, examine whether 7 U 7, is a topology on R.

State TRUE or FALSE with justification for each of the following statements.

(a) There exists a topological space with exactly 100 (distinct) open sets.
o0
(b) If {7,}52, is an ascending chain of topologies on a nonempty set X, then |J 7, must

n=1

be a topology on X.

Let 7, be the usual topology on R. Show that 7,|y is the discrete topology on N but that
Tu|g is not the discrete topology on Q.

Consider R with the usual topology. Find the relative topology on {% :n € N}

Is it possible to define a topology 7 on R such that 7 is not the discrete topology on R and
the relative topology on [0, 1] induced by 7 is the discrete topology on [0, 1]?

Let 7; denote the lower limit topology on R. Examine whether the set {x € Q : 22 > 5} is
closed in the topological space (Q,7|qg).

Let (X, 7) be a topological space and let A(# () C X. Prove that 7" = {GU(HNA) : G,H € 7}
is a topology on X such that A is open in the topological space (X,7’) and 7|4 = 7’| 4.

Let (X, 7) be a topological space such that for each nonempty finite subset A of X (or, for
each subset A of X containing exactly two elements), 7|4 is the indiscrete topology on A. Is

it necessary that 7 is the indiscrete topology on X7

Let F be a closed subspace of a topological space X and let G be an open set in F. If H is
an open set in X containing G, then prove that G U (H \ F') is open in X.
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32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.
43.

44.

45.

46.

47.

Let Y and Z be subspaces of a topological space X and let A C Y NZ. If A is open in both
Y and Z, then show that A is open in Y U Z.

Let Y be a nonempty subset of a topological space X and let Z be a nonempty open subset
of X \Y. If AC Z such that A is open in Y U Z, then show that A is open in X.

Let X be a topological space and A C X. Show that A is closed in X if and only if for every

x € A, there exists an open set G in X containing = such that G N A is closed in G.

Let X be a topological space and A C X. If for each a € A, there exists an open set G in X
containing a such that G N A is closed in G, then show that there exist an open set V in X
and a closed set F' in X such that A=V N F.

Consider the subspace (X, 7,|x) of the topological space (R, 7,), where X = {m+nw:m,n €
Z} and 7, is the usual topology on R. Examine whether {0} is an open set in (X, 7,|x).
Let (X, d) be a metric space and let Y (#£ 0) C X. If p is the metric on Y induced by d (i.e.
p =d|yxy), 7q is the topology on X induced by d and 7, is the topology on Y induced by p,
then show that 7, = 74|y

Consider R with the usual topology and let = € R. Find the closure of the set {x +r:r € Q}.
Consider R with the lower limit topology. Does there exist a subset A of R such that

A=10,1)U(1,2)? Justify.
Let X be a topological space and let A, B C X. Prove that A\ B C A\ B, and also that the

inclusion can be strict.

Let 7, 7/ be topologies on a nonempty set X. Prove that 7 C 7/ if and only if A" > A" for
all A C X.

(Hence 7 = 7’ if and only if A" = XT, for all A € X. However, even if 7 C 7/, it can happen
that 4”7 = A" for some A C X.)

If G is an open set in a topological space X, then show that G = X \ X \ G.

Let A be a subset of a topological space X. Show that A\ A is closed in X if and only if
there exist a closed set F' in X and an open set G in X such that A = FNG.

Let G be an open set in a topological space X and let A C X. Prove that GN A = () if and
only if GNA = 0.

Hence, or otherwise, show that if U and V are disjoint open sets in X, then (U)° N (V)% = ().

Prove that a subset G of a topological space X is open in X if and only if GN A =GN A for
all A C X.

Let Y be a closed subspace of a topological space X. Let A C X and let H be an open set in
Y such that ANY C H. Prove that AﬂY\HX = 0.

Let A, B be subsets of a topological space. Show that (4 \ B)? ¢ A%\ BY and also show that

the equality need not occur in the above inclusion.
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48.

49.

50.

ol.

02.

93.
o4.
95.

96.

o7.

98.

99.

60.

61.

62.

63.

64.

65.

66.

Prove that a subset F of a topological space X is closed in X if and only if (FUA%)? = (FUA)?
forall A C X.

Let Y be a subspace of a topological space X and let A C Y. Show that Inty (4) D YNIntx(A)
and Intx(A) = Inty (A) NIntx(Y), although in general, Inty (A) # Y NIntx(A).

For every subset A of a topological space X, show that (X \ A)Y = X \ A.

(Other similar ‘commutative’ relations are true for closure, interior and complement. For
example, X \ A2 = X \ A.)

Let A, B be subsets of a topological space. Prove that AN BY = An B n BY.

Let G be an open subset of a topological space. Prove that G C (G)°, and that the inclusion
can be strict. Prove, however, that G = (G)°.

If F is a closed set in a topological space, then show that (F0)° = F9.

If A is a subset of a topological space, then show that A0 = (F)O.

Let A be an open set in a topological space X and let B C X. Show that

(AAB) = (A)° N (B).

Ifr={{n,n+1,...} : n € N}U{0}, then in the topological space (N, 7), find {4,13,28,37}
and also find all the subsets A of N for which A’ = N.

If 7 = {(a,00) : a € R} U {0, R}, then in the topological space (R, 7), determine [4,10)" and
7.

If r={G CR:2e G}U{D}, then determine (with justification) (2,4)" and [2,4]" in the
topological space (R, 7).

Let A be a subset of a topological space X such that each subset of A is closed in X. Show
that A has no limit point in X.

If ={G CR:R\G is finite or 0 € R\ G}, then determine (with justification) Q°, R\ Q,
[0,1) and OQ in the topological space (R, 7).

Let A be a subset of a topological space. Prove that 9A° C 9A and JA C OA and that both
these inclusions can be strict.

Let A be a subset of a topological space. Show that (4N JA)° = . Is it necessary that
(0A)° = 0?

Consider R with the usual topology. Does there exist a set A C R such that 04 = [0, 1]7
Justify.

Let A, B be subsets of a topological space X. Prove that 0(AU B) C AU 0B, and that this
inclusion can be strict. Show, however, that if AN B = (), then (AU B) = AU dB.

Let A, B be subsets of a topological space such that 9A N OB = (. Prove that (AU B)? =
A%u BO.

State TRUE or FALSE with justification for each of the following statements.

(a) Every uncountable subset of R (with the usual topology) has a limit point in R.
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67.

68.

69.

70.

T1.

72.
73.

74.

75.

76.

7.

78.

(b) If every singleton subset of a topological space X is dense in X, then X must be an
indiscrete space.
(c) If no proper subset of a topological space X is dense in X, then X must be a discrete

space.

(d) A nonempty open set in a topological space X cannot be nowhere dense in X.

Let A be a nonempty subset of a topological space X. Show that A is dense in the subspace
ar,

Let Y be a subspace of a topological space X. If D C Y is dense in Y, then prove that D is
dense in the subspace v

(Hence, if Y is a dense subspace of a topological space X and if D C Y is dense in Y, then D

is dense in X.)

Let D be a dense set in a topological space X and let Y (# ()) C X. Show that D N'Y need
X =X
=Y

not be dense in Y, but if moreover Y is open in X, then DNY and hence deduce

that DNY is dense in Y.

Let Dy and Dy be dense sets in a topological space X. Show that D; N Ds need not be dense
in X, but if moreover D or D> is open in X, then D N Dy is dense in X.

Let F be a closed subset of a topological space X. Prove that F' is nowhere dense in X if and
only if X \ F is dense in X. Is this result true for an arbitrary subset F' of X? Justify.

Prove that a subset A of a topological space X is nowhere dense in X if and only if A C X \ A.
Let A be a subset of a topological space X. Prove that the following statements are equivalent.
(a) A is nowhere dense in X.

(b) (X \ A)? is dense in X.

(c) AcC OA.

Let Y be a nonempty open set in a topological space X and let A C Y. If A is nowhere dense
in the subspace Y, then show that A is nowhere dense in X.

Prove that for each 1 <m < n, A = {(z1,...,25) E R" : Zppy1 = T2 = -+ = x, = 0} is
nowhere dense in R" with the usual topology.

Show that for a set A in a topological space X, A need not be nowhere dense in X, but that

0A is nowhere dense in X if A is either open or closed in X.

Prove that in a topological space X, every closed nowhere dense set is the boundary of some

open set in X.

Prove that every finite union of nowhere dense sets in a topological space X is nowhere dense
in X.
Give examples to show that an infinite union of nowhere dense sets in a topological space X

can/need not be nowhere dense in X.
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79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

Let X be a topological space and let x € X. If = has a finite local basis in X, then show that

x has a local basis in X consisting of precisely one member.

Let B be a class of subsets of a nonempty set X. Show that B is a basis for the discrete
topology on X iff B D> {{z}:2 € X}.

Show that {(a,b) : a,b € Q,a < b} is a basis for the usual topology on R.

Show that {[a,b) : a,b € Q,a < b} is a basis for a topology 7 on R which is strictly coarser

than the lower limit topology on R but strictly finer than the usual topology on R.
Determine the closures of (0,+/2) and (v/2,3) in the topological space (R, 7).

Examine whether each of the following classes is a basis for some topology on R.
(a) {[a,b]:a€Q,beR\Q,a < b}

(b) {[a,b]:a,beR,a<b}

(c) {[a,b]:a,beQ,a<b}

Let 7, and 7. denote respectively the usual topology and the cocountable topology on R.
Examine whether 7, U 7, is a basis for some topology on R.

Let X be any nonempty set. Prove that S = {X \ {z} : z € X} is a subbasis for the cofinite
topology 7y on X. Is § a basis for 7y on X7 Is S a basis for some topology on X7 Justify.
For each (a,b,c) € R? with a4 b? # 0, let E(a,b,c) = {(z,y) € R? : ax + by + ¢ = 0} and let
7 be the topology on R? generated by the class {E(a,b,c) : a,b,c € R,a® +b? # 0}. Examine
whether {(z,y) € R? : 22 + y? < 1} is an open set in the topological space (R?, 7).

Let 7 be the topology on R having S = {R\ {z} : z € R} U {{z} : z(# 2) € R} as a subbasis.
If A is an infinite subset of R, then show that A’ # ) in the topological space (R, 7).

Let K = {1 :n € N} andlet B = {(a,b) : a,b € R,a < b} U{(a,b) \ K : a,b € R,a < b}.
Show that B is a basis for some topology on R. (This topology is called the K-topology on
R.)

Prove that the K-topology on R is strictly finer than the usual topology on R but that it is
not comparable with the lower limit topology on R.

Let B be a basis for a topology 7 on a nonempty set X. Prove that a set D C X is dense in
X if and only if D N B # () for every B(# () € B.

Does this remain true if B is merely a subbasis for 7 on X7 Justify.

Let 7 be the topology on R having {[a,b) : a,b € R,a < b} U{(a,b] : a,b € R,a < b} as a
subbasis. Examine whether Q is a dense set in the topological space (R, 7).

Let {74 }aca be a family of topologies on a nonempty set X. Show that there is a unique
smallest topology on X containing all 7, (o € A) and a unique largest topology on X contained
in all 7, (v € A).
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92. Consider the topologies 71 = {0, {a}, {a,b}, X} and 7o = {0, {a}, {b,c}, X} on the set
X = {a,b,c}. Find the smallest topology on X containing both 71 and 7, and the largest
topology on X contained in both 71 and 7s.

93. State TRUE or FALSE with justification for each of the following statements.
(a) If 7 is the topology on R having {(a,b) : a,b € R,a < b}U{(a,b)\ K : a,b € R,a < b} as
a basis, where K = {% :n € N}, and if 7, is the usual topology on R, then the relative
topology on A = {z € R: x > 0} induced by 7 is strictly finer than the relative topology
on A induced by 7.

(b) If atopology 7 on R is strictly finer than both the lower limit topology and the cocountable
topology on R, then 7 must be the discrete topology on R.

(¢) If B and B’ are bases for topologies 7 and 7’ respectively on a nonempty set X, then
{BNB':BeB, B € B} must be a basis for some topology on X.

(d) If 7 and 7/ are topologies on a nonempty set X, then 7 U7’ must be a basis for some

topology on X.

94. It is known that if R is equipped with either the indiscrete topology or the cofinite topology,

then the sequence (1)

~)pey converges to 1. Mention (with justification) another topology on R

with respect to which the sequence (1)

o
a1 converges to 1.

95. Consider X = (0, 1] with the relative topology 7 induced by the usual topology on R. Show

that the sequence (1)

n

[eS)
n=1

in X does not converge in the topological space (X, 7).

96. If 7 = {(a,0) : a € R} U {0, R}, then in the topological space (R, 7), prove that the sequence
(a) (n)S2, converges to every point of R.
(b) (—n)$2, does not converge.

(c¢) ((—=1)™)22, converges to z if and only if x € (—o0, —1].

97. If = {G C R:0 € G} U{0}, then determine (with justification) all the convergent sequences
and all their limits in the topological space (R, 7).

98. State TRUE or FALSE with justification for each of the following statements.

(a) The sequence (%)m | converges in R with the lower limit topology.
n=

(b) There exists a topology 7 on R such that the sequence (1,2,3,...) converges to the
unique limit 0 in (R, 7).
(¢) If (X, 7) is a topological space such that every sequence in X converges to every point

of X in (X, 7), then 7 must be the indiscrete topology on X.

Problem Set 2: Continuous maps and homeomorphisms

1. Let X, Y be topological spaces and let g € X. If f : X — Y is continuous at x¢ and G is an
open set in Y containing f(xg), then is it necessary that f~1(G) is an open set in X? Justify.
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10.

11.

. Let A be a nonempty subset of a topological space X and let f(z) = {

1 ifxeA,

0 ifzeX\A
Prove that f: X — (R, 7,) is continuous if and only if 9A = (), where 7, is the usual topology

on R.

Let 7; and 7. denote respectively the cofinite topology and the cocountable topology on R. If

1 ifxeqQ,
0 ifzeR\Q,
then determine all the points of R at which g : (R, 7.) — (R, 7f) is continuous.

g(z) =

Let 7; denote the lower limit topology on R and let f(x) = —x for all z € R. Show that
f:(R,7) = (R,7;) is discontinuous at each point of R.

Let f : X — R be continuous at a point x¢o € X, where X is a topological space and R is
equipped with the usual topology. If f(z¢) > 0, then show that there exists an open set G in
X containing o such that f(z) > 0 for all z € G.

Let (X,7) and (Y,7’) be topological spaces such that every map from (X, 7) to (Y,7') is
continuous. Prove that 7 is the discrete topology on X or 7/ is the indiscrete topology on Y.
Let X, Y be nonempty sets and let zg € X, yg € Y. If 1 = {G C X : g € G} U {0} and
T'={H CY :yp € H} U{0}, then show that a map f: (X,7) — (Y,7’) is continuous if and
only if f(xg) = yo or f is constant.

Let 7¢ denote the cofinite topology on R. Examine whether ¢ : (R, 77) — (R, 7¢) is continuous,
if ¢ is defined as

(a) o(x)=2% —4r —1forall x € R.

(b) ¢(x) =sinx for all z € R.
(¢) p(x) =z +sinzx for all z € R.
(d) p(x) =€" for all z € R.

Show that 7 = {G C N:n € G and m|n = m € G} is a topology on N which is different
from the discrete topology on N.

Show also that a map f : (N,7) — (N, 7) is continuous if and only if for all m,n € N,
m|n = f(m)|f(n).

Let {7a}aca be a family of topologies on a nonempty set X, let (Y, 7) be a topological space

and let f: X — Y. Prove that f : (X, N Ta) — (Y, 7) is continuous if and only if for each
a€A

a€, f:(X,7,) — (Y,7) is continuous.

Let {7a}aca be a family of topologies on a nonempty set Y, let (X, 7) be a topological space

and let f: X — Y. If 7 is the unique smallest topology on Y containing |J 7., then show
€A
that f : (X,7) — (Y,7') is continuous if and only if for each a € A, f : (X,7) — (Y, 74) is

continuous.
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14.

15.

16.

17.

18.

19.

20.

21.

Let 74 and 7, denote respectively the cofinite topology and the usual topology on R. If

¢ : (R,75) = (R, 7,) is continuous, then prove that ¢ is a constant map.

Let X, Y be topological spaces and let f: X — Y. Prove that f is continuous iff
fYB)c fYB)foral BCY.
Also, show that the continuity of f need not give the equality in the above inclusion for some

BcY.

Let X, Y be topological spaces and let f: X — Y. Prove that f is continuous iff
A(fYB)) c f7YOB) forall BCY.

Also, show that the continuity of f need not give the equality in the above inclusion for some
BCY.

Let X, Y be topological spaces and let f: X — Y. Prove that f is continuous iff

fYBY c(fYB) forall BCY.

Also, show that the continuity of f need not give the equality in the above inclusion for some
BcCY.

Let X, Y be topological spaces and let f : X — Y. Prove that f is continuous if and only if
f(A) C f(A) forall A C X.

Also, show that the continuity of f need not give the equality in the above inclusion for some
AcCX.

Let f: X — Y be continuous, where X, Y are topological spaces. If x € X is a limit point of
a subset A of X, then is it necessary that f(x) is a limit point of f(A)? Justify.

Let X, Y be topological spaces and let f : X — Y be continuous and onto. If A is a dense
set in X, then prove that f(A) is dense in Y and that the onto condition on f is, in general,
necessary for this.

Show also that f(A) can be dense in Y even when A C X is not dense in X and f: X — Y
is neither continuous nor onto.

Consider the topology 7 = {G C R: R\ G is finite or 0 € R\ G} on R. Let 7, be the usual
topology on R and let f: (R,7) — (R, 7,) be continuous. Show that there exists a countable
subset A of R such that f(x) = f(0) for all z € R\ A.

Consider the topology 7 on R having B = {(a,b) : a,b € R,a < b}U{(a,b)NQ : a,b € R,a < b}
as a basis. Also, let 7, be the usual topology on R.

(a) Examine whether R\ Q is closed in the topological space (R, 7).

(b) If f: (R,7) — (R, 7y,) is a continuous map such that f(x) =0 for all z € R\ Q, then

show that f(z) =0 for all z € R.

Let X, Y be topological spaces. Prove that a map f: X — Y is an open map iff
fYB)c fYB)forall BCY.
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23.

24.

25.

26.

27.

28.

29.

30.

Let X, Y be topological spaces. Show that f: X — Y is a closed map if and only if for each

y € Y and for each open set G in X with f~'({y}) C G, there exists an open set H in Y

containing y such that f~!(H) C G.

Let X, Y, Z be topological spaces and let f: X — Y and g : Y — Z be continuous maps

such that go f : X — Z is a homeomorphism. If g is one-to-one, then show that both f and

g are homeomorphisms.

Examine whether the following pairs of topological spaces are homeomorphic.

(a) (R,7,) and (R, 7.), where 7, and 7. are respectively the usual topology and the cocount-
able topology on R.

(b) (R,7¢) and (R,7.), where 74 and 7. are respectively the cofinite topology and the
cocountable topology on R.

(¢) (R,7) and (R,7’), where r={G CR:0€ G}U{0} and 7 = {G CR:0¢ G} U{R}.

Consider R? with the usual topology. Show that the subspaces {(z,y) € R?: 22 + y? < 1},

{(z,y) eR?:0 <2< 1,0 <y <1}and {(z,y) € R?: 2224+ 3y* < 1} of R? are homeomorphic.

State TRUE or FALSE with justification for each of the following statements.

(a) If X is an indiscrete topological space, then there cannot exist any non-constant contin-
uous map f: X — (R, 7,).

(b) If 7, is the usual topology on R, then every one-to-one, onto and continuous map
f:(R,7,) — (R,7,) is a homeomorphism.

(c) Every continuous map f : (R, 7,) — (R,7,) is open or closed.

(d) If 7 is the cofinite topology on R, then every bijection f : (R,7) — (R, 7) is a homeo-
morphism.

(e) If X, Y are topological spaces such that X is homeomorphic to a subspace of ¥ and Y

is homeomorphic to a subspace of X, then X and Y must be homeomorphic.

Let X, Y be topological spaces and let f : X — Y. Show that the map ¢ of X to the subspace
G(f) ={(z, f(z)) : x € X} of the product space X x Y, defined by ¢(z) = (z, f(x)) for all
x € X, is a homeomorphism if and only if f is continuous.

Deduce that every topological space X is homeomorphic to the diagonal A = {(z,z) : z € X}
of X x X.

Let 7; be the lower limit topology on R. Examine whether the set {(x,y) € R? : 2 +y < 0} is
closed in the product space (R, 7;) x (R, 7).

If X = (R, 7.), where 7. is the cocountable topology on R, then determine the interior of the
set (R\ Q) x (R\ Q) x --- in the countably infinite product X~ with the product topology.

If 7. is the cocountable topology on R, then show that the product topology of (R, 7.) and
(R, 7) is strictly finer than the cocountable topology on R x R.
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Let X, Y be topological spaces and let A C X, B C Y. Prove that

9(A x B) = (0A x B) U (A x 0B).

Let A, B, C, D be topological spaces and let f : A — B and g : C — D be continuous. If
o(a,c) = (f(a),g(c)) for all (a,c) € A x C, then show that ¢ : A x C'— B x D is continuous.

Let A be an infinite set and let for each o € A, X, be a discrete space. Prove that [] X, is
aEN
a discrete space in the box topology, but if for each o € A, X, has more than one point, then

II X. is not a discrete space in the product topology.
a€A

Consider the usual topology on R and let A = {(z,)neny € RY : {n € N : 2,, # 0} is finite}.
Show that A is dense in RY with the product topology.

Determine the closure of {(z,,) € RN : {n € N: x,, # 0} is finite} in RY with the box topology.

Problem Set 3: Quotient spaces and compact spaces

1.

State TRUE or FALSE with justification for each of the following statements.
(a) fA={r eR:2% 27 <200} and B = {2? =22 : 2 € (0,00)}, then AN B is a compact
set in R with the usual topology.

(b) If every proper closed subset of a topological space X is compact, then X must be

compact.
(c) If every subset of a Hausdorff space X is compact, then X must be a discrete space.
(d) A topological space in which every compact subset is closed must be Hausdorff.

(e) If X is a topological space such that every continuous map f : X — R (with the usual
metric on R) is bounded, then X must be compact.

(f) Every topological space which is a continuous image of a topological space with the

Bolzano-Weierstrass property must have the Bolzano-Weierstrass property.

(g) If 7. denotes the cocountable topology on R, then the topological space (R, 7.) is locally
compact.

(h) The one-point compactification of N (with the usual topology) is homeomorphic to
{1 :n e N}uU{0} (with the usual topology).

Let p: X — Y be continuous and suppose that there is a continuous map f : Y — X such
that p o f =idy. Show that p is a quotient map.

Let A be a subspace of a topological space X, and let r : X — A be a continuous retraction;

that is, r(a) = a for every a € A. Show that r is a quotient map.

Let p : R?2 — R be defined by p(x,y) = z, and let A = {(z,y) € R? : 2 > 0 or y = 0}. Let
qg=pla: A— p(A). Show that ¢ is a quotient map that is neither open nor closed.
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14.

15.

16.

17.

Let p: X — Y be an open map and let A be open in X. Show that the restriction
q=pla:A— p(A)is an open map.

Define equivalence relations on X = R? by

(a) (z0,50) ~ (w1, 91) if w0 + 4§ = 21 + yi;

(b) (z0,y0) ~ (z1,31) if 2§ +y5 = 2F + yi.

Let X* denote the corresponding quotient space. In each case, describe a familiar space
homeomorphic to X*.

Let Y be the quotient space obtained from the K-topology R by collapsing the set K to a
point. Let p: Rg — Y be a quotient map.

(a) Show that Y satisfies 77 axiom but not Hausdorff.

(b) Show that p x p: Rg x Rg — Y X Y is not a quotient map.

Show that [0, 1] is not limit-point compact in the lower-limit topological space Ry.

If X is compact Hausdorff under each of two topologies 7 and 7/, show that either 7 = 7/ or

the two topologies are not comparable.

Let X be any nonempty set and let o € X. If 7 ={G C X : g € G} U{X}, then find all
the compact subsets of the topological space (X, 7).

Consider the topology 7 on R having
B={(a,b) :a,b € R,a <b}U{(a,b)\ K : a,b € R,a < b} as a basis, where K = {1 :n € N}.
Examine whether [0, 1] is a compact set in the topological space (R, 7).

Let 7. be the cocountable topology on a nonempty set X. Find all the (a) compact (b)

sequentially compact subsets of the topological space (X, 7).

If a,b € R such that a < b, then show that [a,b] is not a compact subset of R with the lower
limit topology.

Let (xy,) be a sequence in a topological space X and let z,, — x € X. Show that

{zn :n € N}U{a} is a compact subset of X.

Prove that the union of finitely many compact sets in a topological space is compact.
Also, show that the union of infinitely many compact sets in a topological space need not be

compact.

Let A and B be compact subsets of a topological space X. Show that AN B need not be
compact but if X is Hausdorff, then A N B must be compact.

Let G be topological group.

(a) If A and B are compact in G, then show that A - B is compact.

(b) Let H be subgroup of G and p :— G/H be the quotient map. If H is compact, show
that p is closed.

(c) Let H be a compact subgroup of G. Show that if G/H is compact, then G is compact.
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28.

29.

30.

Let A and B be compact subspaces of the topological spaces X and Y respectively. If W is
an open set in X X Y containing A x B, then prove that there exist open sets G and H in X
and Y respectively such that Ax BC Gx HCW.

For each n € N, let X,, = [0, 1] with the usual topology, and X = ]o_o[ Xn.

(a) Show that X is not limit-point compact with respect to unifgr:;l topology.

(b) Show that ﬁ X, with the box topology is not compact.

Let X, Y be topgl:olgical spaces with Y compact. Prove that the projection map px : X XY —
X is a closed map.

Let X, Y be topological spaces with Y compact. If f : X — Y is such that {(z, f(z)) : . € X}
(i.e. the graph of f) is closed in the product space X x Y, then prove that f is continuous.

Show that the closure of a compact subset of a topological space need not be compact.

Show, however, that the closure of a compact subset of a regular space is compact.

Let X be a topological space. If for each z € X, there exists an open set G in X containing x

such that G is a compact Hausdorff space, then show that X is Hausdorff.

Show that a compact topological space need not be separable but that every compact

metrizable space must be separable.

If X is a Lindelof space and Y is a compact space, then show that the product space X x Y

is a Lindelof space.

Let (A, )nen be a sequence of closed nowhere dense subsets of a compact Hausdorff space X.

Show that -
int (nUI An)

Let X and Y be topological spaces such that Y is compact. Let p: X — Y be continuous,

0.

closed and onto such that p~!({y}) is a compact set in X for each y € Y. Show that X is

compact.

Let X and Y be topological spaces such that X is second countable. Let f: X — Y be
continuous, closed and onto such that f~1({y}) is a compact set in X for each y € Y. Show

that Y is second countable.

Let f be a continuous map from a compact space X onto a Hausdorff space Y and let g be a
map from Y to a topological space Z. If g o f is continuous, then prove that g is continuous.
Let X be a metrizable topological space. Prove that the following statements are equivalent.
(a) X is compact.

(b) X is bounded with respect to every metric on X that induces the topology of X.

(¢) Every continuous map f: X — R (with the usual metric on R) is bounded.
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37.

38.

39.

Let (X,d) be a compact metric space and let f : X — X be such that d(f(z), f(y)) = d(x,y)
for all x,y € X. Prove that f is onto and so f is a homeomorphism.

Show also that the compactness of (X, d) is, in general, necessary.

Let X be a compact Hausdorff space and let f : X — X be continuous. Show that there
exists a nonempty compact set K in X such that f(K) = K.

Show that a Ti-space X has the Bolzano-Weierstrass property if and only if every countable

open cover of X has a finite subcover.

Let X be a topological space with the Bolzano-Weierstrass property and let Y be a first
countable space. Show that the projection map py : X x Y — Y is closed.

Let Y be a nonempty dense subset of a Hausdorff space X. If the subspace Y is locally

compact, then show that Y is open in X.

Let X be a compact Hausdorff space and let R be equipped with the usual topology. Consider
the real vector space C'(X,R) of all continuous maps from X to R, where the vector space
operations are defined pointwise. Prove that C'(X,R) is finite dimensional if and only if X is
finite.

Let K be a nonempty compact subset and let C' be a nonempty closed subset of a locally
compact Hausdorff space X such that K NC = (). Prove that there exists a continuous map
f:X —[0,1] (with the usual topology) such that f(K) = {0} and f(C) = {1}.

Let (f,) be a monotone increasing sequence of real-valued continuous functions on a compact
topological space X. If f,, converges pointwise to a continuous function f, show that f,

converges to f uniformly.

Show that a compact Hausdorff space is metrizable if and only if it is second countable.

Problem Set 4: Connected spaces

1.

State TRUE or FALSE with justification for each of the following statements.
(a) It is possible that R? can be written as a countable union of path-connected subsets.
(b) The set of all polynomials on R whose zero-set complements are connected is countable.

(c) There exists a non-empty open and connected set A C R™ such that every real-valued

function on A is continuous.

(d) If a metric space X is path connected, then there exists a continuous function f : [0,1] —
X which is onto.

(e) There exists a discontinuous function f : R — R such that the graph G is connected in
R? but int(Gy) is non-empty in R2.
(f) {(x,y) € R?: 2% +y3 € R\ Q} is a disconnected subset of R? (with the usual topology).

(g) If a topological space X has only finitely many components, then each component of X

must be open in X.
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(h) If 7; denotes the lower limit topology on R, then the topological space (R, 7;) is totally
disconnected.

(i) R with the cofinite topology is a locally connected space.

Show that a topological space X is connected if and only if for every z,y € X with z # y,

there exists a connected subspace of X containing both z and y.

Prove that a topological space X is connected if and only if every nonempty proper subset of

X has a nonempty boundary.

Let C be a connected subspace of a topological space X and let A C X such that C N A # ()
and CN (X \ A) # 0. Prove that C N oA # 0.

Consider the topology 7 on R having {(a,b) : a,b € R,a < b} U{(a,b) N Q:a,b € R,a < b}
as a basis. Show that the topological space (R, 7) is connected.

Show that 7 = {G C R: R\ G is a compact set in (R, 7,)} U{0} is a topology on R, where
Ty is the usual topology on R. Examine whether the topological space (R, 7) is (a) compact

(b) connected.

Let A and B be nonempty closed (or, open) subsets of a topological space such that both
AU B and AN B are connected. Show that A and B are also connected.

If A and B are connected subsets of a topological space such that AN B # (), then prove that
AU B is connected.

If X, Y are connected spaces and if A C X, B C Y, then show that (X xY)\ (A x B) is

connected.

Let {A,}52; be a sequence of connected subspaces of a topological space X such that
o
An N Apiq # 0 for all n € N. Show that |J A, is connected.

n=1
If {A}U{A, : @ € A} is a class of connected subsets of a topological space such that ANA,, # ()

for all a € A, then show that A U ( U Aa) is connected.
a€A

Let {Aqn : @ € A} be a class of connected subsets of a topological space such that A, N Ag # ()

for all o, 8 € A with « # . Prove that |J A, is connected.
aEN

Let {A,}52, be a decreasing sequence of nonempty compact connected sets in a Hausdorff

o0
space. Prove that [\ A, is nonempty, compact and connected.
n=1

Let X be a connected space and let there exist a non-constant continuous map from X to R

(with the usual topology). Show that X is uncountable.
Prove that every connected T3-space containing at least two points must be uncountable.

Let X be a connected space and let 7; be the lower limit topology on R. Prove that every
continuous map from X to (R, 7;) is a constant map.
(Hence, in particular, every continuous map from (R, 7,) to (R, 7;) is a constant map, where

T, denotes the usual topology on R.)
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17. For each m,n € N, let By, ,, = {mk +n: k € Z} N N. Show that
(@) {Bmn:m,n €N, g.c.d.(m,n) =1} is a basis for some topology 7 on N.
(b) for each prime p € N, {pk : k € N} is a closed set in (N, 7) and hence deduce that there
exist infinitely many prime numbers.
(¢) (N,7) is connected, Hausdorff but not compact.
(d) if P is the set of all primes, then P° = ().

18. Consider R? with the usual topology. If A is a countable subset of R?, then show that R?\ A

is path connected.

19. Prove that every open connected subspace of R? (with the usual topology) is path connected.

Problem Set 5: Countability and separation axioms

1. State TRUE or FALSE with justification for each of the following statements.
(a) If A and B are nonempty subsets of topological spaces X and Y respectively such that

A x B is closed in the product space X x Y, then A must be closed in X and B must
be closed in Y.

(b) If 7; denotes the lower limit topology on R, then {(z,y) € R?: 22 + y? > 1} is an open
set in the product space (R, 7;) x (R, 7).

(¢) There cannot exist topologies 7, 7/ on an infinite set X such that the product topology
for (X, 7) and (X, 7’) coincides with the cofinite topology on X x X.

(d) If 7, and 7; denote respectively the usual topology and the lower limit topology on R,
then the product space (R, 7,) x (R, 7;) is not metrizable.

2. Prove that every closed (respectively, open) subset of a metrizable space is a Gs (respectively,
an F,) set.

Also, show that the metrizability condition is, in general, necessary.

3. Let (X, 7) be a metrizable topological space and let 7, be the usual topology on R. Show
that 7 is the weakest topology on X with respect to which every continuous map from (X, 7)
to (R, 7,) remains continuous.

4. Let X be a first countable space and let A C X. Prove that

(a) A is closed in X if and only if for every sequence (a,) C A and for every z € X,
anp, — = x € A.

(b) A is open in X if and only if for every sequence (x,) C X and for every a € A,
Tn — a = x, € A eventually.

5. If r={G C R:0 € G}U{0}, then show that the topological space (R, ) is first countable
but not second countable.
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Let X be a first countable space and let G C X. If for every nonempty countable set A in X,
G N A is open in the subspace A, then show that G is open in X.

Let X =Z4 x Z4, where Z; = {0,1,2,...}, and let

T =P(X\{(0,0)})
U{GCX:(0,00€G, {meZy:{neZy:(mn)¢ G} is infinite}

is ﬁnite}.

Prove that 7 is a topology on X which is different from the discrete topology on X. Determine
all convergent sequences in (X, 7) and hence conclude that (X, 7) is not first countable. This
space is called the Arens—Fort space; it shows that a countable topological space need not be

first countable.
Prove that a topological space is second countable if and only if it has a countable subbasis.

Let A be an uncountable subset of a second countable space. Show that uncountably many

points of A are limit points of A.

Let X be a separable space. Prove that every class of pairwise disjoint open sets in X is
countable.

Hence deduce that the set of all isolated points of X is countable.

Prove that every topological space can be considered as a subspace of a separable space.

(From this it follows immediately that a subspace of a separable space need not be separable.)

If Y is a nonempty open subset of a separable space (X, 7), then show that the subspace

(Y, 7]y) is separable.
Let Y be a dense subspace of a first countable separable space X. Show that Y is separable.

Let 7; denote the lower limit topology on R. Prove that every subspace of the topological

space (R, ;) is separable.
Prove or disprove: R with the cocountable topology is a Lindel6f space.
Prove that every metrizable Lindel6f space is second countable.

Let X be any set with at least two elements. Show that there exists a topology 7 on X such

that (X, 7) is a Tp-space but not a Tj-space.
Prove that a topological space X is a Tp-space if and only if for all z,y € X with = # y,
{a} # {y}-
For a topological space (X, 7), prove that the following statements are equivalent.

(a) (X,7) is a Tj-space.

(b) Foreachz € X, {z} =N{G € 7:2 € G}.

(¢) 7 is finer than the cofinite topology on X.

Let (X, 7) be a Tj-space and A C X. Show that A=N{G e7:ACG}.

105



MA549: Topology 12. Baire category

21.

22.

23.

24.

25.

26.

27.

28.

29.
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31.

32.

Show that for every convergent sequence in a topological space X to have a unique limit in

X, it is necessary but not sufficient that X is a Tj-space.

Let X be a Ti-space and let A C X, z € X. Show that

(a) x € A’ if and only if every open set in X containing 2 contains infinitely many points of

A.
(b) A’is closed in X.

Let X be a first countable T}-space and let A C X, z € X. Prove that x € A’ if and only if
there exists a sequence of distinct points in A converging to x in X.

Also, show that both 77 and first countability conditions are, in general, necessary.

Show that in a first countable Ti-space, every singleton set is a G set.

Show that both first countability and T} conditions are, in general, necessary.

Also, give an example of a topological space which is not first countable but in which every
singleton set is a G5 set.

Prove that a topological space (X, ) is a Hausdorff space if and only if for each x € X,

{2} =N{G:Ger, zeG}

If X is a Hausdorff space, then show that

(a) foreach z € X, ({F C X : Fisclosed in X,z € F'} = {z}.

(b) foreach zx € X, {G C X : G isopenin X,z € G} = {z}.
Also, show that a topological space X satisfying (a) and (b) need not be Hausdorff.

Show that a topological space X is a Hausdorff space if and only if {(z,z) : x € X} is a closed
subset of the product space X x X.

Show that a topological space X is a discrete space if and only if {(z,z) : € X} is an open
subset of the product space X x X.

Let X be a Hausdorff space and let f : X — X be a continuous map such that fo f = f.
Prove that f(X) is a closed subset of X.

Let X, Y be topological spaces and let f: X — Y and g: Y — X be continuous such that
g(f(x)) =z for all x € X. If Y is a Hausdorff space, then show that X is a Hausdorff space
and f(X) is closed in Y.

Let D be a dense subset of a topological space X and let Y be a Hausdorff space. If f: X — Y
and g : X — Y are continuous such that f(z) = g(z) for all z € D, then show that f(z) = g(z)
for all x € X.

Let X be a dense subspace of a topological space X and let Y be a Hausdorff space. Prove that
every continuous map fy: Xg — Y can have at most one continuous extension f: X — Y.

Show also that a continuous map fy : Xo — Y need not have any continuous extension
f: X->Y.
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33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

Let X and Y be Hausdorff spaces and let f : X — Y be onto. Show that f: X — Y isa

homeomorphism if and only if A = f=1(f(A)) for all A C X.
Let z1,...,x, be distinct points of a Hausdorff space X. Prove that there exist pairwise
disjoint open sets G1,...,G, in X such that z; € G; fori=1,...,n.

Prove that every infinite Hausdorff space contains an infinite set A such that each point of A
is an isolated point of A.

(Hence every infinite Hausdorff space contains an infinite discrete subspace).

Prove that a first countable space X is a Hausdorff space if and only if every convergent

sequence in X has a unique limit in X.

Let X, Y be topological spaces with Y Hausdorff. If f: X — Y is continuous, then prove
that Gy = {(z, f(x)) : € X} (the graph of f) is closed in the product space X x Y.
Show that the Hausdorff condition on Y is, in general, necessary.

Prove that a topological space Y is Hausdorff if and only if for every topological space X and

for any continuous maps f: X — Y and g: X — Y, the set {z € X : f(x) = g(x)} is closed

in X. Hence show that the set of all fixed points of a continuous map from a Hausdorff space

Y to itself is closed in Y.

State TRUE or FALSE with justification for each of the following statements.

(a) If 7 and 7" are topologies on a nonempty set X such that both (X, 7) and (X, 7’) are
T)-spaces, then (X, 7N 7') must be a Tj-space.

(b) There exists a Hausdorff space with exactly 100 (distinct) open sets.

(¢) If z1,x9,... are distinct points in a Hausdorff space X, then there must exist pairwise
disjoint open sets G1,Go, ... in X such that z, € G, for all n € N.

(d) Every second countable Hausdorff space is metrizable.

(e) If X and Y are topological spaces such that the product space X x Y is Hausdorff, then
both X and Y must be Hausdorff.

(f) If 7 = {(a,0) : a € R} U {0, R}, then the topological space (R, ) is normal but not

regular.

Prove that every regular Ty-space is a T3-space but that a normal Ty-space need not be a

Ty-space.

Let X be a Ts-space and let x,y € X with x # y. Prove that there exist open sets G and H
in X containing x and y respectively such that G N H = (.

Let A and B be disjoint closed subsets of a normal space X. Prove that there exist open
subsets G and H of X containing A and B respectively such that G N H = 0.

Let X be a Ty-space and let Y be a topological space. If f : X — Y is continuous, closed and
onto, then show that Y is a Ty-space.

Let X be a normal space. Show that X is regular if and only if X is completely regular.
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45.

46.

47.

Let (X, 7) be a completely regular space. Show that the weak topology on X induced by the

family of all continuous maps f : (X,7) — (R, 7,) is the same as 7.

Let K be a compact set and C be a closed set in a regular space X such that K N C = (.
Prove that there exist disjoint open sets G and H in X such that K C G and C C H.

Show that a compact Hausdorff space is metrizable if and only if it is second countable.

Problem Set 6: Nets, filters, and general convergence

1.

10.

Give an example of a topological space X and a subset A C X such that there exists a point

x € A which is not the limit of any sequence from A.

Let (x;)ier be a net in a topological space X and let x € X. Prove that the following are
equivalent:

(a) z; — x;

(b) for every neighborhood U of x there exists ig € I such that i > iy implies z; € U;

(c) for every open set U with x € U, the set {i € I : x; € U} is cofinal in I.

Prove that x € A if and only if there exists a net (a;) in A converging to .

Prove that a function f: X — Y between topological spaces is continuous if and only if it

preserves limits of nets: whenever z; — x in X, we have f(z;) — f(z) in Y.

Let F be a filter on X and let z € X. Prove that F converges to z if and only if every
neighborhood of z belongs to F, equivalently, N'(z) C F. Also formulate the corresponding

cluster-point condition for filters.

Show that if (X, 7) is first countable and = € A, then there exists a sequence in A converging

to z. Conclude that in first countable spaces, closure can be tested using sequences.

[*] Let (z;) be a net in X. Prove that z is a cluster point of (x;) (every neighborhood of z

meets {xz; : i > g} for all ip) if and only if some subnet of (z;) converges to z.

Let X be compact. Prove that every net in X has a convergent subnet. (This is the net
version of sequential compactness, and it holds without countability assumptions.)

Let (X;)jes be a family of spaces and X = [I;cs X; with the product topology. Prove that a
net x; = (xl(j)) converges to x = (z17)) in X if and only if for every j € J we have a:z(j) — )
in Xj;.

[x] Let U be an ultrafilter on X. Show that X is compact if and only if every ultrafilter on X

converges.

Problem Set 7: Compactness, products, and compactifications

1.

Prove that a continuous image of a compact space is compact. Give an example showing that

the preimage of a compact set under a continuous map need not be compact.
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10.

Let X be Hausdorff. Prove that every compact subset of X is closed.

Show that if X is compact and Y is Hausdorff, then every continuous bijection f: X — Y is
a homeomorphism.

Let X be a space. Prove that X is compact if and only if every family of closed sets with the
finite intersection property has nonempty intersection.

Let X be compact and A C X. Show that A is compact if and only if it is closed in X.

Let (X, d) be a metric space. Prove that compactness is equivalent to completeness plus total
boundedness.

Prove that a product of finitely many compact spaces is compact. (Hint: use the finite-
intersection characterization.)

[*] (Tychonoff in a special case.) Let X = {0,1}’ with the product topology. Prove that X is
compact. (Hint: identify X with the set of ultrafilters on P(.J), or use the finite intersection
property directly.)
Let X be locally compact Hausdorff. Construct the one-point compactification X* = X U{oo}
and prove:

(a) X* is compact and Hausdorff;

(b) X is open and dense in X*;

(c) X* is Hausdorff if and only if X is locally compact Hausdorff.

[¥] Let X be non-compact locally compact Hausdorff. Show that X* is connected if and only
if X is connected and not compact.

Problem Set 8: Baire category and applications

1.

A set A C X is nowhere dense if int(A) = 0, and meagre if it is a countable union of nowhere

dense sets. Show that:

(a) every nowhere dense set has empty interior;

(b) the closure of a nowhere dense set is nowhere dense;

(c) a countable union of meagre sets is meagre.
Prove the Baire Category Theorem for complete metric spaces: if (X, d) is complete and (U,,)
is a sequence of open dense sets, then (2 U,, is dense.
Conclude that R is not a countable union of nowhere dense sets (in particular, not countable).

Let X be a Baire space. Prove that every nonempty open subset of X is not meagre in X.

[x] Let C([0,1]) be the space of real-valued continuous functions on [0, 1] with the sup norm.
Show that the set of nowhere differentiable functions is dense (and in fact comeagre) in
C([0,1]). (You may quote a standard theorem, for example, the Banach—Mazur theorem, if
known.)
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Use Baire category to show that if (X, d) is complete and f, : X — R are continuous with
fn(x) — f(z) pointwise, then the set of points where f is continuous is a G5 set. (Hint:

oscillation of f.)

Let X be compact Hausdorff and C(X) the Banach space of continuous real functions with

the sup norm. Show that if (f,,) is Cauchy in || - ||, then (f,,) converges uniformly to some
fel(X).

[*] Show that every locally compact Hausdorff space is a Baire space.

Problem Set 9: Urysohn—Tietze, metrization, and separation

1.

10.

Let X be normal and A, B C X be disjoint closed sets. Prove Urysohn’s Lemma: there exists
f:X —[0,1] continuous with f|4 =0 and f|p = 1.

Use Urysohn’s Lemma to show that every normal T} space is completely regular.

State and prove the Tietze Extension Theorem for normal spaces: if X is normal, A C X
closed, and f: A — [—1,1] continuous, then f extends to a continuous F': X — [—1,1].

Let X be a space and F C C(X,][0,1]) a family of continuous functions separating points
from closed sets. Show that the evaluation map

e: X = [0,17,  e(z)=(f(x))ser

is an embedding.
Prove that every completely regular T} space embeds in a cube [0, 1]’ for some index set 1.

(Urysohn metrization.) Prove that every regular second countable space is metrizable. (You

may assume the existence of a countable base and construct a metric via Urysohn functions.)
Show that a compact Hausdorff space is metrizable if and only if it is second countable.

[x] (Nagata—Smirnov, special case.) Prove that every metrizable space admits a o-locally
finite base.

Let X be Hausdorff and second countable. Prove that X is separable. Is the converse true?

Give an example.

[*] Give an example of a normal space X for which X x X is not normal. (Hint: the Sorgenfrey

line.)

110



MA549: Topology

References

[1] J. R. Munkres, Topology, Pearson India, 2015.

[2] C. W. Patty, Foundations of Topology, Second Edition, Jones & Bartlett Student Edition, 2010.
[3
[4

G. F. Simmons, Introduction to Topology and Modern Analysis, McGraw-Hill India, 2017.
S. Willard, General Topology, Dover, 2004.

]
]
|
]
[5] B. Mendelson, Introduction to Topology, Third Edition, Dover, 2003.

|

[6] J. L. Kelley, General Topology, Springer, 1982.

111



	Preface
	Introduction
	What topology abstracts
	Recurring proof patterns
	Roadmap of the notes
	Prerequisites and conventions

	Topological spaces, bases, and subbases
	From metric spaces to topologies
	Problem Set

	Closed sets, subspaces, and set-theoretic operations
	Closed sets and the subspace topology
	Closure of a set
	Interior of a set
	Limit points, boundary, and related notions
	Problem Set

	Continuity and homeomorphisms
	Continuous maps
	Problem Set

	Subspace, product, and quotient topologies
	Finite products: the product topology on X×Y
	Products, box topology, and the universal property
	Quotient spaces and quotient maps
	Problem Set

	Countability and separation axioms
	Separation axioms
	Countability axioms
	Problem Set

	Connectedness
	Connected spaces and components
	Path connectedness and local connectedness
	Problem Set

	Compactness and compactifications
	Compact sets
	Compactifications
	Problem Set

	Urysohn's lemma and Tietze's extension theorem
	Urysohn's lemma
	Tietze's extension theorem
	Problem Set

	Urysohn's metrization theorem
	Statement and proof
	Problem Set

	Convergence: sequences, nets, and filters
	Why sequences are not enough
	Closure and cluster points via nets
	Continuity in terms of nets
	Filters and ultrafilters (optional but standard)
	Countability and the sequential viewpoint
	Problem Set

	Baire category
	The Baire category theorem

	Notation and Glossary
	Problem Sets
	Problem Set 1: Topological spaces and bases
	Problem Set 2: Continuous maps and homeomorphisms
	Problem Set 3: Quotient spaces and compact spaces
	Problem Set 4: Connected spaces
	Problem Set 5: Countability and separation axioms
	Problem Set 6: Nets, filters, and general convergence
	Problem Set 7: Compactness, products, and compactifications
	Problem Set 8: Baire category and applications
	Problem Set 9: Urysohn–Tietze, metrization, and separation

	References

