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MA547: Complex Analysis

Preface

These lecture notes were prepared for the course MA5/7: Complex Analysis. They are intended to serve as
a graduate-level companion to lectures, tutorials, examination preparation, and independent study. The
principal aim is to present the mathematical content with continuity of exposition, precision of statements,
and readability of the text. Because complex analysis is a subject in which a small number of central
ideas generate a remarkably rich theory, particular care has been taken to make the logical development
of those ideas transparent.

The notes provide a systematic introduction to the classical theory of functions of one complex variable.
The discussion begins with the algebra and geometry of complex numbers and then develops the basic
topological language of subsets of the complex plane, including neighborhoods, open and closed sets,
connectedness, compactness, boundary, and closure. On this foundation the text turns to limits, continuity,
complex differentiability, and the Cauchy-Riemann equations, thereby introducing holomorphy and
the profound difference between real and complex differentiability. It then proceeds to the elementary
transcendental functions, branches of the logarithm, contour integration, Cauchy’s theorem and Cauchy’s
integral formula, power series, Taylor and Laurent expansions, zeros, harmonic functions, conformal
mappings, Mébius transformations, Schwarz lemma, isolated singularities, the argument principle, Rouché’s
theorem, and the residue theorem together with standard applications.

The arrangement of the material follows the usual syllabus of a first graduate course in complex
analysis, but its purpose is not merely formal. The sequence of topics reflects the internal architecture
of the subject: local differentiability leads to integral formulas, integral formulas lead to representation
theorems, representation theorems lead to rigidity principles, and these principles culminate in geometric
mapping results and the powerful methods of singularity theory. The notes therefore aim not only to
cover the prescribed contents of the course, but also to reveal the structural unity that makes complex
analysis one of the most elegant branches of mathematics.

Attention has also been given to the pedagogical organization of the text. Definitions, examples, and
subsidiary lemmas have been positioned close to the main results they support; proofs have been written
with emphasis on both strategy and detail; and exercises have been arranged so that the reader may move
gradually from foundational computation to more synthetic arguments involving several major theorems
at once. In places where students often encounter difficulty, the exposition has been adjusted to clarify
the role of connectedness, branch choices, local power-series structure, and the geometric meaning of
conformal mapping arguments.

The material has been organized from the typed manuscript together with the supplementary lecture-
note sources. The mathematical text is self-contained; diagrams, marginal indications, and page-level
source material are preserved in the source-note appendix so that no visual reference material is lost.
Descriptive context is inserted before or after definitions, theorems, lemmas, propositions, and examples
whenever such context clarifies the role of the result in the subsequent development.

A distinctive feature of complex analysis is that it unifies algebra, topology, geometry, and analysis in an
exceptionally rigid form. A single complex derivative forces a function to be infinitely differentiable, locally
representable by a convergent power series, and subject to strong global principles such as the identity
theorem, the maximum modulus principle, and analytic continuation. For this reason, the subject stands
both as a natural continuation of advanced calculus and real analysis and as an entry point into deeper
areas of mathematics, including harmonic analysis, differential geometry, partial differential equations,
and mathematical physics. It is hoped that these notes will help the reader see complex analysis not as an
isolated collection of results, but as a unified theory in which local structure and global consequence are
inseparably linked.
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Introduction

These notes provide a rigorous graduate-level introduction to classical complex analysis, guided throughout
by two complementary aims: conceptual clarity and mathematical precision. The exposition emphasizes
the rigidity of holomorphic functions and organizes the subject in a coherent progression from algebraic
and topological foundations to Cauchy theory, analytic continuation, conformal mapping, singularities,
residue calculus, and applications to definite and principal-value integrals.

Complex analysis is one of the central achievements of classical mathematics. It begins with
the seemingly modest extension of the real field by a square root of —1, yet this algebraic
enlargement produces a theory of functions whose local regularity is dramatically stronger than
anything familiar from ordinary real-variable calculus. A single complex derivative forces a
function to satisfy the Cauchy—Riemann equations, to be infinitely differentiable, to admit
local power-series expansions, and to obey global principles that connect interior behavior with
boundary information. The subject therefore combines algebra, geometry, topology, and analysis
in a remarkably tight and elegant way.

A second unifying theme of the course is the interplay between local structure and global
consequence. Local differentiability leads to integral formulas; integral formulas lead to power-
series representations; power-series representations lead to uniqueness theorems, maximum
principles, and analytic continuation; and these, in turn, culminate in the geometric theory of
conformal maps and the meromorphic theory of zeros, poles, and residues. The aim of these
notes is to make that logical architecture as transparent as possible while maintaining the level

of rigor, precision, and conceptual economy expected in a graduate treatment.

Prerequisites. The reader is assumed to be comfortable with core real analysis, elementary
point-set topology, multivariable differentiation, and line integrals. Familiarity with compactness,
connectedness, continuity, sequences, and basic differential calculus in R? is used throughout

without repeated review.

Logical organization. The exposition has been arranged so that the principal theorems are
proved only after their prerequisites have been established. Ideas such as branch choice and
simple connectivity are previewed early for motivation, but the full proofs of global logarithm
branches, maximum principles, and mapping theorems are placed at the point where Cauchy’s

theorem, Taylor expansion, and the identity theorem are available.

Standing conventions. Unless stated otherwise, {2 denotes an open subset of C, and a domain
means a connected open set. Closed disks are written W, positively oriented contours are
traversed counterclockwise, and the notation Hol(£2) refers to the class of holomorphic functions
on ). When a statement is first proved under additional smoothness or geometric hypotheses,
the later goal is usually to identify the exact form in which those hypotheses can be weakened

without changing the conclusion.
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Syllabus-aligned organization. The notes follow a direct chapter-by-chapter progression.
After the algebra and geometry of complex numbers, we develop the topology of the complex plane
and the differential theory of holomorphic functions in a systematic order. We then introduce
the elementary transcendental functions, complex integration, and Cauchy theory, followed by
power series and analytic continuation. With this analytic core established, the exposition turns
to harmonic functions, conformal mappings, Schwarz lemma, and automorphisms of the disk,
and concludes with Laurent theory, isolated singularities, residue calculus, and applications to

definite and principal-value integrals.

How to use these notes. Definitions and structural lemmas precede the main theorems of
each chapter, and chapter abstracts signal the conceptual role of the material before the technical
development begins. Wherever possible, the proofs have been arranged so that the strategic idea
is visible before the computational details. The problem sets at the end are designed not merely
as routine exercises but as extensions of the exposition: they move from foundational checks to
synthesis problems that connect several chapters at once. A bibliography is included at the end
of the notes for further reading, historical perspective, and alternative treatments of the main

topics.

Notation and conventions. Throughout, C denotes the complex plane, D = {z € C : |z| < 1}
the open unit disk, and Hol(2) the algebra of holomorphic functions on an open set Q C C.
Unless otherwise stated, a domain means a nonempty connected open subset of C. Curves
are assumed to be piecewise C'' when contour integration is discussed, and positively oriented
simple closed curves are oriented counterclockwise. The notation D(a,r) and B(a,r) is used

interchangeably for open disks when no ambiguity can arise.
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CHAPTER 1

Complex Numbers

This opening chapter establishes the algebraic and geometric language of the complex plane. We develop
the modulus, conjugation, argument, and polar representation, and we emphasize the geometric meaning
of complex multiplication as the foundational mechanism behind later analytic phenomena.

Learning objectives

e Understand the algebraic and geometric models of C and move fluently between rectangular

and polar coordinates.
e Use modulus, conjugation, and argument to derive estimates that later become analytic tools.

¢ Recognize the first rigid geometric features of complex multiplication.

Chapter roadmap
e We begin with the field structure of C and its Euclidean geometry.

e We then isolate the quantitative estimates—especially the triangle inequality and polar

representation—that recur throughout the course.

e The chapter closes by preparing the language of argument and elementary geometry needed

for logarithms, power series, and contour integration.

1.1 Complex Number System

We begin with the algebraic enlargement of R that makes the theory possible. The elementary notions
introduced here—especially modulus, conjugation, and polar representation—already encode the Euclidean
geometry of the plane and provide the estimates that will recur throughout the subject.

The quadratic equation 22 4+ 1 = 0 has no solution in R. We adjoin a symbol i satisfying

and define the complex numbers to be expressions of the form
z=x 41y, xz,y € R.

The set of all complex numbers is denoted by
C={z+iy:x,y e R},

and becomes a field under the usual addition and multiplication.

3
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It is convenient to identify z = = + iy with the point (z,y) € R?, and to use the matrix model

T+ 1y — ,
y X

under which multiplication of complex numbers corresponds to matrix multiplication.

For z = x + iy, we write Re z = x and Im z = y. The complex conjugate of z is the reflection
across the real axis,

Zi=x—1y.

|z == /22 + y2.

These notions satisfy the elementary identities

The modulus of z is

Rez = 3(z +72), Imz = (2 — 2), 2z = 2%,

and the conjugation rules z1 + 29 = Z1 + Z2 and Z123 = Z1 Z».

If z =2+ iy # 0, then

X

x J—

det( y)—xz—i—yz;&o,
Yy

hence the inverse matrix exists and one obtains the familiar formula
1 T —1y z

2 212 2

Triangle inequality and related estimates

For z1,2 € C,

|21 + 22!2 = (21 + 22) (21 + 22) = (21 + 22)(Z1 + Z2)
= |21 + |z2? + 21Z2 + Z122 = |21]* + |22/* + 2 Re(21%2)

< a1 + |22 + 2|21 |22] = (J21] + [22])?,
which yields the triangle inequality
|21 + 22| < |21 + | 22].
A standard consequence is the reverse triangle inequality
[|21] = |z2|| < |21 — 2.

In particular, the map z — |z| is uniformly continuous on C.
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Polar representation

A point on the unit circle may be parametrized by

cosf + isin 6, 0 € [0,2m).

(cos Gnsin 0)

9,

2

Figure 1.1: Unit circle and the polar angle 6.

If z #£ 0, then ‘é] =1, so |§| lies on the unit circle and hence
ﬁ = cosf +isind for some 6 € [0, 27).
z

Writing r := |z| > 0, we obtain the polar form
z =r(cosf@ +isin0).

The angle 0 is called an argument of z; the systematic discussion of arguments is taken up in the

next section.

1.2 Argument of a Complex Number

The passage from rectangular to polar form reveals that multiplication in C combines dilation with rotation.
The notion of argument records this angular information and prepares the way for roots, powers, branches
of the logarithm, and the topological phenomena that appear later.

Let z € C\ {0}. If
z=re? (r=|z| >0),

then every number of the form 6 + 27k with k € Z determines the same point z. This motivates
the argument set
arg(z) .= {0+ 27k : z=re", ke Z}).

Thus arg(z) is inherently multivalued.
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To obtain a single-valued choice, one usually selects the principal argument
Arg(z) € (—m, 7],

and then writes
arg(z) = Arg(z) + 27k, ke Z.

Example 1.1 (Principal argument of 7). For z = i, one has
arg(i) = {g +27k: ke Z} , Arg(i) = g

The argument behaves naturally under multiplication. If

21 = re'?, 29 = 19€'%2
then
2129 = r1roet@1102) (1.1)
Consequently,
|2122] = |21] | 22],

and, for nonzero z1, zo,

arg(z129) = arg(z1) + arg(z2),

where the equality is understood modulo integer multiples of 2.

More generally, if z; = rjeief for j=1,...,n, then
21 2y =T1" " Tn 61(614_—"_6”)
In particular, if z = re', then

Equivalently,
2" = [r(cos@ +isin#)]" = r"(cosnd + isinnf), (1.2)

which yields de Moivre’s formula
(cos @ +isin )" = cos(nb) + isin(nd).

We now describe the solutions of the equation z" = zy for a given zy € C.

Proposition 1.2 (nth roots). Let zg # 0 and write

20 = |20](cos a + i sin o).
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Then the solutions of 2™ = zy are precisely
2rk 2rk
\Zoyl/"(costrisinm), k=0,1,...,n—1.
n n

Hence every nonzero complex number has exactly n distinct nth roots.

Proof. If 2" = zg and z = pe®, then

p" = |z0l, nb € arg(zp),
s0 p = |z|"/" and
o+ 27k
g—= LT
n

for some integer k. Distinct values of £ modulo n give distinct roots, and each number listed

above indeed satisfies z™ = zj. ]

Example 1.3 (Roots of unity). Taking zg = 1 = cos0 + i sin 0, we obtain the nth roots of unity:

. 27k 2k
QQMk/n:COSL—i—iSiDL, k=0,1,...,n—1.
n n

These points are equally spaced on the unit circle.
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CHAPTER 2

Topology of the Complex Plane

Complex analysis is built on a precise topological understanding of subsets of C. This chapter develops the
notions of neighborhood, closure, boundary, connectedness, and compactness that underlie the definitions
of domain, continuity, path connectedness, and later existence theorems in the subject.

Learning objectives

o Formulate openness, closedness, compactness, and connectedness in the complex plane with
complete precision.
o Translate between geometric intuition and topological definitions.

e Understand why domains are the natural ambient spaces for complex analysis.

Chapter roadmap

o The first sections develop the local language of neighborhoods, closures, and boundary points.

e The middle of the chapter studies connectedness, path connectedness, and the polygonal
geometry of open subsets of C.

e We end with continuity and compactness results that will later support maximum principles

and contour arguments.

2.1 Neighborhoods, Open Sets, and Closed Sets

Complex analysis is a local theory, and its fundamental definitions are therefore phrased in topological
language. Before differentiability and integration can be treated rigorously, we must understand how
neighborhoods, openness, and closedness describe the local and global structure of subsets of C.

We recall the basic topological notions on C induced by the Euclidean metric d(z,w) = |z —w].

For zy € C and r > 0, the open disk of radius r centered at zq is
B(zp,r) :={2€C:|z— 2| <r}.

The set B(zo,7) \ {20} is called a deleted neighborhood of z.

Definition 2.1 (Open and closed sets). A set U C C is open if for every z € U there exists
r > 0 such that B(z,r) CU. A set F' C C is closed if its complement F¢ := C\ F is open.

Definition 2.2 (Limit points and derived set). Let S C C. A point z € C is a limit point of S
if every deleted neighborhood of z meets S, that is,

(B(z,m)\{z}) NS # & for every r > 0.
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The set of all limit points of S is denoted by S’ and is called the derived set of S.

Definition 2.3 (Interior, closure, and boundary). For S C C, the interior of S is
S°:={z¢€ S : there exists r > 0 with B(z,r) C S}.

The closure of S is
S:=5Sus.

The boundary of S is
08 =5\ S°.

Proposition 2.4 (Characterizations of closed sets). For a set S C C, the following are equivalent:
(i) S is closed;
(ii

i) S¢ is open;
(iii) S contains all of its limit points;
)

S=S.

(iv
Proof. The equivalence of (i) and (7) is the definition of closedness. Assume S is closed and let
ze S Ifz¢ S, then z € 5S¢ and since S¢ is open there is r > 0 such that B(z,r) C S°. This
contradicts the fact that every deleted neighborhood of z meets S. Hence z € S, so S contains
all its limit points.

Conversely, suppose S contains all its limit points. If z € S¢, then z is not a limit point of
S; otherwise z € S. Thus there exists 7 > 0 such that B(z,r) NS = &, and hence B(z,r) C S°.
Therefore S¢ is open, so S is closed. Finally, S = S is equivalent to S’ C S, namely to the
assertion that all limit points of S already belong to S. O

Definition 2.5 (Components). A component of a topological space X is a maximal connected

subset of X (with respect to inclusion).

Example 2.6 (A disconnected annulus-with-disk example). The set
X={z€C: |z|<itu{zeC: 3<|z| <1}

has two components, namely {|z| < 3} and {3 < [2| <1}

Remark 2.7 (Basic properties of components). Components are always closed, pairwise disjoint,

and their union is the whole space.

2.2 Examples of Limit Points and Derived Sets

Abstract definitions acquire real force only when tested on representative examples. The aim of this
section is to develop geometric intuition for accumulation phenomena, since limit points govern closure,
compactness, and the behavior of zeros of analytic functions.
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Example 2.8 (A basic sequence accumulating at 0). Let
1
S = {:nEN}CRCC
n

Then the only limit point of S is 0; equivalently, S = {0}. In particular, S is not closed and
S=S5u{o0}.

Y
8

1
2

Ut
N
ol

Figure 2.1: The sequence (1/n) accumulates at 0.
Example 2.9 (A hyperbola has no new limit points at the origin). Let
S={(@ 1) :zeR\{0}} cRZ=C.
Then every point of S is a limit point of S, and .S has no additional limit points. More precisely,
S'=9 and hence S=28.

Indeed, the parametrization x — (x,1/z) is continuous on (0, c0) and on (—o0,0), so points of S
are non-isolated. On the other hand, near the origin the hyperbola stays outside a neighborhood
of (0,0) (since |1/z| — o0 as = — 0), so (0,0) is not a limit point.

_|L no points o

Figure 2.2: The hyperbola y = 1/x avoids a neighborhood of the origin.
Example 2.10 (The topologist’s sine curve (derived set)). Let
. 2
S:=<|xz,sin—|:zeR, x#0, CR“
T

10
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Then
S'=SuU ({0} x [-1,1]).

In particular, the closure S is obtained by adjoining the vertical segment {0} x [—1,1] to the
oscillating graph.

2.3 Closed Sets, Closure, and Boundary

Closure and boundary formalize the idea of adjoining the points that lie infinitesimally close to a set. These
notions are indispensable in later arguments involving compactness, approrimation, and the distinction

between interior behavior and boundary behavior.

Recall that a set S C C is closed if it contains all of its limit points; equivalently, S’ C S.
Since
S=5u9,
this immediately yields the following characterization.

Proposition 2.11 (Closed sets and closure). For a set S C C, the following are equivalent:
(i) S is closed;

(ii) S’ C S;
(iii) S
(iv) S€ is open.

Proof. The equivalence of (7) and (iv) is exactly Theorem 2.4. If S is closed, then by definition
S’ C S, which is (ii). Conversely, (ii) says precisely that S contains all of its limit points, so S is
closed. Also, if S is closed then S = SU S’ = S, which yields (ii). Conversely, if S = S, then

S"c S =S5,s0 8 is closed. Hence all four conditions are equivalent. O

The boundary and interior describe how a set sits inside the ambient plane.

Proposition 2.12 (Closure, interior, and boundary). For every S C C,
S =5°U08, S°Nos =a.

In particular, the closure decomposes into the interior points of S together with its boundary

points.
Proof. By definition, S = S\ S°. Hence S = S° U S, and the union is disjoint. O

Example 2.13. Let S={z€C:|z|] <1}. Then S°=S,S={2€C:|z| <1}, and
0S={ze€C:|z|] =1}

Thus the unit circle is precisely the boundary of the open unit disk.

11
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2.4 Connected Sets

Many of the characteristic rigidity theorems of complex analysis require the underlying set to be in one
piece. Connectedness is the topological condition that prevents decomposition into disjoint open parts and
thereby underlies the notion of a domain.

Definition 2.14 (Connectedness). A set £ C C is connected if it cannot be written as the union
of two disjoint nonempty open subsets of E (with the relative topology). Equivalently, there do
not exist disjoint nonempty open sets U, V C C such that

EcUUV, EnNU#2, ENV#02.

Definition 2.15 (Path connectedness). A set E C C is path connected if for every a,b € E
there exists a continuous map = : [0,1] — E with 7(0) = a and (1) = b.

Definition 2.16 (Simply connected planar domain). A domain 2 C C is called simply connected
if every closed continuous curve in €2 is homotopic in 2 to a constant curve. Geometrically, one
may think of such a planar domain as having no holes; this phrase is only an intuition, while the
homotopy condition is the formal definition. For the analytic applications below, the essential
consequence is that integrals of holomorphic functions over closed curves in simply connected

domains vanish once Cauchy’s theorem has been established.

Proposition 2.17 (Continuous images of connected sets). If E is connected and f: E —Y is

continuous, then f(FE) is connected.

Proof. 1If f(F) Cc UUV with U,V disjoint open in Y and both f(E)NU and f(E)NV nonempty,
then E = f~1(U)Uf~1(V) is a separation of E into two disjoint nonempty open sets, contradicting

connectedness. I

Remark 2.18. Every path connected set is connected (apply Theorem 2.17 to the path [0,1] — E).
The converse is false in general, but it becomes true for open subsets of C; see the next section.

2.5 Polygons and Connectedness

Piecewise linear paths provide a concrete bridge between topology and integration. By understanding
polygons and polygonal connectivity, we prepare the geometric language needed for contour integrals,
homotopy arguments, and simply connected regions.

A particularly useful class of paths in C is the class of polygonal paths, that is, continuous

curves obtained by concatenating finitely many straight line segments.

Theorem 2.19 (Open connected sets are polygonally connected). Let G C C be open. Then G
is connected if and only if G is path connected. Moreover, any two points of G can be joined by a

polygonal path lying entirely in G.

Proof strategy. Fiz one point and consider the set of points reachable from it by polygonal paths

staying in the domain. Openness of the domain shows that this reachable set is open, while a small-ball

12
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argument around limit points shows that it is also closed in the relative topology. Connectedness then

forces the reachable set to be the whole domain.

Proof. If G is path connected, then it is connected by the remark following Theorem 2.17.

Conversely, assume that G is open and connected. Fix a point zg € G and let A C G be
the set of all points that can be joined to zg by a polygonal path contained in G. Then A is
nonempty and satisfies A C G.

Step 1: A is open in G. Let z € A. Since G is open, there exists r > 0 such that B(z,r) C G.
For any w € B(z,r), the segment [z, w] C B(z,r) C G, and concatenating a polygonal path from
2o to z with [z, w] shows that w € A. Hence B(z,7) C A, so A is open.

Step 2: A is closed in G. Let (z,) C A with z, — z € G. Since G is open, choose r > 0 such
that B(z,r) C G. For n large enough, z, € B(z,r), and then the segment [z,,z| C B(z,r) C G.
Concatenating a polygonal path from zy to z, with [z,, 2] yields a polygonal path from zg to z
in G. Thus z € A, and A is closed.

Since G is connected and A C G is nonempty, open, and closed in the relative topology, it
follows that A = G. Therefore every point of G can be joined to zy by a polygonal path, and
hence any two points of G can be joined by a polygonal path in G. O

Remark 2.20. The openness assumption is essential. A connected subset of C need not be path
connected in general; the topologist’s sine curve is the standard counterexample. What the
theorem shows is that open connected sets are geometrically much better behaved than arbitrary

connected sets.

2.6 Products of Connected Sets

It is important to know how connectedness behaves under natural constructions. Stability results of this
kind allow us to manufacture new connected regions from familiar ones and sharpen our geometric control
over subsets of the plane.

In applications it is useful to pass between subsets of C = R? and Cartesian products of
subsets of R.

Proposition 2.21 (Products preserve connectedness). Let A, B C R be connected (equivalently,
intervals). Then A x B C R? = C is connected. More generally, if A C R™ and B C R" are
connected, then A x B C R™T" s connected.

Proof. Fix by € B and consider the “cross”
C:= (A x{b})U ({ao} x B) C Ax B,

where ag € A is arbitrary. Both A x {bp} and {ap} x B are continuous images of connected sets,
hence connected, and they intersect at (ag,bp). Therefore C' is connected.
For each a € A set
Cq = (Ax{bo})U ({a} x B).

13
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As above, each C, is connected and contains the common subset A x {bp}. Hence the union
Uaea Cq is connected. But J,e4 Co = A X B, so A x B is connected. O

aOabO)

ﬁo

Figure 2.3: A connected “cross” inside A x B (used in the proof of Theorem 2.21).

Proposition 2.22 (Graphs of continuous functions). Let S C C be connected and let f: S — C

be continuous. Then the graph
Gr={(z,f(»): z€S}cC?

is connected. Conversely, if Gy is connected, then S is connected.

Proof. The map g: S — C2, g(z) = (2, f(2)), is continuous and satisfies g(S) = G. Hence Gy is
connected by Theorem 2.17. Conversely, the projection 71 : C? — C, 7m1(z,w) = z, is continuous

and 71 (G¢) = S; therefore S is connected whenever G¢ is connected. O
Remark 2.23. A component of a topological space is a maximal connected subset. Components
are always closed and pairwise disjoint, and their union is the whole space.

2.7 More Examples and Extensions

Further ezamples are useful not merely for illustration but for calibration: they show precisely how far the
preceding definitions reach and where naive geometric intuition can fail. Such examples become increasingly
valuable once analytic statements begin to depend sensitively on topological hypotheses.

Proposition 2.24 (Connectedness between a set and its closure). Let A C C be connected and
let B satisfy A C B C A. Then B is connected. In particular, A is connected.

Proof. Assume for contradiction that B is disconnected. Then there exist disjoint nonempty
open sets U,V C C such that BC UUV and BNU # @, BNV # &. Since A C B is connected,
we must have A C U or A C V; assume A C U. Because V is open and disjoint from U, we
have VNU = &, hence VNA =g (as A C U). But B C A, so BNV = g, contradicting
BNV #£@. O

Example 2.25 (Topologist’s sine curve). Consider the subset S C R? given by
§={(z,sin1):0 <z <1}U{0} x [-1,1)).

14
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Then S is connected but not path connected. This example shows that connectedness and path

connectedness may differ for sets that are not open.

2.8 Sequences, Limits, and Continuity

The language of limits and continuity provides the first rigorous description of local behavior. These
notions are inherited from real analysis, but in the complex setting they serve as the immediate prelude to
differentiability and later to uniform convergence of analytic functions.

Let S C C. A complez-valued function on S is a map
f:9—>C.

When convenient, we write
f(z) = u(2) +iv(2),

where u,v : S — R are the real and imaginary parts of f.

2.8.1 Sequences and Limits

A sequence in C is simply a map N — C. We usually write it as (z,),>1, where
Zn = Tn + 1Yp.

Definition 2.26 (Convergence of a sequence). A sequence (z,) converges to z € C if for every
€ > 0 there exists N € N such that

lzn — 2| < € for all n > N.

In that case we write

Zn — 2 or lim z, = z.
n—o0

Proposition 2.27 (Componentwise convergence). Let z, = xy, + iy, and z = x + iy. Then
Zn =2 <= xn,—x and y, — .
Proof. If z, — z, then
|zn — x| = |Re(zn — 2)| < |2n — 2], [y — y| = [Im(2n — 2)| < |20 — 2],

so xp, — x and y, — ¥.
Conversely, if , — « and y, — vy, then

20— 2l = /(@0 — 2)2 + (Yo — 9)? < |20 — 2] + lya — 9,
and the right-hand side tends to 0. Hence z, — z. O

15
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Limits of functions. Let zg € C, let r > 0, and suppose
f:B(z0,7)\ {20} — C.
We say that f has limit £ at zg if for every € > 0 there exists 6 > 0 such that
0<l|z—2|<d = |f(z)—{|<e

In that case we write

Jim f(z) = .
If
f(Z)ZU(.’L‘,y)+Z1)(.’B,y), Z:JU‘H% 20:$0+iy07
then

lim f(z) =a+if

Z—20
if and only if

lim u(z,y) =« and lim v(x,y) = p.
(z,y)—(z0,y0) (@9) (z,y)—(zo,y0) (@9) =5

Remark 2.28 (Uniqueness of limits). If lim,_,,, f(z) exists, then it is unique.

Remark 2.29 (Path test). A point zp may be approached along infinitely many curves. Therefore,
if lim,_,,, f(z) exists, it must have the same value along every path tending to zy. In practice,
exhibiting two paths that yield different limiting values is a standard way to show that the limit

does not exist.

Proposition 2.30 (Reciprocal limit law). Let f: B(zo,7) \ {20} — C satisfy

lim f(z) =a #0.

Z—20

Then
1 1

S0 f2) o

Proof. Since o # 0, choose 1 > 0 such that

0<l|lz—2] <01 = |f(z)—a|l< g’.
Then, for such z,
7)) 2 lol ~ 1) — ol > 2],
s0 f(2) # 0 near 2.
How L1 lfe)—al _ 2
-2l £(2) —af

@Il T af?

() «a

16
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Because |f(z) — a| — 0 as z — zp, the right-hand side tends to 0. This proves the claim. O

2.8.2 Continuity

Let S C C and let f: S5 — C. We say that f is continuous at zg € S if for every ¢ > 0 there
exists 0 > 0 such that

z€S8, lz—2| <0 = |f(z)— f(z20)] <e.

Equivalently,
lim f(z) = f(z0)-

Z—20

2.9 Continuity and Compactness in Complex Analysis

Compactness is the mechanism that converts local information into global conclusions. In complex analysis
it appears constantly: in the attainment of extrema, in uniform continuity, and in many arguments where

continuity on a small scale must be promoted to a global statement.

Proposition 2.31 (Sequential criterion for continuity). Let f : S — C. Then f is continuous
at zg € S if and only if for every sequence (z,) C S with z, — 29, one has

f(zn) = f(20).
Proof. Assume first that f is continuous at zy. Let € > 0. Choose § > 0 such that
lz—z20|l <0 = [f(2) - f(20)] <e (2.1)

If z, — 20, then |z, — 2o| < § for all sufficiently large n, and (2.1) implies |f(z,) — f(20)] < €
eventually. Hence f(z,) — f(z0).

Conversely, suppose f is not continuous at zy. Then there exists ¢g > 0 such that for every
0 > 0 one can find z € S with

|z — 20| < O but |f(2) = f(z0)] > €o.
Choosing § = 1/n for each n, we obtain a sequence (z,,) C S such that
1
zn =20l <~ and [f(z) = f(20)] 2 co.

Then z, — 20, but f(z,) # f(20), a contradiction. O

Proposition 2.32 (Basic continuity properties). Let S C C and let zp € S.
(i) If f: S — C is continuous at zog and f(z9) # 0, then 1/f is continuous at zo.

(ii) If f = u+iv, then f is continuous at zo if and only if both u and v are continuous at zp.

17
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(iii) If f : S — C is continuous at zo and f(z9) # 0, then there exists § > 0 such that
z€SNDB(z,0) = f(z)#0.

Proof. Part (i) follows from Theorem 2.30. Part (%) is immediate from the componentwise

characterization of limits. For (%i7), continuity at zo gives 6 > 0 such that

\f(z)—f(z0)|<%]f(zo)] whenever z € S, |z — zo| < 6.

Then .
[F(2)] 2 1f(z0)| = [£(2) = f(z0)| > 51f(20)] > 0,

so f(z) # 0 on SN B(z,0). O

2.9.1 Uniform Continuity

A function f: S — C is said to be uniformly continuous on S if for every € > 0 there exists § > 0
such that for all z,w € S,

p—wl <6 = |f(z) - fw)] <e.

Remark 2.33. Uniform continuity is stronger than pointwise continuity because the same § must
work simultaneously for all points of S. If f and g are uniformly continuous on S, then f + ¢ is
uniformly continuous on S.

2.9.2 Compactness

Definition 2.34 (Compactness). A set K C C" is called compact if it is closed and bounded.
Remark 2.35. In C" = R?", this is exactly the Heine-Borel characterization of compactness.
Theorem 2.36 (Continuous images of compact sets). Let K C C be compact and let f : K — C

be continuous. Then f(K) is compact.

Proof. Because compactness in C is equivalent to sequential compactness, it suffices to show that
every sequence in f(K) has a convergent subsequence whose limit still lies in f(K).
Let (wy,) C f(K). For each n choose z, € K such that w, = f(zy). Since K is compact, there

exists a subsequence (z,, ) and a point z € K with
Zn, — 2.

By continuity of f,

Thus every sequence in f(K) has a convergent subsequence with limit in f(K), so f(K) is

compact. [

18
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CHAPTER 3

Holomorphic Functions

Here we enter the central theme of the course: complex differentiability. We define holomorphic functions,
derive the Cauchy—-Riemann equations, interpret the derivative as a complex-linear differential, and isolate
the decisive distinction between real differentiability and genuine holomorphicity.

Learning objectives

e Distinguish real differentiability from complex differentiability and understand the rigidity
introduced by complex linearity.

e Derive and interpret the Cauchy—Riemann equations.

e Connect local differential criteria with the global analytic viewpoint.

Chapter roadmap
e We begin by defining complex differentiability and comparing it with ordinary differentiability

on R2.
e The Cauchy-Riemann equations and the complex-linearity of the Jacobian reveal the algebraic
content of holomorphy.

e The chapter culminates in sufficient criteria, permanence properties, and the first constancy

principle.

3.1 Complex Differentiation

Complez differentiability is the decisive new notion of the subject. Although it is defined by the same
formal limit as in real calculus, its consequences are vastly stronger, and the remainder of the theory may
be viewed as an unfolding of that single definition.

Let D C C be open. A function f: D — C is said to be complez differentiable at zg € D if

the limit Fzo+h) — F(z0)
f/(z()) — }llli&) 20 - - 20

exists. If f is complex differentiable at every point of D, then f is called holomorphic on D.

(3.1)

The crucial feature of (3.1) is that the increment A € C may approach 0 from every complex di-
rection. This makes complex differentiability much more restrictive than ordinary differentiability
for functions of two real variables.

Example 3.1. For f(z) = 22,

(z+ h)? — 22

Y =2z+h — 2z,
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so f'(z) = 2z. More generally, if f(z) = 2" with n € N, then f/(z) = nz""L.

Example 3.2. The function f(z) = Z is nowhere complex differentiable. Indeed,

fzth) ~ 1) _
h

> =

If h =1t e R\ {0}, this quotient equals 1, whereas for h = it it equals —1. Hence the limit does

not exist.
Example 3.3. The function f(z) = |z|?> = 2% is complex differentiable only at z = 0. Indeed,

2+ A2 = |2]* _

h

If z # 0, the term zh/h depends on the direction of approach, so the limit fails to exist. At
z = 0 the quotient reduces to h — 0, so f'(0) = 0.

3.2 Algebra of Differentiation

Once differentiability has been defined, one must verify that it interacts well with the usual algebraic
operations. These rules make the class of holomorphic functions manageable and permit later constructions

by composition, quotient formation, and iterative differentiation.
The familiar algebraic rules of differential calculus remain valid in the complex setting.

Proposition 3.4 (Linearity, product rule, quotient rule). Suppose f and g are complex differen-
tiable at zg and let o, 8 € C. Then:

(i) (af +Bg)(20) = af'(20) + BY'(20);
(ii) (f9)'(20) = f'(20)9(20) + f(20)9'(20);
(iii) if g(20) # 0, then f/g is complex differentiable at zy and

(f)' (20) = f'(20)9(20) — f(20)g' (20)
g) " 9(20)?

Proof. Part (i) follows immediately from the linearity of limits. For the product rule, write

f(z0 +h) — f(20)
h

f(z0+h)g(z0 +h) — f(20)g(20)
h

g(20 +h) — g(20)
h

=g(z0 +h)

+ f(20)

Since differentiability implies continuity, g(zo+h) — g(z0) as h — 0; passing to the limit therefore
gives

(f9)'(20) = f'(20)9(20) + f(20)g'(20)-

For (iii), set ¢ = 1/g near zy. The identity gg = 1 and the product rule yield

0= (99)'(20) = ¢'(20)a(20) + 9(20)d’ (20),

20
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SO

/
’ 9'(20)
z0) = — .
¢ (20) o(z0)2
Applying the product rule to f/g = fq gives the stated quotient formula. O

3.3 The Cauchy—Riemann Equations

The Cauchy—Riemann equations provide the first visible manifestation of the rigidity of complex differ-
entiability. They translate the single complex derivative into a coupled system of real partial differential
equations and thereby reveal that holomorphic functions are highly constrained objects.
Write z = x + iy and let
f(z) = u(z,y) +iv(z,y),
where u and v are real-valued functions on D C C = R2?. A necessary condition for complex
differentiability is obtained by taking the limit in (3.1) along the real and imaginary axes.

Theorem 3.5 (Necessary form of the derivative). Assume that f = u+iv is complex differentiable

at zg = xg + iyo. Then the first-order partial derivatives of u and v exist at (xg,yo) and satisfy

uz‘(l‘()uy()) = Uy(3307y0)7 uy(x()?y()) = _Ux(JUanO)- (32)

Moreover,

f(20) = ug(wo, yo) + e (20, y0) = vy(20, o) — iuy (0, Yo). (3.3)

Proof strategy. Evaluate the difference quotient along two distinguished families of increments: first
along the real axis and then along the imaginary azis. Because a complex derivative, if it exists, is
independent of the direction of approach, the two limiting expressions must agree. Comparing real and
imaginary parts produces the Cauchy-Riemann equations.

Proof. Take h =t € R. Then

flzo+1) — f(20) _ u(wo +t,90) — u(xo, Yo) n v(zo +t,y0) — v(T0,Yo)
t

As t — 0, the left-hand side tends to f’(zg). Hence its real and imaginary parts converge, which
shows that wu,(zo,yo) and v, (zo, yo) exist and that

f'(20) = uaz(xo, yo) + ivz(wo, yo).

Now take h =it with ¢t € R. Since 1/(it) = —i/t,

it t t

f(zo +it) — f(20) . u(®o,y0 +1) — u(zo,y0) + v(wo, yo +t) — v(wo, Yo)
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Letting t — 0, we conclude that wu,(z¢, yo) and vy(xo, yo) exist and that

f(z0) = vy(z0,y0) — iuy(xo, yo)-

Comparing the two expressions for f’(z9) and equating real and imaginary parts yields (3.2) and
(3.3). O

Im z
A2:0 + it

20
20+t

> Rez

Figure 3.1: Real and imaginary directions used in the derivation of the Cauchy—Riemann equations.

Remark 3.6. The Cauchy—Riemann equations are necessary for holomorphy, but by themselves

they are not sufficient at a single point. A counterexample is given in Section 3.6.

Example 3.7 (Consistency check). If f(z) = 22, then u(z,y) = 2? — y? and v(x,y) = 22y. One
computes
Uy = 2, Uy = —2y, Vy = 2y, vy = 2,

so the Cauchy—Riemann equations hold everywhere and
() = ug + vy = 21 + 2iy = 22.

Although elementary, this example illustrates exactly how the real Jacobian becomes multiplica-

tion by a complex scalar.

3.4 Complex-Linearity of the Differential

The derivative of a holomorphic function is more than a real linear map on R2: it is given by multiplication
by a complex number. This observation gives a conceptual explanation of angle preservation and clarifies
why complex differentiability is fundamentally stronger than ordinary real differentiability.

The Jacobian matrix of f = u +iv at (x,y) is the real 2 X 2 matrix

Df(z,y) = (ux uy> :

Vg Uy

If f is complex differentiable, this real linear map must in fact be multiplication by a complex

number.
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Proposition 3.8 (Complex-linear form of the Jacobian). Suppose that the first-order partial

derivatives of u and v exist at (xg,y0). Then the following are equivalent:

(i) the Jacobian matriz D f(xo,y0) is of the form

for some a,b € R;
(ii) the Cauchy—Riemann equations hold at (xo,yo);
(iii) the real differential acts as multiplication by the complex number a + ib.

In this case one has a = uy(xo,y0) and b = vy(x0,yo).

Proof. The equivalence of (i) and (i) is immediate by comparing matrix entries. The matrix in
(i) acts on (&,n) € R? exactly as multiplication by a + ib acts on & +in € C, so (i) and (iii) are
equivalent as well. ]

Thus complex differentiability can be interpreted as a very rigid compatibility condition

between real differentiation and multiplication by 1.

3.5 Polar Form of the Cauchy—Riemann Equations

Many important functions in complex analysis are most naturally expressed in polar coordinates. Rewriting
the Cauchy—Riemann equations in this form is therefore not merely a change of variables; it is a practical
tool for studying radial and angular behavior, especially near the origin or on punctured domains.

Assume f = w + iv is holomorphic on a punctured neighborhood of the origin, and write
z = re' with r > 0. Using the chain rule together with

T =rcost, y=rsinb,

one obtains the polar form of the Cauchy—Riemann equations.

Proposition 3.9 (Polar Cauchy—Riemann equations). Whenever the derivatives exist,

1 1
U = —Vg, Vp = ——Ug. (3.4)
T r
Proof. By the chain rule,
Uy = Uy cOS O + uy sin b, Vg = vy (—rsind) + vy (r cosb).
Using u, = vy and u, = —v,, we get
1 . .
—vp = —g sin @ + vy cos 0 = uy sin 0 + uy cos O = u,.
-
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The second identity follows similarly. O

3.6 A Cautionary Example: Cauchy—Riemann at a Point

A single example can be as instructive as a theorem itself. The purpose of this section is to show that
satisfying the Cauchy—Riemann equations at one point, without suitable neighborhood hypotheses, does not
by itself guarantee complex differentiability.

The following example shows that the Cauchy—Riemann equations at a single point do not

guarantee complex differentiability there.

Example 3.10 (Cauchy—Riemann at 0 without differentiability). Define f: C — C by f(0) =0

and, for z = x 4+ iy # 0,
3 3
__* .Y
f(z) = x2+y2+zx2+y2'

Then u and v satisfy the Cauchy—Riemann equations at (0,0), but f is not complex differentiable
at 0.

Proof. Since u(z,0) = x and u(0,y) = 0, we obtain

ue(0,0) =1,  uy(0,0) = 0.
Similarly, v(0,y) = y and v(x,0) = 0, so

v,(0,0) =0, vy(0,0) = 1.

Hence the Cauchy—Riemann equations hold at the origin. However,

has different limits along different paths. Along the real axis z = x — 0, one has f(z) = z, so

the quotient tends to 1. Along the diagonal z = x(1 + i), one computes

ﬂmwngu+m %ZZ?:;

Since the limits disagree, f'(0) does not exist. O

3.7 Chain Rule for Complex Differentiation

Holomorphic functions acquire much of their strength from their stability under composition. The chain
rule is therefore indispensable: it allows complicated maps to be built from simpler ones and lies behind
the behavior of elementary transcendental functions and conformal changes of variable.
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Theorem 3.11 (Chain rule). Let Dy, Dy C C be open. If f: Dy — Dy is complex differentiable
at z € Dy and g : Dy — C is complez differentiable at f(z), then go f is complex differentiable

at z and

(g0 f)(2) =9g'(f(2)) f'(2).

Proof strategy. Write the increment of g at f(z) as its linear part plus a remainder that is small
relative to the increment in the intermediate variable. Substituting the increment produced by f turns this
into a first-order expansion for go f. The small remainder remains negligible because f(z+h) — f(z) = 0
as h — 0.

Proof. Set w = f(z). Since f is differentiable at z, we may write
f(z4+h) =w+ f'(z)h+e(h)h, e(h) — 0.
Likewise, differentiability of g at w gives
g(w+ k) = gw) + ¢ (w)k + 6(k)k, (k) -0 (k—0).
Apply this with & = f(z + h) — f(2). Then

A =g _ i [E+N=C) gk

As h — 0, the first factor tends to ¢'(w)f’(z), while §(k) — 0 and k/h — f’(z2). Hence the second
term tends to 0. This proves the formula. ]

3.8 A Sufficient Condition for Complex Differentiability

In practice one often knows more about the real and imaginary parts of a function than about the complex
difference quotient itself. This section records a useful criterion showing that appropriate differentiability,

together with the Cauchy-Riemann equations, is enough to recover holomorphy.

The next theorem is the standard converse to the necessary condition in Theorem 3.5 under a

mild regularity hypothesis.

Theorem 3.12 (Cauchy-Riemann equations with continuous partial derivatives). Let D C C be
open and let f =u+iv: D — C. Assume that the first-order partial derivatives of u and v exist

on D, are continuous on D, and satisfy
Uy = Vy, Uy = —Vy
throughout D. Then f is holomorphic on D; moreover, for every z = x + iy € D,

f/(z) = U':B(xay) + ivz(xay) = Uy(xay) - iuy(x,y).
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Proof strategy. Use ordinary differentiability of the map (u,v) : R? — R2, which follows from
the continuity of the first-order partial derivatives. The Cauchy—Riemann equations force the Jacobian
matrix to be complezx-linear, so the real first-order approximation is already the correct complex-linear
approximation.

Proof. Fix zy = xo + iyo € D. Since the partial derivatives are continuous near (zg,yo), the map

(u,v) : RZ — R? is real differentiable there. Hence for small real increments h, & we have
u(xzo + h,yo + k) = u(xo, yo) + uzh + uyk + pei(h, k),

v(zo + h,yo + k) = v(zo, yo) + vah + vyk + pea(h, k),
where p = (h? + k2)Y/2 and e, (h, k), ea(h, k) — 0 as (h,k) — (0,0). Setting ¢ = ] 4 iy and

using the Cauchy—Riemann equations at (zg, yo), we obtain

f(zo +h+ik) — f(20) = (ux + ivg)h + (uy +ivy)k + pe(h, k)
= (ug + ivg)(h +ik) + pe(h, k).
Dividing by h + ik # 0 gives
pe(h, k)

f(z0 +h+ik) — f(z0) ,
h+ ik = o e T

Since |h + ik| = p, the last term tends to 0 as (h, k) — (0,0). Therefore the difference quotient
converges to u, + iv,, proving that f is holomorphic at zg. As zg was arbitrary, f is holomorphic
on D. O

Remark 3.13. The theorem above is one of the first places where complex analysis separates
decisively from real analysis. Over R, differentiability does not force any local power-series
expansion; over C, the compatibility encoded in the Cauchy—Riemann equations and continuity

of the first derivatives already pushes the function into the holomorphic regime.

3.9 Holomorphic Versus Analytic

One of the central surprises of the subject is that complex differentiability automatically yields power-series
expansion. The equivalence between being holomorphic and being analytic has no analogue in ordinary
real-variable calculus and marks the beginning of the deep rigidity of complex function theory.
Definition 3.14 (Holomorphic and analytic). Let 2 C C be open.

(i) A function f:Q — C is holomorphic if it is complex differentiable at every point of (2.

(i) A function f is analytic at zy € Q if there exist r > 0 and coefficients (ay,),>0 such that

f(z) = Zan(z—zo)" (lz — 20| < 7).

n=0
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(i4i) A function is analytic on Q if it is analytic at each point of €.

At this stage, holomorphic is the primary notion and analytic is a stronger-looking one. One
of the deepest basic theorems of the subject, proved later from Cauchy’s integral formula, says

that these notions are in fact equivalent on open sets.

Example 3.15. A holomorphic function on all of C is called entire. Polynomials and the

exponential function are entire, whereas 1/z is holomorphic only on C\ {0}.

3.10 Basic Examples and Permanence Properties

After the foundational theory has been established, it is essential to build a flexible stock of examples.
Closure properties show that holomorphic functions form a robust class, while explicit examples give
concrete models to which the abstract theory can be applied.

Proposition 3.16 (Permanence properties of holomorphic functions). Let  C C be open.
(i) If f,g € Hol(Q) and «, 5 € C, then af + Sg € Hol() and fg € Hol(Q2).
(ii) If f,g € Hol(R2) and g has no zeros on 2, then f/g € Hol(Q2).
(iii) If f: Q — Q1 and g : Q1 — C are holomorphic, then g o f is holomorphic on €.

Proof. Parts (i) and (i) follow pointwise from Theorem 3.4. Part (i) follows from Theorem 3.11.
O

Example 3.17 (Exponentials defined through a logarithm branch). For a fixed branch of the

logarithm, the function
9% — o* log 2

. . o z . .
is entire, and compositions such as 32° are holomorphic because they arise from repeated

composition of holomorphic maps.

3.11 Domains and a First Constancy Principle

Connectedness begins to interact seriously with holomorphy in this section. The main point is that an

analytic relation that holds on a set with accumulation can force a global conclusion on an entire domain,

illustrating the first major rigidity principle of the theory.

Definition 3.18 (Domain). A nonempty open connected subset of C is called a domain.
Connectedness already has strong consequences in complex analysis.

Proposition 3.19 (Constant real or imaginary part). Let D C C be a domain and let f =

u+ v € Hol(D). If either u or v is constant on D, then f is constant on D.

Proof. Assume first that u is constant. Then u, = u, = 0 throughout D. By the Cauchy-Riemann
equations,

Uy = —uy = 0, Uy = Uy =0
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on D. Hence the gradient of v vanishes identically. Since D is connected, v is constant on D,

and therefore f = u 4+ ¢v is constant. The case where v is constant is identical. O

The proposition is an early indication of the rigidity of holomorphic functions: the real and

imaginary parts cannot vary independently.
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CHAPTER 4

Elementary Functions

The transcendental functions of one complex variable already display the essential richness of the subject.
We construct the exponential and trigonometric functions, analyze the multivalued character of the
logarithm, and explain how branch choices encode the topology of the underlying domain.

Learning objectives

e Develop the complex exponential, trigonometric functions, and logarithm in a way compatible

with holomorphy.
¢ Understand multivaluedness and the role of branches.

o Use these examples to test the global topological constraints of the theory.

Chapter roadmap

o We first establish the basic algebraic and analytic properties of the exponential and trigono-

metric functions.
e We then study the logarithm as the first genuinely multivalued elementary function.

e The chapter explains how branch choices encode the topology of the underlying domain.

4.1 Elementary Functions: Exponential and Trigonometric Func-

tions

The exponential, trigonometric, and related functions provide the basic transcendental examples of holo-
morphic maps. Their complez-analytic behavior is richer than their real-variable counterpart and will later
tlluminate periodicity, logarithms, conformal maps, and residue computations.

The exponential function is defined on C by the absolutely convergent power series
(z€C). (4.1)

Termwise differentiation of the series (4.1) shows that e® is entire and satisfies (%)’ = e*. The

trigonometric functions are defined by

eiz _ e—iz eiz 4 e—iz
sin z :== ——, cosz = ————. 4.2
27 2 (42)
They are entire and satisfy the familiar identities sin?z 4 cos?z = 1 and (sinz)’ = cosz,

(cosz) = —sin z.
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Proposition 4.1 (Periodicity and Euler’s formula). For all z € C one has e*t2™ = ¢*. Moreover,

e = cosf +isinf (0 € R). (4.3)

Proof. The identity e*t2™ = ¢% ¢2™ follows from the exponential series and the Cauchy product.
Since €™ = cos(27) +isin(27) = 1 by (4.2), periodicity follows. The formula (4.3) is immediate
from (4.2) with z =0 € R. O

Remark 4.2. The periodicity in Proposition 4.1 is the source of the multivalued nature of the

complex logarithm and, more generally, of complex powers 2z = e®1982,

4.2 The Complex Logarithm and Branches

Unlike the exponential function, the logarithm cannot be defined globally as a single-valued holomorphic
function on C\ {0}. The need to choose branches is one of the first places where topology enters analytic

function theory in an essential way.

The exponential map exp : C — C is entire and 2wi—periodic:
ez+27rik — * (k c Z)
Moreover exp is surjective onto C* := C\ {0}. Thus for each z € C* the equation
eV =z (4.4)

has infinitely many solutions, differing by integer multiples of 273.

4.2.1 The Multivalued Logarithm
Write z = re? with 7 = |z| > 0 and # € arg(z). Then any solution w of (4.4) has the form

w=Inr+i(0 + 27k), kel
This motivates the multivalued logarithm
log z :=In|z| +i arg(z) = {In|z| + i(Argz + 27k) : k € Z},

and the branch relation
log z = Log z + 2mik, ke Z. (4.5)

4.2.2 The Principal Branch

The principal argument Arg z € (—m, 7| defines the principal logarithm

Logz :=1In|z| +1i Arg 2.
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It is single valued and holomorphic on the slit plane C \ (—oo, 0], and satisfies

(Log2)' = % on C\ (—o00,0].

Im z

C\ (—00,0]

R
branch cut 0 ¢z

Figure 4.1: Domain of the principal branch Log z.

4.2.3 Global branches and simple connectivity

The principal logarithm gives a canonical branch on the slit plane. The more general existence
theorem for logarithm branches on simply connected zero-free domains depends on Cauchy’s

integral theorem and is proved later in Section 5.1.2.

Example 4.3 (Principal square root and general powers). On the slit plane C\ (—o0, 0], the

principal logarithm determines the principal square root
1
7z = exp §Logz ,

which is holomorphic and satisfies (1/z)? = z. More generally, for o € C the principal branch of
the power function is

2% :=exp(aLogz), 2€C\ (—00,0].
Different branch choices for the logarithm lead to different branches of z%, which is why branch
cuts are an essential part of the theory of multivalued elementary functions.
4.2.4 Complex Powers and Roots

Once a branch L of log is fixed on a domain € (for instance L = Log on C \ (—o0,0]), complex
powers are defined by
2% :=exp(a L(z)), 2€Q, aeC.
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Different choices of L may lead to different values, reflecting the intrinsic multivaluedness of
the logarithm; branch cuts provide a convenient mechanism for enforcing single-valuedness. In

particular, the nth roots of z £ 0 are given by
1 A 2k
A/ = exp(logz) = {]z]l/"exp(iw) : k=0,1,...,n— 1} )
n n

Remark 4.4 (Riemann surface viewpoint (optional)). The multivalued logarithm becomes single
valued on a suitable Riemann surface obtained by gluing countably many copies of the slit
plane along the branch cut. This viewpoint clarifies analytic continuation around the origin and

explains the appearance of monodromy.
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CHAPTER 5

Complex Integration

Contour integration provides the first global mechanism in complex analysis. Starting from parametrized
curves and contour integrals, we develop Cauchy’s theorem and Cauchy’s integral formula, and we derive
from them a chain of classical consequences including Liouville’s theorem, the maximum-modulus principle,
and the fundamental theorem of algebra.

Learning objectives

¢ Define contour integrals carefully and compute them in basic situations.
e Understand the progression from local antiderivatives to global integral theorems.

¢ Use Cauchy’s theorem and Cauchy’s integral formula as the main engines of classical complex
analysis.

Chapter roadmap

o We start from parameterized curves and the algebra of contour integrals.

e The middle of the chapter establishes Cauchy—Goursat, simply connected versions of Cauchy’s

theorem, and contour deformation.

e The chapter culminates in Cauchy’s integral formula and its immediate consequences, including

Morera’s theorem, Liouville’s theorem, and the maximum modulus principle.

5.1 Contour Integrals

Integration along curves is the bridge between the geometric and analytic aspects of the subject. Once
contour integrals are in place, the theory gains access to Cauchy’s theorem, integral formulas, and the

profound principle that interior information can be recovered from boundary data.

Let v : [a,b] — C be a piecewise C! curve and let f be continuous on ([a,b]). The complex
line integral of f along 7 is defined by

b
[ 1@z = [ e o (51)
o a

When 7 is closed we also write ¢ f(z)dz.

For a continuous curve 7 : [a,b] — C, its length is

L(y) =sup y_ [y(tj) = v(t;-1)l,
P4
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where the supremum is taken over all partitions P = {a =tg < t; < --- < t;, = b} of [a,b]. If
L(y) < oo, the curve is called rectifiable.

Proposition 5.1 (Piecewise C! curves are rectifiable). Every piecewise C' curve v : [a,b] — C

is rectifiable, and

b
Lo = [ e

Proof. Tt is enough to prove the statement on a C' subinterval, since lengths add over concate-
nation. If u < v, then by the fundamental theorem of calculus applied to the real and imaginary

parts of ~,

hence

Iy (v) = (w)] < A ()] dt.

Summing over a partition gives

so 7 is rectifiable and L(vy) < fab |7/ (t)] dt.

For the reverse inequality, use uniform continuity of 7’ on each smooth piece: choose a partition
so fine that 4/ varies little on every subinterval, and compare the increment y(t;) — v(t;—1) with
v'(&5)(t; —tj—1). Passing to the limit yields

b
[ olat < L.
Therefore equality holds. O

Proposition 5.2 (Basic properties). If f,g are continuous on y([a,b]) and o, B € C, then
/(af+ﬁg)dz:a/fdz+ﬁ/gdz.
v v v

If v is reparametrized by an orientation-preserving C*-diffeomorphism, the integral (5.1) is

unchanged. Reversing orientation changes the sign.

Proof. Linearity follows immediately from the linearity of the ordinary integral in the definition

b
/7 f(z)dz = / FO )7 () dt.
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Now let ¢ : [¢,d] — [a,b] be an orientation-preserving C!-diffeomorphism, and set 7 := 7 o ¢.
Then

d
[r@az= [ fat0(0) 7 01 o ) s
Y c

By the real-variable change-of-variables formula t = ¢(s), this equals

b
| rawymd= [ fed:
a gl

If instead ¢ is orientation reversing, the same computation introduces a minus sign, so reversing

orientation changes the sign of the contour integral. O

Lemma 5.3 (Estimation lemma (ML-inequality)). Let 7 : [a,b] — C be piecewise C1 and set
L(y) = [, Y/ @®)] dt. IF|f(z)] < M on~y([a,b]), then

[yf(z) dz

Proof. By (5.1) and the triangle inequality,

< M L(v).

z)dz

< [lr@np < [ wwla = re).

O]

Theorem 5.4 (Integral of a derivative). Let Q@ C C be open, let f € Hol(2), and suppose
F € Hol(Q) satisfies F' = f on Q. Then for every piecewise C* curve v : [a,b] — €,

[ 1) = Fr®) = Foa),
Proof. Define h : [a,b] — C by h(t) := F(v(t)). By the chain rule,
() = F'(v()y'(t) = F(v()Y (1)

Integrating over [a,b] and using the real-variable fundamental theorem of calculus gives

b b
/ﬂdwz/f@@W@&:/hﬁMh%@—szﬂww—FW@)
¥ a a

Corollary 5.5 (Path independence). If f has a primitive on , then the integral f,y f(z)dz

depends only on the endpoints of ~v. In particular, every closed contour integral of f vanishes.
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Proof. If v : [a,b] — € is any piecewise C! curve, Theorem 5.4 gives
[ 1) dz = FO 1) - Fiaa),
v
which depends only on the endpoints. If « is closed, then v(a) = v(b) and therefore

Z/f(z) dz = 0.

5.1.1 Cauchy’s Integral Theorem

The first fundamental theorem in the subject asserts that holomorphic functions have vanishing

integrals over closed curves under appropriate geometric hypotheses.

Theorem 5.6 (Cauchy—Goursat theorem for triangles). Let Q C C be open and let f € Hol(Q).

Then, for every triangle T whose closure is contained in €,
j[ F(z)dz = 0. (5.2)
or

Proof strategy. Subdivide the triangle repeatedly into four congruent subtriangles and retain one on
which the boundary integral stays proportionally large. Nested compactness yields a limiting point where
holomorphy gives a linear approximation to f. The integral of the linear part vanishes, while the error
term becomes arbitrarily small, forcing the original integral to be zero.

Proof. Assume, for contradiction, that (5.2) fails for some triangle T' C Q with T C Q. Write
1(S) = f £(2)dz
08

for a triangle S. Subdivide T into four congruent subtriangles T, ... 7™ by joining the

midpoints of the sides. The integrals over the interior edges cancel in pairs, so
I(T) = 1(TW) + 1(T®) + 1(T®)) + 1(TW).
Hence at least one subtriangle, call it 11, satisfies
1
(Tl = 4 ()]
Repeating this construction inductively, we obtain nested triangles

TOT1 DTy D -
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with
|I(T,)| >4 "I(T)|, diam(7},) = 27" diam(7T").

Because the closures T, are nested nonempty compact sets with diameters tending to 0, their
intersection consists of a single point zg € T' C Q.

Since f is complex differentiable at zp, there exists a function n with n(z) — 0 as z — zp such
that

f(z) = f(20) + f'(20) (2 = 20) +1(2) (2 — 20). (5.3)
Integrating (5.3) over 0T, and using

j{ 1dz =0, ?{ (z —20)dz =0,
T, Ty,

we obtain
Hﬂﬁzf)n@Xz—mﬁu
0Ty

Let £ > 0. Since n(z) — 0 as z — zp, there exists N such that |n(z)| < ¢ for all z € T,, whenever
n > N. Therefore, by the ML-estimate,

|I(T},)| < e sup |z — 20| L(OT,,) < Ce (diam T,,)* = Ce 4™ "(diam T)?,
z€Ty,

where C' > 0 is an absolute constant (for example, one may take C' = 3). Combining this with

the lower bound gives, for n > N,
47 I(T)| < |I(T},)| < Ce4™"(diam T).

Thus
|I(T)| < Ce (diam T)>.

Since € > 0 is arbitrary, we conclude that I(7) = 0, a contradiction. Hence (5.2) holds for every
such triangle T O

Theorem 5.7 (Cauchy’s integral theorem on simply connected domains). Let Q C C be simply
connected and let f € Hol(Q). Then, for every piecewise C closed curve ~y in €,

ﬁf@yu:o. (5.4)

Proof. We first prove the result for simple closed polygons. Let I' be a positively oriented simple
closed polygon whose interior is contained in . Triangulate int(T") into finitely many triangles

T1,...,Tn whose closures lie in 2. By Theorem 5.6,

f(z)dz=0 (j=1,...,N).
oT;
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Summing over j and observing that every interior edge is traversed twice with opposite orientations,

we obtain

jlgf(z)dz =0.

Next let P be a closed polygonal path in 2. Because €2 is simply connected, P is null-homotopic
in 2. A standard planar decomposition argument then writes P, after cancellation of backtracking
segments if necessary, as a finite signed sum of simple closed polygons whose interiors are still

contained in . Applying the preceding paragraph to each polygon shows that

ﬁf(z)dz:()

for every closed polygonal path P in .
Fix a base point z, € €. For z € ) choose any polygonal path I', in Q from z, to z and define

FE) = [ 1dc

This is well defined: if I'; and I'y are two such polygonal paths, then I'y —I's is a closed polygonal
path, so

[ 1o [ fod=¢  sdac=o.
I Ty I Ty

We now show that F' is a primitive of f. Fix z € 2 and choose r > 0 such that D(z,r) C Q.
If |h| < r, then the straight segment from z to z + h lies in 2, and by path independence,

Feth)-F)= [ fQd

[z,2+h]
Parametrizing the segment by ( = z 4+ th for 0 <t < 1, we obtain

F(Hh})L — F(2) _ /01 f(z+th)dt.

Therefore Fs+h) — F(2) L
z — F(z
1) = [ Ut - st
and the right-hand side tends to 0 as A — 0 by continuity of f. Hence F' is holomorphic on {2
and satisfies F' = f.

Finally, if v is any closed piecewise C! curve in €, then by Theorem 5.4,

yif(z)dz: ﬁF'(z)dz:O.

This proves (5.4). O
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5.1.2 Logarithmic Branches on Simply Connected Domains

The next results complete the discussion of logarithm branches begun in Section 4.2. Their
proofs use the primitive form of Cauchy’s theorem just established, so this is the natural logical

point at which to state them in full.

Theorem 5.8 (Existence of a logarithm branch). Let Q C C be simply connected and assume
0 ¢ Q. Then there exists L € Hol(Q) such that e**) = z for all z € Q. Any two such branches
differ by an additive constant 2mwik, k € 7Z.

Proof. Since 0 ¢ Q, the function 1/z is holomorphic on 2. Because 2 is simply connected, 1/z
admits a primitive L € Hol(€2). Consider

Then
H'(z) = e &) _ [V(2)e M3 = L) 1(fL(Z)z =0,
z
so H is constant on . Write H = ¢ with ¢ # 0, choose A € C such that e = ¢, and replace L

L(2) L(z)

by L — A. For the new primitive, still denoted by L, we have e™*'*)z = 1, hence e
Q. If L and Ly are two such branches, then e“1=%2 = 1. Therefore L1 — Lo takes values in the

discrete set 27i Z; since it is continuous on the connected set €2, it must be constant, and that

=z on

constant belongs to 27 Z. O

Proposition 5.9 (Logarithms of zero-free holomorphic functions). LetQ C C be simply connected
and let f € Hol(Q) satisfy f(z) # 0 for all z € Q). Then there exists L € Hol(?) such that

e =fz)  (2€9),

and every such L satisfies

-4

Any two such branches differ by an additive constant 2mwik with k € 7Z.

(z € Q).

Proof. Since f never vanishes, the quotient f’/f is holomorphic on 2. Because € is simply

connected, the holomorphic function f’/f admits a primitive L € Hol(€2). Consider
H(z) := f(z)e 112,

Then
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so H is constant on €. Choose zp € 2 and let ¢ := H(zp) # 0. Fix any logarithm A of ¢ and
replace L by L — A. Then the new function, still denoted by L, satisfies

flz)e H) =1,

that is, e(*) = f(2) on Q. Differentiating e’ = f gives L'e’ = f’ hence L' = f'/f. If L; and Ly
are two such branches, then e?1=%2 =1, so L; — Ly is locally constant and therefore constant on

the connected set . Its value must lie in 27i Z. O

Corollary 5.10 (Nonexistence of a logarithm on a punctured disk). There is no holomorphic
branch of log z on the punctured disk 0 < |z| < 1. Consequently there is no continuous single-
valued branch of arg z there.

Proof. Assume that L is a holomorphic branch of logz on 0 < |2| < 1. Fix r € (0,1) and consider
the circle y(t) = re®, 0 < t < 2w. Set

Then w is continuous on [0, 27] and

Hence Reu(t) = logr, while
6'L'Imu(t) — ¢ft

Therefore Im u(t) — ¢t € 277 for every t. Since ¢t — Imwu(t) — ¢ is continuous and takes values in

the discrete set 277, it must be constant:
Imu(t) =t+ 27k for some k € Z and all t.

But v(0) = v(27) = r, so single-valuedness of L gives u(0) = u(27). The displayed formula yields
instead
Imu(27) = 27 4 27k # 27k = Im u(0),

a contradiction.

The same argument shows that no continuous single-valued branch of argz can exist on
0 < |z| < 1: if § were such a branch, then 6(re') — ¢ would be a continuous 27Z-valued function
on [0, 27], hence constant, again contradicting the equality of the endpoint values at ¢ = 0 and
t = 2m. O

Theorem 5.11 (Deformation of contours). Let v, and 7y be positively oriented simple closed

piecewise C' curves such that

int(y2) C int(y1).
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Assume that f is holomorphic on an open neighborhood of the compact annular region

K :=int(v1) \ int(y2).

Then
721 f(z)dz :ji f(z)dz.

Proof. Choose points z; € 7; and connect them by a smooth arc o contained in K, meeting v
and 72 only at its endpoints. Cutting K along o produces a simply connected region U whose
positively oriented boundary consists of ~;, the reverse of 72, and the two sides of the slit o,

which are traversed in opposite directions. By Theorem 5.7,
O:% f(z)dz= ¢ f(z)dz— f(z)der/f(z)dzf/f(z)dz.
oUu Y1 Y2 o o

The slit integrals cancel, leaving the desired identity. O

5.1.3 Cauchy’s Integral Formula and Consequences

Theorem 5.12 (Cauchy’s integral formula). Let Q C C be open, f € Hol(Q2), and let v be
a positively oriented simple closed piecewise C' curve such that its interior int(vy) satisfies

int(y) C Q. Then for every z in the interior,

1 f@©)
2) = — d¢. 5.9
S =5 f or (55)
Proof strategy. Subtract the singular part carrying the value f(z) and study w The numerator

cancels the pole, leaving a holomorphic function to which Cauchy’s theorem applies. What remains is

exactly the contribution of the simple pole at ( = z.

Proof. Fix z € int(y) and choose € > 0 so small that D(z,¢) C int(vy). Set

f(O = f(2)
(-2

Then g is holomorphic on a neighborhood of the compact annular region

9(¢) =

K :=int(y) \ D(z,¢).

Applying Theorem 5.11 to g on K, with the inner boundary taken to be the positively oriented

circle C; : | — z| = €, we obtain

;g 9(Odc= ¢ KGES
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Since g is continuous at z, the ML-estimate gives

’j{ d§‘<27r5 max |g(¢)] — 0.
—z|=¢ el0
Therefore
PECETCI
y —z
Rearranging,

j{&dCZf(z)]{C_dC

By another application of Theorem 5.11,

1 1
ﬁ(—zdcz @C—zdc

Parametrizing C. by ¢ = z + ee’’, 0 < t < 27, we find

1
c. (—=z

2t 1 .
d¢ = / — iee' At = 2mi.
o ¢€e*

Substituting this into the previous identity yields (5.5). O

Corollary 5.13 (Cauchy estimates). Let f € Hol(Q2) and assume D(zo,R) C Q. If M :=
max|c_ =g |f(¢)|, then for each n > 0,

n! M

|1 (20)] < T

(5.6)

Proof. Fix 0 < p < R. For |z — 29| < p, Cauchy’s integral formula on the circle | — zg| = R gives

1 f(©)

2mi SR (= 2

d¢.
Because the integrand is jointly continuous in ¢ and z on the compact set

{(¢,2) 1| — 20| = R, |2 — 20| < p},

and holomorphic in z, differentiation under the integral sign is justified. Repeating this n times

yields
nl f(<)

2mi Ji¢—zol=r (¢ —2)"*!

Evaluating at z = 2y and using the ML-estimate, we obtain

F(z) = d¢, |z — 20| < p.

|
(27rR) M _ n! M

’f(n)(zo)’ Rntl ~ Rpn -

2
This is exactly (5.6). O
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Example 5.14 (A model application of Cauchy’s integral formula). If f(¢) = e and |z| < 2,

then C
1 e
— d :ez.
271 /|¢:2 (—=z <

Thus the integral formula should be read not merely as an evaluation device, but as a representa-

tion theorem: the values of a holomorphic function inside a contour are completely encoded by

its boundary values.

Theorem 5.15 (Morera’s theorem). Let Q C C be open and let f: Q — C be continuous. If
f f(z)dz=0 (5.7)
oT

for every triangle T with T C ), then f is holomorphic on Q.

Proof strategy. The vanishing of integrals over triangles implies local path-independence for the integral
of f. On a small disk one can therefore define a primitive by integrating from a fized base point. Once a
primitive exists, differentiation shows that the primitive has derivative f, so f must be holomorphic.

Proof. Fix zp € 2 and choose r > 0 such that D(zp,r) C Q2. For z € D(zp,r) define
Fe) = [ fOdc
7z

where v,, » is any polygonal path in D(zg,r) joining zo to z. Because integrals over boundaries
of triangles vanish, the same is true for polygonal loops obtained by triangulating their interiors;
hence F' is well defined.

To compute the derivative, fix z € D(zp,7) and choose h so small that the segment [z, z + h]
lies in D(zg, ). Then

Fe+h)=FE) = [ O

[z,2+h]

Parametrizing the segment by ¢ = z +th (0 <t < 1), we obtain

F(z+h})L —F(z) _ /01 f(z+th)dt.

Therefore Fz+ h) — F(2) L
z — F(z
2 1) = [ et - fE)at
and the right-hand side tends to 0 as A — 0 by continuity of f. Thus F' is holomorphic on
D(zp,r) and

F'(z) = f(z) (2 € D(20,7)).

Since F' is holomorphic, Cauchy’s integral formula implies that F” is holomorphic on D(z,r).

Hence f = F’ is holomorphic on D(zg, 7). As 2y was arbitrary, f is holomorphic on all of Q. [J
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Theorem 5.16 (Locally uniform limits of holomorphic functions). Let Q C C be a domain and
let {fn} C Hol(Q). If fr, — f uniformly on compact subsets of 2, then f € Hol(Q).

Proof. Since locally uniform limits of continuous functions are continuous, f is continuous on {2.
Let T be any triangle with T C . Then 0T is compact, so f, — f uniformly on 7. Hence

f(z)dz = lim fn(2)dz =0,
or n—0o0 Jor

because each f, is holomorphic. Morera’s theorem now implies that f is holomorphic on 2. [

Proposition 5.17 (Holomorphic dependence under integration). Let Q C C be open and let
h:[a,b] x Q@ — C be continuous. Suppose that for each fized t € [a,b], the function z — h(t,z) is
holomorphic on Q. Define

b
H(z) = / ht,2)dt,  zeQ.
Then H € Hol(2).

Proof. The continuity of h implies that H is continuous on €. Let T be a triangle with T C .

Since h is continuous on the compact set [a,b] x T, Fubini’s theorem applies and yields

H(z)dz:]gT (/jh(t,z)dt) dz:/ab< aTh(t,z)dz) dt =0,

because for each fixed ¢ the function z — h(t, z) is holomorphic. Morera’s theorem shows that H

oT

is holomorphic. O
Theorem 5.18 (Liouville’s theorem). If f is entire and bounded, then f is constant.

Proof. Fix zy € C and apply the Cauchy estimate (5.6) with n = 1 on disks of radius R — oo.
If |f] < M on C, then |f'(z0)] < M/R for all R > 0, hence f’(zp) = 0. Since zy was arbitrary,
f'=0and f is constant. O
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CHAPTER 6

Power Series and Analytic

Continuation

Power series furnish the local normal form of holomorphic functions. We study their convergence,
algebraic operations, termwise differentiation and integration, and Taylor expansions, and we use analytic
continuation to explain how local data propagate through connected domains.

Learning objectives

o Use power series as the local normal form of holomorphic functions.

e Understand radius of convergence, termwise operations, and analytic continuation from the

power-series viewpoint.

e Derive fundamental mapping theorems from Taylor expansions and local zero structure.

Chapter roadmap

e The first sections establish the analytic technology of power series and the geometry of

convergence disks.
e Taylor expansion then turns holomorphicity into a genuinely local algebraic object.

e We conclude with identity, open mapping, and zero-set theorems that display the rigidity of

analytic continuation.

6.1 Series and Power Series

Power series are the local normal form of holomorphic functions. This section begins with a brief review
of convergence for numerical series and then develops the coefficient tests and geometric examples that
prepare the way for Taylor expansions, analytic continuation, and Laurent theory.

Let (a,) be a sequence in C. The series
o0
D an
n=0

is said to converge to I € C if its partial sums converge to I; equivalently, for every € > 0 there
exists N € N such that

<e (m > N).

m
Z anp — 1
n=0
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An equivalent Cauchy formulation is that for every ¢ > 0 there exists N € N such that

<e (m,m’ > N).

m
> an
n=m’

6.1.1 Series and Convergence

A series Y ay, is said to be absolutely convergent if the numerical series Y |a,| converges.
Every absolutely convergent series is convergent. Indeed, if _ |a,| converges, then for every
€ > 0 there exists N € N such that

m

> anl <& (m,m' > N).

n=m’

Consequently, whenever m > k > N,

m
S,
n=k

m
< Z lan| < €.
n=~k

Thus the sequence of partial sums is Cauchy in C, and since C is complete, the series > a,

converges.

Lim sup and lim inf. We define

h}lr;sgp ap = JLHC}O 21212 ag, hnrgloréf an = 71131(; ’gg a.
The following elementary properties will be used repeatedly:
(i) liminfa, < limsup a,.
(ii) limsup(an + b,) < limsup a,, + lim sup by,.
(iii) liminf(a, + b,) > liminf a,, + liminf b,.

6.1.2 Power Series

An infinite series of the form Y a,(z — a)" is called a power series about a.
The simplest power series is Y o7 2.
We can show that:
1—2" =1 —-2)A+2+22 4+ +27)
So R
l4z4-+2"=—
1-=2

If |z| < 1, then lim,_, 2" =0, so

Ltz b2 ST o+ [+ ]2 < 1—|z|
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Thus, the series > 2™ is absolutely convergent, and hence convergent, for |z| < 1.

Therefore,

1_Zn+1
l+z+22 4 +2"=—"—

1—-=2

and as n — oo,
1 zn+1
l+z4- 42" — = — 0.
1—=z 1-=2

Theorem 6.1 (Radius of convergence). Let 0 < R < oo be defined by

1
— = limsup|an|"/",
R~ limsupfan|

with the conventions 1/oo =0 and 1/0 = co. Then the power series

o0

Z Z—CL

n=0
has the following properties:
(i) it converges absolutely for |z — a| < R;
(it) it diverges for |z —a| > R;
(iii) for every 0 < r < R, it converges uniformly on the closed disk m.

Moreover, R is the unique number with properties (i) and (ii).

Proof. By translating the center, we may assume a = 0. Set
: 1/n 1
p = limsup |a,|/" = =.
n—oo

Suppose first that |z| < R. Choose r so that |z] < r < R. Then 1/r > p. By the definition of

the limit superior, there exists N such that

1
la |V <= (n>N).
T

mz"<<H>

Since |z|/r < 1, the tail is dominated by a convergent geometric series, so Y a,2" converges

Hence, for n > N,

absolutely. The same estimate shows more: if |z| < s <r < R, then
S n
< () =),
r

and the Weierstrass M-test yields uniform convergence on D(0,s). This proves (i) and (7).
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Now suppose |z| > R. Choose r with R < r < |z|. Then 1/r < p, so by the definition of

lim sup there are infinitely many n for which

1
|an Y™ > =
T

lap2"| > <\ |>

Because |z|/r > 1, these terms do not tend to 0. Therefore the series cannot converge. This

For those n,

proves ().
The uniqueness of R is immediate from (i) and (7). O

Remark 6.2 (Behavior on the boundary). The theorem says nothing definitive on the circle
|z — a| = R; every behavior is possible there. For example,
(0.9]

XX he

3

3‘N

all have radius of convergence 1, but their boundary behavior is quite different.

Proposition 6.3 (Ratio criterion for coefficients). Assume that a,, # 0 for all sufficiently large
n and that the limit

exists in [0,00]. Then the radius of convergence of ¥ an(z — a)™ is L.

Proof. Again assume a = 0. If 0 < L < oo, then

lim |22 — l
n—oo | L
Fix € > 0. For all sufficiently large n we have
1 Qan+1 1
L+¢ an, L—¢

Iterating these inequalities shows that, for large n,
Ci(L+e) " <l|ap| <Co(L—2e)™"
for suitable constants C1, Co > 0. Taking nth roots and letting n — oo gives

1/n l

A lanl " = 7

so Theorem 6.1 yields radius L.
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If L = oo, then |ani1/a,| — 0, hence |a,|'/" — 0 and the radius is co. If L = 0, then

|@p+1/an| — oo, hence ]an|1/” — oo and the radius is 0. O

Proposition 6.4 (Cauchy product of absolutely convergent series). Let > o2 an and Y oo by
be absolutely convergent, and define

Cp = Z agby_k (n>0).
Then Y o2 cn converges absolutely and

S e, = (Zan> (Z bn>.

n=0 n=0 n=0
Proof. We have

Z lenl < Z Z |ak] [bn—]

n()k:O

= Z || Z b
k=0 m=0

~(E) (Em)

Thus the Cauchy product is absolutely convergent. Applying the same computation to the partial
sums and then passing to the limit gives the identity for the sums. O

Proposition 6.5 (Product of power series). Let

o oo
= Zan(z_a)n> g(z) = an(z_a)n
n=0 n=0
have radii of convergence R1 and Ro, respectively. Define
n
Cp = Z apbn_k.
k=0

Then the power series Y o2 cn(z —a)” has radius of convergence at least min{ Ry, Ra}, and for

every |z — a| < min{R;, Ra} one has

(io_ )(Zb 2~ a) >_§cn<z_a>n.

n=0
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Proof. Fix z with |z — a] < min{R;, R2}. Then both numerical series

Zan(z—a)", an(z—a)”
n=0 n=0

are absolutely convergent. The previous proposition therefore applies and yields the claimed
product formula. Since this is true for every such z, the Cauchy-product series converges

absolutely on that disk, so its radius of convergence is at least min{ R, Ro}. O

Theorem 6.6 (Termwise differentiation and integration of power series). Let

have radius of convergence R > 0. Then:

(i) the derived series

oo
Z nan(z —a)*
n=1

has the same radius of convergence R;

(ii) on every closed disk D(a,r) with 0 < r < R, one may differentiate term by term, and
F1(2) = Y man(z )
n=1
(iii) for every k € N,
F®(2) = i nn—1)---(n—k+Dan(z —a)" ¥,
n=k

and this series also has radius of convergence R;

(iv) the integrated series

> a
F(z):= Z — _(z—a)"!
—n+ 1

has radius of convergence R and satisfies F'(z) = f(z) on D(a, R).
Proof. Let b, := (n+ 1)ap4+1. Since (n + 1)1/" — 1, we have

1/n l/n.

lim sup |y, |'/" = hm_)sup(n + )Y a1
n—oo

= lim sup |ay,|

Hence the derived series has the same radius of convergence R. The same argument applies after

each further differentiation, proving the radius statement in (7).
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Fix r with 0 < < R. Then the derivative series converges uniformly on D(a, ). Let

g(z) == Z nan(z —a)" L.
n=1

For the partial sums

we have p/y(2) = >N na,(z — a)*'. Since py — f and p)y — g uniformly on D(a,r), we may

integrate along the line segment from a to z and pass to the limit:

pv(e) —ev(@) = [ QA = JE) s = [ ac

a,z]

The right-hand side has derivative g(z) by the fundamental theorem for primitives, so f'(z) = g(z)
on D(a,r). Since r < R was arbitrary, (ii) follows on all of D(a, R). Iterating gives the formula
in ().

Finally, the coefficients a,/(n + 1) have the same nth-root growth as a,, so F' has radius of

convergence R. Differentiating term by term gives

F'(z) =) an(z —a)" = f(2),
n=0

which proves (iv). O
Corollary 6.7 (Coefficients from derivatives). If
fz) =) an(z—a)"
n=0
on D(a, R), then

f(a)

n!

an = (n>0).

Proof. Set z = a in the formula for f( from Theorem 6.6. All terms vanish except the one with
index n. O
6.1.3 Standard Examples from Power Series
Proposition 6.8 (The exponential series). The series

oo n

expz = Z z

n!
= n!
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has radius of convergence oo and therefore defines an entire function satisfying
(exp z) = exp z, exp(z + w) = exp z exp w (z,w € C).

In particular, exp z # 0 for all z € C and exp(—z) = 1/exp z.

Proof. Since
1/n!

sy

the radius of convergence is co. Termwise differentiation therefore gives (exp z)’ = exp z.

=n+1— oo,

For the multiplicative identity, fix z,w € C. The two numerical series defining exp z and exp w

are absolutely convergent, so their product may be rearranged by the Cauchy product formula:
0 n kanfk )
exp z expw = Z (Z —_— .
=\ El(n — k)!
Using the binomial formula,

n

A S A S S O )
Zk!(n—k)!zagkzw T

k=0
SO -
_N Erw)"
expz expw = Z = exp(z + w).
n=0
Taking w = —z yields exp z exp(—z) = 1, so exp z # 0 for every z € C. O

Proposition 6.9 (Sine and cosine from power series). Define

00 2n 00 ZQn—l—l

cos z 1= Z(—l)"(;n)!, sin z := Z(—l)"m

n=0 n=0

Then sin and cos are entire and satisfy
: / / . . ..
(sinz)" = cos z, (cosz)' = —sin z, exp(iz) = cos z + isin z.

Consequently,

2

cos®z +sin®z =1 (z € C).

Proof. Both series have infinite radius of convergence by the ratio criterion. Termwise differenti-
ation gives the derivative identities. Separating the even and odd powers in the series for exp(iz)

gives Euler’s formula

. = (iz)" .
exp(iz) = Z o = cosz + ¢sin 2.
n=0 :
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Replacing z by —z and multiplying the resulting formulas for exp(iz) and exp(—iz) gives

1 = exp(iz) exp(—iz) = (cos z + isin z)(cos z — isin z) = cos? z + sin? .

6.2 Taylor’s Theorem and Analytic Continuation

Taylor’s theorem shows that holomorphic functions are controlled locally by their derivatives at a single
point. Analytic continuation then asks how far such local data can be propagated, thereby introducing one
of the main themes of complex analysis: the passage from local expansion to global structure.

Power series are the local normal form of holomorphic functions.

Theorem 6.10 (Taylor expansion). Let f € Hol(Q2) and assume D(zg, R) C 2. Then for every
z with |z — 29| < R,

_ o= [™(z0) n
f(Z) = ngo T (Z - ZO) y (61)
where the series converges absolutely and uniformly on compact subsets of D(zp, R).

Proof strategy. Start from Cauchy’s integral formula on a circle centered at zy and expand the kernel
(¢ — 2)7! as a geometric series in (z — 2z0)/(¢ — 2z0). Uniform convergence on smaller disks justifies
termuwise integration and reveals the Taylor coefficients as Cauchy integrals of the derivatives.

Proof. Let 0 < p < R and fix z with |z — z9| < p. Cauchy’s integral formula on the circle

I¢ — 20| = p gives

N QO 1 Q1
f(2) 744 d¢ fg (.

On the circle |¢ — zg| = p we have

z—Z zZ— 2
¢ — 20 P
so the geometric series
Ly
I w
1—w —
n=0

2—20
¢—20

converges uniformly for w = . Hence we may integrate term by term and obtain

ad 1
f =% <2m f{cm:p (Cf@nH dg) (2 — 20)"

n=0 - ZO)
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By the derivative form of Cauchy’s integral formula established in Corollary 5.13, the coefficient

in parentheses is f(" (zq)/n!. Therefore
) (z
fz—zf O)Z—Zo) (Iz — 20| < p).

Since p < R is arbitrary, the expansion holds for every |z — 29| < R. The same uniform geometric-
series estimate on any smaller disk |z — 29| < r < R shows that the convergence is uniform there;

hence it is uniform on compact subsets of D(zp, R). O

Example 6.11 (Classical Taylor expansions). For |z| < 1 one has
oo

o0
:Zz”, log(1 + 2) Z "Hz
n=0

The first is geometric; the second is obtained by integrating the geometric series termwise on
compact subsets of the disk. Both expansions illustrate how local analytic information is encoded

in the coeflicients.

6.2.1 Analytic Continuation
A holomorphic function is determined by its values on any set with an accumulation point.

Theorem 6.12 (Identity theorem). Let Q C C be a domain and let f,g € Hol(Q). If f =g on

a set £ C Q with an accumulation point in ), then f = g on €.

Proof. Set h := f — g € Hol(2). Assume that h is not identically zero. Let a € Q be an
accumulation point of the zero set of h. By Taylor’s theorem, there exist an integer m > 0 and a

holomorphic function ¢ in a neighborhood of a such that

If m = 0, then h(a) # 0, contradicting that a is a limit point of zeros of h. If m > 1, continuity
and ¢(a) # 0 imply that ¢(z) # 0 for all z sufficiently close to a. Hence the only zero of h near a
is a itself, again contradicting that a is an accumulation point of distinct zeros. Therefore h = 0,
so f =g on €. 0

Remark 6.13. Analytic continuation is the process of extending a holomorphic function along
paths by repeatedly applying the uniqueness guaranteed by Theorem 6.12. Branch cuts and

Riemann surfaces arise when continuation depends on the chosen path.

Theorem 6.14 (Maximum modulus principle). Let Q C C be a domain and let f € Hol(Q2) be
nonconstant. Then |f| cannot attain a local maximum at any point of Q. Equivalently, if G is a

bounded domain with G C Q, and if f is continuous on G and holomorphic on G, then
max |f] = max | f].
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Proof. Suppose first that |f| attains a local maximum at zp € §). Choose r > 0 such that
D(zp,7) C Q and

FEI<[fz0)l (2 = 20[ < 7).
If f(z0) =0, then f =0 on D(zp,7), and the identity theorem gives f = 0 on €, contrary to
nonconstancy. Hence f(zg) # 0.

Cauchy’s integral formula gives, for every 0 < p < r,

2w .
f(z0) = 217T/0 f(z0 + pe') dt.

Taking absolute values,

27 .
PGl < 5 [ 1560+ el d < 15 o).

Thus equality holds throughout. By the equality condition in the triangle inequality and by

continuity, f(zo+ pe') has the same argument and the same modulus as f(zg) for every t. Hence
flzo+pe) = f(z) (0<t<2m, 0<p<r).

Therefore f is constant on D(zg, ), and the identity theorem forces f to be constant on (2, a
contradiction.

For the boundary form, apply the first part to G. If the maximum of |f| on the compact set G
were attained at a point of G and f were nonconstant, we would obtain a contradiction. Hence

the maximum is attained on 0G. O

Corollary 6.15 (Minimum modulus principle). Let Q@ C C be a domain and let f € Hol(2) be

nonconstant. If f has no zeros in §, then |f| cannot attain a local minimum in Q.

Proof. If | f| had a local minimum at zg, then 1/f would be holomorphic near zy and

iE

would attain a local maximum at zp. The maximum modulus principle applied to 1/f gives a

contradiction unless 1/f, and hence f, is constant. O

6.3 Zeros and Mapping Theorems

Zeros of holomorphic functions are never arbitrary; they reflect the underlying rigidity of the analytic
structure. The mapping theorems developed here show that local information about derivatives and zeros
has strong global consequences for the image of a domain.
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Proposition 6.16 (Zeros are isolated). Let Q C C be a domain and f € Hol(?). If f is not
identically zero, then every zero of f is isolated. More precisely, if f(z0) =0, then there exists

an integer m > 1 and a holomorphic function g with g(zo) # 0 such that
f(z) =(2—20)"g(z) in a neighborhood of z. (6.2)

Proof. Apply the Taylor expansion (6.1) to f at zo. Let m be the least index for which f(™(zy) #
0. Then (6.2) follows by factoring (z — zp)™ from the Taylor series, and g(z0) = f(™(zg)/m! # 0.
Consequently, f(z) # 0 for 0 < |z — z| sufficiently small. O

Theorem 6.17 (Fundamental theorem of algebra). Every nonconstant complex polynomial has

a zero in C.

Proof. Let
p(2) =apn2" +an 12" 14+ Fag, ap#0, n>1.

Assume, for contradiction, that p has no zero in C. Then

is entire. Since

p(z):anzn<1—|—an1+~"+ a0 >,

anz anz™

the bracket tends to 1 as |z| — co. Hence there exists R > 0 such that

) 2 Dl 2R
Therefore 5
2) < — 5 z Z Ra

so g is bounded outside D(0, R). On the compact disk D(0, R), the continuous function g is
also bounded. Thus g is bounded on all of C, and Liouville’s theorem implies that g is constant.

Consequently p is constant, a contradiction. O

Corollary 6.18 (Polynomials have exactly as many zeros as their degree). A polynomial of

degree n > 1 has exactly n zeros in C, counted with multiplicity.

Proof. Proceed by induction on n. The case n = 1 is immediate. For n > 2, Theorem 6.17 yields

a zero a € C, so
p(z) = (z —a)q(z)

for some polynomial ¢ of degree n — 1. By the induction hypothesis, ¢ has exactly n — 1 zeros
counted with multiplicity. Adding the zero a (with its multiplicity) gives a total of n zeros for
P. O
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Theorem 6.19 (Open mapping theorem). If Q C C is a domain and f € Hol(Q2) is nonconstant,
then f(§2) is open in C.

Proof. Fix zp € Q and set wy := f(z9). Since f is nonconstant, the function f — wy is not

identically zero. By Theorem 6.16, zg is an isolated zero of f — wg. Choose r > 0 such that
D(zp,7) C Q and f(2) #wo for |z — 2| =1

Set

m:= min |f(z)—wg| > 0.
|z—z0|=r

We claim that every w with |w — wg| < m/2 belongs to f(D(zp,7)). Suppose, to the contrary,
that such a w is omitted by f on D(zg,r). Then

1
9(2) == m

is holomorphic on D(zg,r) and continuous on D(zp,r). By the maximum modulus principle

applied on the disk,
9(20)] < max [g(z)].

|z—z0|=r

That is,
1 < 1
—— < max ——.
|z—20l=r | f(2) — w|

But for |z — 29| = r we have

m m
/() = w| 2 [f(2) = wol = |w = wo| 2m =T = =,
SO
1 < 2
max ———— < —.
j=zol=r [f(2) —w| = m

Since |w — wp| < m/2, we also have

1 2
e — > —,
|lwg —w| = m

a contradiction.
Therefore D(wg,m/2) C f(D(zo,7)). So every point wg = f(zp) is an interior point of f(€),
and hence f(2) is open. O

Corollary 6.20 (Inverse function theorem). Let Q C C be open and let f € Hol(Q2) be injective.
Then f(Q) is open, f'(2) # 0 for every z € Q, and the inverse map

L f() = Q
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is holomorphic. Moreover,

(fH (w) = f,(f_ll(w)) (w € f(2)).

Proof. The openness of f() is exactly Theorem 6.19. To prove that f’(z) # 0, assume to the
contrary that f’(zp) = 0 for some 2y € Q. By Theorem 6.16, applied to f — f(zp), there exist an
integer m > 2 and a holomorphic function g with g(zp) # 0 such that

f(2) = f(20) = (2 — 20)"9(2)

in a neighborhood of zy. After shrinking the neighborhood, choose a disk U centered at zg on
which g never vanishes. Since U is simply connected, Theorem 5.9 yields a holomorphic function
h on U such that

™ =g(z)  (zeU).

Define
u(z) := (z — z0)h(2), z e U.

Then
f(z) = f(z0) =u(z)"  (2€U).

Moreover u is nonconstant because u/(z9) = h(zp) # 0. By the open mapping theorem, u(U)
contains a disk D(0, p) for some p > 0. Choose r € (0, p) and let

w) =T, wo = 1™/,
These are distinct points of u(U), so there exist 21,22 € U with

u(z1) = wy, u(z2) = wo.
Since wy # wo we have z1 # 29, but

f(z1) = f(z0) = wi" =™ = wy" = f(22) — f(20),

contradicting injectivity. Hence f’(z) # 0 everywhere on €.
Now let wog = f(20) € f(£2) and consider

(w # wo).
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As w — wy we have z — zg: indeed, f is continuous, open by the open mapping theorem, and

injective, hence its inverse is continuous on f(2). Since f'(zg) # 0,

. zZ— 20 1
lim

=20 f(z) — f(z0)  ['(20)

Therefore (f~1)(wp) exists and equals 1/f/(z2g), proving holomorphy of the inverse and the

derivative formula. ]

Remark 6.21. The inverse function theorem is the analytic counterpart of conformality: an
injective holomorphic map is locally a biholomorphism, and its derivative never vanishes. This

explains why conformal maps preserve angles and local orientation away from critical points.
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CHAPTER 7

Harmonic Functions and Conformal
Mappings

This chapter develops the geometric side of holomorphic function theory. Using the analytic machinery
built earlier, we study harmonic functions, harmonic conjugates on simply connected domains, mean
value phenomena, and the conformal viewpoint, culminating in a systematic discussion of Mdbius
transformations.

Learning objectives

e Relate holomorphic functions to harmonic functions through real and imaginary parts.

e Use harmonic conjugates, the mean value property, and the maximum principle as structural

tools.

o Interpret nonvanishing derivatives geometrically through conformality.

Chapter roadmap

e The first half of the chapter studies harmonicity as the real-variable shadow of holomorphy.

e The second half turns to conformal mappings and Mobius transformations as the basic rigid

motions of the holomorphic category.

e Throughout, the emphasis is on how local differential information leads to strong geometric

conclusions.

7.1 Harmonic Functions and Harmonic Conjugates

Holomorphic functions may be decomposed into real and imaginary parts, and these satisfy the Laplace
equation. This section explains that relation and thereby connects complex analysis with potential theory,
boundary-value problems, and the geometry of conformal maps.

7.1.1 Holomorphic Functions as Harmonic Pairs

Write z = z + 4y and let f = u + 4v on a domain Q C C, with u,v :  — R. Recall that f is
holomorphic on €2 if and only if u,v have continuous first partial derivatives and satisfy the
Cauchy—Riemann equations

Uy = Uy, Uy = —Vg. (7.1)
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Proposition 7.1 (Harmonicity of real and imaginary parts). If f = u+ v is holomorphic on Q

and u,v € C%(Q), then both u and v are harmonic on 2, i.e.

AU = Ugy + Uyy = 0, AV = Vg + Vyy = 0.
Proof. Differentiate (7.1): from u, = v, we obtain uz, = vy, and from u, = —v, we obtain
Uyy = —Vgy. Since mixed partials agree, we find

AU = Uy + Uyy = Vyp — Vgy = 0.
Similarly, differentiating u, = v, with respect to y and u, = —v, with respect to x gives
Vyy = Uzy; Vzw = — Uy,

and therefore
AV = Uy + Vyy = —Uyg + Ugy = 0.
Thus both v and v are harmonic on 2. O

7.1.2 A Rigidity Lemma

Proposition 7.2 (Constant argument forces constancy). Let Q@ C C be a domain and let
f € Hol(Q2) be nonvanishing. If Arg f is constant on Q (equivalently, f(Q2) is contained in a ray
{ret®:r > 0}), then f is constant.

Proof. Multiply by e~ to reduce to the case f(2) C (0,00) C R. Then Im f = 0, hence by the
Cauchy—-Riemann equations Re f has zero gradient and is constant on each connected component

of Q, i.e. on €. O

Theorem 7.3 (Zero derivative implies constancy). Let Q@ C C be a domain and f € Hol(2). If
1'(2) =0 for all z € Q, then f is constant on .

Proof. Fix zg € Q) and let z € ) be arbitrary. Since € is path connected, there exists a piecewise
C* curve v : [0,1] = Q with v(0) = 29 and (1) = 2. Choose a partition

O=th<thi < ---<ty=1

such that v is C! on each open subinterval (t;_1,t;). For each j define g; :=f oy on [tj_1,;].
Then, for ¢t € (tj_1,t;), the chain rule gives

g5(t) = f'(v(#)+'(t) = 0.
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Hence g; is constant on [t;_i,t;]. Because consecutive subintervals meet at the partition points
and f o~y is continuous, these constants agree from one subinterval to the next. Therefore f o~y

is constant on all of [0, 1], and

Since z € ) was arbitrary, f is constant on (2. O

7.1.3 Harmonic Functions

Definition 7.4 (Harmonic function). A function u : @ — R on an open set Q@ C C = R? is
harmonic if u € C?(£2) and
A := Ugg + Uyy =0 on €

Definition 7.5 (Harmonic conjugate). Let u be harmonic on 2. A function v : Q@ — R is called
a harmonic conjugate of u if f := u + iv is holomorphic on 2.

Example 7.6. For u(z,y) = 22 — y? one may take v(z,y) = 2xy (up to an additive constant),

since u; = 2x = vy and v, = =2y = —v,.

Proposition 7.7 (Uniqueness up to a constant). If vy and ve are harmonic conjugates of the

same harmonic function u on a domain €2, then vi — vy is constant on 2.

Proof. The difference (u + iv1) — (u + ivy) = i(v; — v2) is holomorphic and has zero real part.

By the Cauchy—Riemann equations its derivative is 0, hence it is constant by Theorem 7.3. [

7.1.4 Existence of Harmonic Conjugates on Simply Connected Domains

The obstruction to the existence of a global harmonic conjugate is topological: on non-simply
connected domains the would-be conjugate may become multivalued (the logarithm provides the

basic example).

Theorem 7.8 (Existence of harmonic conjugates). Let Q C C be simply connected and let
u € C?(2) be harmonic. Then there exists v : Q — R such that f = u + iv € Hol(2). Moreover,

v 1S unique up to an additive constant.

Proof strategy. The Cauchy-Riemann equations suggest the differential form w = —u, dz + u, dy.
Harmonicity gives the integrability condition dw = 0, and simple connectivity then upgrades this closed
form to an exact one. Integrating w produces the desired conjugate.

Proof. Define

¢ = Uy — Uy.

Since u € C2%() is harmonic, the real and imaginary parts of ¢ satisfy the Cauchy-Riemann

equations:

(Uz)z = Uz = —Uyy = (—uy)y, (Uz)y = Ugy = Uys = —(—Uy)a-
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Therefore Theorem 3.12 implies that ¢ € Hol(£2).
Fix a base point z, € ). Because ) is simply connected, Theorem 5.7 shows that the integral

of ¢ over every closed curve in € is zero. Hence the function
z
F@) = [ o0 dC
Zx
is well defined and holomorphic on 2, with F’ = ¢. Write
F=U+1V,
where U and V are real-valued C' functions. Since F' = ¢, we have
Up + Ve = Uz — iy,

SO

U, = Uy, Ve = —uy.

Because F' is holomorphic, its real and imaginary parts satisfy the Cauchy—Riemann equations,
and therefore

Uy =—Vy = uy.

Thus
(U—-u); =0, (U —-u)y =0.

Since €2 is a domain, U — wu is constant on 2; say U = u + ¢ for some ¢ € R. Consequently
F—c=u+1V.

The function F' — ¢ is holomorphic, so V is a harmonic conjugate of u. Uniqueness up to an

additive constant follows from Theorem 7.7. O

Example 7.9 (Why log|z| has no global conjugate on C\ {0}). The function u(z) = log|z| is
harmonic on C\ {0}. Locally it has a harmonic conjugate, but globally no continuous single-valued
conjugate exists on C\ {0} because this domain is not simply connected: any conjugate would
produce a single-valued holomorphic function u + iv whose exponential equals z on C\ {0},
contradicting the multivalued nature of the argument. Equivalently, f| A=W = 2m # 0, so w is
not exact on C\ {0}.

7.1.5 Mean Value Property and Maximum Principle

Theorem 7.10 (Mean value property). Let u be harmonic on a domain Q2 and let D(zp,7) C Q.

Then
1

2 .
u(z0) = ﬂ/o u(zo + re't) dt.
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Proof. Since D(zp,r) C €, there exists R > r with D(zp, R) C 2. On the disk D(z, R), which
is simply connected, Theorem 7.8 yields v such that f = w + v is holomorphic on D(zp, R).
Applying Cauchy’s integral formula to f at zp on the circle |( — zp| = r and parametrizing
¢ = 29+ rett gives

1 f(Q) 12

E——— N ity q¢.
FCo) =g i nac= 5o [T o4ty

Taking real parts yields the stated identity. O

Theorem 7.11 (Maximum principle for harmonic functions). Let Q be a bounded domain and

u € C(2) be harmonic on Q. Then maxgu = maxgqu. In particular, if u attains its mazimum

at an interior point, then u is constant.

Proof. Because () is compact and u is continuous on 2, the maximum

M = maxu
Q

is attained at some point zy € Q. If zg € 09, then maxg u = maxyn v and we are done.

Assume now that zg € 2. Choose r > 0 such that D(zp, ) C Q. By Theorem 7.10,

1

2w .
u(zg) = %/0 u(zo + re') dt.

Since u(z9) = M and every value on the circle is < M, the average can equal M only if
u(zo +re)y =M for all ¢ € [0, 27].

Hence every point of that circle is also a maximum point.

Let

E:={zeQ: u(z)=M}.

The set E is closed in €2 by continuity of u. We claim that F is also open in €. Let z € E, and
choose s > 0 such that D(z,s) C Q. Applying the mean value property on each circle centered
at z of radius 0 < p < s, the same averaging argument shows that u(z + pe*) = M for all .
Hence D(z,s) C E. Thus E is open in ). Since zp € E and € is connected, we obtain E = ).
Therefore w = M on 2, so u is constant.

In particular, unless u is constant, the maximum of u on ) cannot be attained in the interior.
Hence

maxu = maxu.
Q o9
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Remark 7.12 (Poisson kernel (optional)). If v € C'(0D) and wu is harmonic on D with these
boundary values, then for 0 <r < 1 and 0 € R,

1 2 1—r?

u(rew) = ; P.(60 —1t) u(eit) dt, P(¢) := 1—2rcosg+r2

This is the Poisson integral formula, which also implies the mean value property and the harmonic

maximum principle.

Remark 7.13. The simply connected hypothesis cannot be dropped. On C\ {0} the harmonic
function log|z| is locally the real part of a holomorphic function, but there is no single-valued

global conjugate because the candidate argument function winds by 27 around the origin.

7.2 Conformal Mappings

One of the most beautiful aspects of complex analysis is its geometric interpretation in terms of angle-
preserving maps. Conformal mappings translate analytic information into geometry and provide the

natural equivalences between planar domains.

Complex differentiability imposes strong geometric rigidity. One of the most important
manifestations of this rigidity is the fact that holomorphic functions preserve angles whenever

the derivative does not vanish.

Definition 7.14 (Conformality at a point). Let £ C C be open, and let f : & — C be
differentiable at zy € €2 in the complex sense. We say that f is conformal at zy if it preserves

oriented angles between C'-curves through zg.

Proposition 7.15 (Holomorphic maps are conformal away from critical points). Let  C C be
open and f : Q — C be holomorphic. If f'(z0) # 0, then f is conformal at z.

Proof. Fix zg € Q with f'(29) # 0. By complex differentiability,
f(zo+h) = f(20) + f'(20) h + o(h) (h —0). (7.2)

Let 71,72 : (—¢,6) = Q be C'-curves with v,(0) = z and 7;(0) # 0. Applying (7.2) with
h = ;(t) — zo and dividing by t yields

(f ©73)'(0) = f'(20) ;(0).

Multiplication by a nonzero complex number is the composition of a rotation and a dilation;
hence it preserves oriented angles. Therefore the angle between (f o~1)'(0) and (f o+2)'(0) equals
the angle between ~1(0) and ~45(0), proving conformality at zg. O
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7.3 Mobius Transformations

Mébius transformations form the most explicit and most flexible family of biholomorphic self-maps of the
Riemann sphere. They serve simultaneously as examples, as computational tools, and as the basic building
blocks for many later normal forms.

A Mébius transformation is a map of the form

az+b
T(z) =12 - ,
(2) ot d a,b,c,d € C, ad—bc#0
It is holomorphic on C \ {—d/c} (and extends meromorphically to the Riemann sphere C). A

direct calculation gives
ad — bc

(cz+d)?

In particular, 77(z) # 0 on its domain of holomorphy, so every Mébius transformation is conformal

T (2) =

wherever it is holomorphic.

Example 7.16 (Half-plane to disk). The map

zZ—1
z4+1

¢(z) =
is a Mobius transformation sending the upper half-plane {z : Im z > 0} biholomorphically onto
the unit disk D = {w : |w| < 1}.

Remark 7.17. Conformal maps are the natural isomorphisms in complex analysis: a bijective
holomorphic map with holomorphic inverse is called a biholomorphism. By Proposition 7.15 such

maps are conformal and, in particular, preserve harmonicity via pullback.
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CHAPTER 8

Schwarz Lemma and Automorphisms
of the Disk

The unit disk is the natural testing ground for rigidity in holomorphic mapping theory. In this chapter we
prove the Schwarz lemma, classify the automorphisms of the disk, and derive the Schwarz—Pick lemma,
thereby obtaining strong metric and geometric control on holomorphic self-maps.

Learning objectives

e Understand the rigidity of holomorphic self-maps of the unit disk.

e Use normalization by disk automorphisms to convert geometric questions into differential
estimates at the origin.

e Recognize Schwarz—Pick as a prototype of negative-curvature behavior in complex analysis.

Chapter roadmap

e The chapter opens with Schwarz lemma as a sharp normalization statement for disk self-maps
fixing the origin.
e We then transport the result to arbitrary points of the disk using automorphisms.

e The outcome is the Schwarz—Pick lemma, which controls both values and derivatives of disk

maps.

8.1 Schwarz Lemma and Disk Self-Maps

The unit disk is the canonical laboratory for rigidity phenomena in holomorphic mapping theory. Schwarz
lemma shows that a surprisingly mild normalization at one point imposes strong metric restrictions
everywhere else.

The maximum modulus principle admits a remarkably sharp refinement on the unit disk.
Besides being a basic tool in itself, it is the starting point for the intrinsic geometry of the disk

(the hyperbolic metric) and for the description of all holomorphic automorphisms of D.

Theorem 8.1 (Schwarz lemma). Let f € Hol(D) satisfy f(0) =0 and |f(z)| <1 for all z € D.
Then
f(2) <z,  zeD,

and moreover |f'(0)| < 1. If equality holds at some point zg € D\ {0}, or if |f'(0)| = 1, then
there exists 0 € R such that
f(z) =€ 2, z € D.
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Proof. Define

f(Z)7 240,
g(z) =4 ~
1(0), z=0.

Since f(0) = 0, the function g is holomorphic on D (removable singularity at 0). Fix 0 <r < 1

and consider the closed disk D(0,7). For |z| = r we have |g(z)| = |f(2)|/r < 1/r, hence by the

maximum modulus principle (Theorem 6.14) applied to g on D(0,r),

lg(2)[ <=, el <

S| =

Letting » — 17 gives |g(z)| < 1 for all z € D, and therefore |f(2)| = || |g(2)| < |z|. Evaluating
at z = 0 yields |f'(0)] = |g(0)] < 1.

If | f(20)| = |20] for some zp # 0, then |g(z0)| = 1. Since |g| <1 on D, the maximum modulus
principle forces g to be constant, say g = e with || = 1, and hence f(z) = ¢"z. The same
conclusion follows if | f'(0)| = |¢(0)] = 1. O

8.1.1 Automorphisms of the Disk
For a € D define the M&bius map

¢a(z) = ) z €D. (8.1)

Lemma 8.2 (Elementary disk automorphism). For each a € D, the map ¢, is a biholomorphism
of D onto itself, with inverse ¢, = ¢_,. Moreover,
(1 —Ja[*)(1 ]2

2 _
1—|¢a(2)|]* = T_a:f , z € D. (8.2)

Proof. A direct computation gives (8.2). In particular, the right-hand side is positive for z € D,
hence |¢q(2)] < 1 and ¢o(ID) C D. Since the same identity holds with a replaced by —a, the map
¢—_q also sends D into itself. One checks algebraically that ¢_g 0 ¢ = g 0 p_q = id, s0 @, is

bijective with holomorphic inverse ¢_. O

8.1.2 Schwarz—Pick Lemma
Theorem 8.3 (Schwarz—Pick lemma). Let f € Hol(D) satisfy f(D) C D. Then for all z,w € D,

zZ— W

f(z) = f(w)
1= f(w) f(2)

<

. (8.3)

l—wz

FEquivalently,
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where ¢q is defined by (8.1). In particular, for each w € D we have the differential estimate

1—[f(w)
! <0 4
)l < (34)
If equality holds in (8.3) for one pair z # w, or if equality holds in (8.4) at some point w, then f

is an automorphism of D.

Proof strategy. Normalize both the source and target by disk automorphisms sending w and f(w) to
the origin. The conjugated map fixes 0, so Schwarz lemma applies immediately. Undoing the normalization
recovers the invariant estimate.

Proof. Fix w € D and consider the conjugate map

Fi=¢uofody.

By Lemma 8.2, both ¢, and ¢y, are biholomorphisms of D. Thus F' € Hol(D) and F'(D) C D.
Moreover, F(0) = 0 because ¢,'(0) = w and ¢ () (f(w)) = 0. Applying the Schwarz lemma
(Theorem 8.1) gives |F(¢)| < |¢]| for all ¢ € D. Taking ( = ¢y,(2) yields

P5(w) (f ()] = [F(¢u(2))] < [¢u(z)],  z€D,

which is equivalent to (8.3).
To obtain (8.4), differentiate F' = ¢ f(,) o f 0 ¢," at 0 and use |[F’(0)| <1 from the Schwarz

lemma. Using ¢/, (z) = (i:aazi?’ we have ¢\ (f(w)) = 1—]f1(w)]2 and (¢51)'(0) =1 — |w|?.
The chain rule gives / )

L=[fw)? —

which is exactly (8.4).

Finally, if equality occurs in (8.3) for some z # w, then equality occurs in the Schwarz lemma
for the map F' at the nonzero point ¢ = ¢,,(z). The rigidity part of Schwarz lemma therefore
gives

F()=¢% (€eD)

for some 8 € R. Undoing the two automorphisms in the definition of F', we conclude that f
is a disk automorphism. The same conclusion follows from equality in (8.4) since that implies
|F'(0)] = 1. O]

Corollary 8.4 (Automorphisms of the disk). A map f:D — D is biholomorphic if and only if
it has the form

f(2) = €” u(z) = e ——

l1—-az

for some a € D and 0 € R.
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Proof. Suppose first that f is a biholomorphism of D. Let a := f~1(0) € D and set g := f o ¢, L.
Then g is a biholomorphism of D and g(0) = 0. Applying the Schwarz lemma (Theorem 8.1)
to g gives |g(2)| < |z| for all z € D. Applying the same lemma to g~! yields |z| < |g(z)|. Hence
equality holds, and the rigidity statement in Theorem 8.1 implies g(z) = ¢z for some 0 € R.
Therefore f(2) = g(¢a(2)) = €¢4(2). Conversely, each map z + ¢, (2) is a composition of

biholomorphisms of D, hence a biholomorphism. O

Remark 8.5 (Hyperbolic contraction). Inequality (8.4) can be rewritten as
A= AIf @I <1-1f)P,  zeD,

which expresses that holomorphic self-maps of D are contractions for the Poincaré metric on the
disk.
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CHAPTER 9

Laurent Series and Isolated
Singularities

Near an isolated singularity, power series are no longer sufficient; Laurent series provide the correct local
model. We develop Laurent expansions, classify isolated singularities, and interpret poles and essential
singularities as the first genuinely meromorphic phenomena, including behavior at infinity.

Learning objectives
o Extend the power-series viewpoint from disks to annuli.
o Classify isolated singularities in terms of the principal part of a Laurent expansion.

e Understand how local expansions detect removable singularities, poles, and essential singulari-

ties.

Chapter roadmap

e The chapter begins with Laurent’s theorem, which is the natural annular analogue of Taylor’s
theorem.
e We then interpret the coefficients of the negative powers as precise local obstruction data.

e The singularity classification culminates in the first strong picture of meromorphic behavior.

9.1 Laurent Series and Singularities

Laurent series extend the power-series point of view to punctured domains, where negative powers record the
behavior near singular points. This expansion is the natural language for classifying isolated singularities
and for preparing residue calculus.

9.1.1 Laurent Expansion

Let A ={z:7 < |z— 2| < R} be an annulus. If f is holomorphic on A, then it admits a

convergent expansion in powers of (2 — zp) and (z — 29) L.

Theorem 9.1 (Laurent’s theorem). Let f be holomorphic on A ={z:r < |z — 20| < R}. Then
for each z € A,

flz) = Z an(z — 20)", (9.1)
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where the coefficients are given by

n:i Lonﬂdc, r<p<R. (9.2)

2mi Ji¢c—zol=p (€ — 20)
The series (9.1) converges absolutely and uniformly on compact subsets of A.

Proof strategy. Apply Cauchy’s integral formula on a region bounded by two circles and decompose
the kernel into geometric series valid on the two sides of the point z. The outer boundary contributes
nonnegative powers and the inner boundary contributes negative powers, reflecting the two-sided geometry
of an annulus.

Proof. Fix z € A and choose radii p1, p2 such that
r<p <|z—2z2<p2<R.

Apply Cauchy’s integral formula to f on the annulus bounded by the circles | — z9| = p; and
|¢ — 20| = p2. With the positive orientation on the outer boundary and the negative orientation

on the inner boundary, we obtain

1 F© g L £(©)

2mi |¢—20l=p2 ¢—=2 211 |¢—z0|=p1 (—z

f(z) =

dc.

For | — zo| = p2 we have |z — 29| < |¢ — 20|, hence

I | i z—zo)
C_Z_C_Z01_7, (€ = 20)"+1

n:0

and the series converges uniformly on the circle. For | — zg| = p1 we have |( — zg] < |z — 2], so

1 1

-- -3l
C—z z—201— gzg z—zO”“

again uniformly on the circle. Therefore termwise integration is justified, and we obtain

f(z) = Z an(z — 20)" + Z a_p(z—29)"",
n=0 n=1

where . £0)

= — ———d( nes, r<p<R).

) S e L )
It remains to justify that the coefficient does not depend on the choice of p. If r < p < p' < R,
then the function 10)
—
ST
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is holomorphic on the closed annulus p < |¢ — 29| < p/, so Theorem 5.11 shows that the integrals
over the two circles coincide. Thus (9.2) is well defined. The convergence is absolute and
uniform on compact subannuli because the two geometric-series expansions above are uniformly

convergent there. O

9.1.2 Classification of Isolated Singularities
Let  be open and let zy € 2. Suppose f is holomorphic on 2\ {zp}. The Laurent expansion
(9.1) at 2z allows one to classify the behavior of f near zp:

e 2z is removable if a,, = 0 for all n < 0.

e 29 is a pole of order m if a_,, # 0 and a,, = 0 for all n < —m.

e 29 is essential if infinitely many negative-index coefficients are nonzero.

Example 9.2 (A basic Laurent expansion). On the annulus 0 < |z] < 1,

1 1 >
- @ - n.
z(1—2) z+nz:%z

The principal part consists of the single term z~', which records the simple pole at the origin,
while the holomorphic part is the ordinary geometric series. This is the local model behind many

residue computations.

Theorem 9.3 (Riemann’s removable singularity theorem). Let f be holomorphic on Q\ {20},
where § is a neighborhood of zg. If f is bounded in a punctured neighborhood of zg, then zg is a

removable singularity of f, i.e. f extends holomorphically to Q.

Proof. Let D(zp,r) C © and assume |f(z)| < M for 0 < |z — z9| < r. For 0 < p < r, Cauchy’s
integral formula on |z — zg| = p gives the Laurent coefficients

1

n=— 5 .
21

jlfz_zop F) =2 e (n> 1)

Eslimaling the inlegral ylelds
’au ‘ < 7(27(p)Mpn 1 —Mpn
n| = 2 I

hence a_, = 0 after letting p | 0. Thus the principal part vanishes and the singularity is
removable. O

Corollary 9.4 (A useful limit criterion for removability). Let f be holomorphic on Q\ {z0}. If

lim (z — 20) f(2) =0,

Z—20

then zy is a removable singularity of f. In particular, if lim,_,,, f(z) exists in C, then the

stngularity is removable.
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Proof. Work in a disk D(zp,7) C € on which f has a Laurent expansion

(o)
f(2)= > anlz —2)", 0< |z— 20| <
n=—oo
It is enough to show that all negative coefficients vanish. Fix m > 1. By the Laurent coefficient

formula,
1 f .
A FOEC—2)"tde,  0<p<r
270 J)¢—z0l=p
Given € > 0, the hypothesis gives |(( — 20) f(¢)| < € for sufficiently small p. Therefore

la—m| < ep” !
Letting p | 0 along such radii gives a_,, = 0. Hence the principal part is identically zero, and the
singularity is removable. If lim,_,,, f(z) exists in C, then (z — 29) f(2) — 0, so the first assertion

applies. O

Theorem 9.5 (Characterization of poles). Let f be holomorphic on Q\ {z0}. Then zy is a
pole of order m if and only if (z — z0)™ f(z) extends holomorphically to Q0 and is nonzero at z.

Equivalently, zo is a pole if and only if |f(2)| — oo as z — 2.

Proof. If zy is a pole of order m, then the Laurent expansion of f at zy has the form

a—m a—m+1
= e — e _ 0.
f(Z) (Z — Z())m + (Z — Zo)m_l + +ap + CL1(Z ZO) + a—m 7&
Multiplying by (z — z9)™ gives a holomorphic function near zy whose value at zg is a_,, # 0.

Conversely, assume that
h(z) := (2 = 20)" f(2)

extends holomorphically to Q and that h(zg) # 0. Then h is nonvanishing in some neighborhood

of zg, so
h(z)
z) = ————
has a pole of order exactly m at z.
Now suppose that zp is a pole. Then h(z) = (z — 20)" f(2) — h(z0) # 0, so for z near zy we
have |h(z)| > ¢ > 0. Hence
()] ¢

= > — — 20).
e = hn s s (o)

Conversely, if | f(z)| — oo as z — zp, then

1
9(z) == m
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satisfies g(z) — 0 as z — zp. Thus g is bounded near zp, so by Theorem 9.3 it extends
holomorphically across zg with g(z9) = 0. If the extension were identically zero near zy, then by
the identity theorem g would vanish on a punctured neighborhood, impossible. Therefore g has

a zero of some finite order m > 1 at zp:

9(z) = (z—20)"¥(2),  ¥(20) #0.

Hence

so f has a pole of order m at z. O

Remark 9.6 (Meromorphic functions). A function is called meromorphic on a domain if it is
holomorphic except at isolated poles. Meromorphic functions behave like rational functions
locally and are the natural class for the argument principle and residue calculus.

9.1.3 Singularities at Infinity (Optional)

The point at infinity is often treated exactly like an isolated singularity after the substitution
(=1/z

Definition 9.7 (Singularity at infinity). Let f be holomorphic for |z| > R for some R > 0. The
singularity of f at infinity is defined by transporting the problem to the origin through

9(Q) = f(1/¢),  O<[¢(| <1/R.

We say that f has a removable singularity, a pole, or an essential singularity at co according as g

has the corresponding type of isolated singularity at 0.

Proposition 9.8 (Entire functions and the point at infinity). Let f be entire. Then the
singularity of f at oo is removable if and only if f is constant, it is a pole if and only if f is a

polynomial, and it is essential if and only if f is a non-polynomial entire function.

Proof. Write the Taylor expansion of f at the origin as
o0

f(z) = Z anz".
n=0

Then for ¢ # 0,
9(Q) = F1/Q) =D an(™",
n=0

which is the Laurent expansion of g about 0. The singularity at 0 is removable exactly when
all negative-power coefficients vanish, that is, when a,, = 0 for every n > 1, so f is constant. It

is a pole exactly when only finitely many negative-power coefficients are nonzero, which means
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precisely that only finitely many a,, are nonzero, i.e. f is a polynomial. The remaining case is

therefore the essential one. O

Remark 9.9. This viewpoint packages several classical facts elegantly: a nonconstant polynomial
maps C onto C, while a non-polynomial entire function has an essential singularity at infinity
and is therefore governed by the dramatic value-distribution behavior associated with essential

singularities.

Theorem 9.10 (Casorati—Weierstrass). If zg is an essential singularity of f, then f maps every

punctured neighborhood of zg densely into C.

Proof. Let U be a punctured disk about zg. If f(U) were not dense, there would exist wy € C
and 6 > 0 such that |f(z) —wp| > d on U. Then g(z) := m
U. The singularity of g at zg is removable, so g extends holomorphically across zg, which implies

is holomorphic and bounded on

that f has at most a pole at zg, contradicting essentiality. O
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CHAPTER 10

Argument Principle and Residue

Calculus

This chapter passes from local singular behavior to global counting principles. The argument principle
and Rouché’s theorem relate zeros and poles to winding numbers, while residues and the residue theorem
provide the decisive computational instrument for meromorphic contour integrals.

Learning objectives

o Compute contour integrals by extracting local coefficient data.
e Understand the argument principle as a bridge between integration and zero-counting.

e Use Rouché’s theorem to obtain robust perturbative information about zeros.

Chapter roadmap

e Residues compress the local behavior of a meromorphic function into a single coefficient.
e The residue theorem converts global contour integrals into finite local data.

o This framework then yields zero-counting tools such as the argument principle and Rouché’s
theorem.

10.1 Argument Principle and Rouché’s Theorem

A recurring theme in complex analysis is that information on the boundary controls what happens inside.
The argument principle and Rouché’s theorem turn contour integrals into effective tools for counting zeros

and comparing analytic functions.

10.1.1 Residues

If f has a Laurent expansion (9.1) about zp, the coefficient a_; is called the residue of f at z
and is denoted by Res(f; zp).

10.1.2 Computing Residues

In practice one rarely computes a full Laurent series. The following formulas cover the most

common situations.

Proposition 10.1 (Simple poles). Let f have a simple pole at a. Then

Res(f;a) = lim ( — a) f(2).

=1li
z—a
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If f = g/h with g, h holomorphic near a, h(a) =0, and h'(a) # 0, then a is a simple pole of f

and (@)
g. _ gla
Res(h,a> = W(a)
Proof. For a simple pole, f(z) = == 4 ho(z) with hg holomorphic, hence (z — a) f(z) = c_1 =
Res(f;a). For g/h, write h(z) = (z — a)h1(z) with hi(a) = W' (a) # 0, so ¥ = % and the
residue equals g(a)/hi(a) = g(a)/N (a). O

Proposition 10.2 (Poles of order m). If f has a pole of order m > 1 at a, then

1 ) dm—l

Res(fia) = (o i s (2= @) ().

Proof. Set
h(z) :=(z—a)"f(z).

Then h is holomorphic near a, and

h(z)
f(Z) - (Z _ a)m
Expand h in its Taylor series at a:
> hn(q .
h(z)zz '(>(z—a).
= nl

Dividing by (z — a)™ gives the Laurent expansion

") (q
h n'( )(z —a)" ™.

o)=Y
n=0

1

The residue is therefore the coefficient of (z — a)™", namely the term with n =m — 1:

h(mfl) (CL)
Restfie) ="y
Since h is holomorphic, this is exactly
1 ) dm—l .
Res(fi0) = (o lim s (z=a)f(2)).
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eZ

Example 10.3 (Residues at simple and higher-order poles). Let f(z) = 21 Then z =0
22(z —
is a pole of order 2 and
Res(f;0) = lim d( ¢ )—6Z(Z_1)_ez = -2
T as0del\z—1/ (z—-12 | _,

Also z =1 is a simple pole, and Res(f;1) =e

Remark 10.4 (Residue at infinity (optional)). For meromorphic f on the Riemann sphere, the
residue at infinity is defined by

Res(f;00) := —Res(éf(i) ;0) ,

and satisfies ) & Res(f;a) = 0 (sum over all poles, including oco). This is convenient for rational

integrals.

Theorem 10.5 (Residue theorem). Let Q C C be a domain and let v be a positively oriented
simple closed piecewise C' curve with int(y) C Q. If f is holomorphic on Q0 except for finitely

many isolated singularities ai,...,an in the interior of v, then
N
]{f(z) dz = 2m’ZRes(f;ak). (10.1)
v k=1

Proof strategy. Remove small circles around the singularities and apply Cauchy’s theorem on the

punctured region. The outer contour is then homologous to the sum of the small inner circles. Each local

integral is read off from the Laurent expansion, and only the coefficient of (z — a)~! survives.

Proof. Choose pairwise disjoint closed disks D(ay, ) contained in int(7) and small enough that
no disk contains any singularity other than its center. Remove these disks from the interior of
~. On the resulting finitely connected region the function f is holomorphic. Cutting the region

along finitely many arcs to obtain a simply connected region and then applying Cauchy’s theorem

j{ dz—Zyi e 7’k dz,

where each small circle is positively oriented about a;. For each k, the Laurent expansion of f at

gives

ay converges on a punctured disk containing |z — ax| = rg; integrating term by term around this

circle shows that all terms integrate to zero except the coefficient of (z — az)~!. Hence

]I{ ~ f(z)dz = 2mi Res(f;ax).

Substitution gives (10.1). O
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Remark 10.6. The residue theorem should be viewed as a localization principle: once the contour
is fixed, only the coefficients of (z —a)~! at the enclosed singularities survive. All higher-order

local data become invisible to the contour integral.

Theorem 10.7 (Argument principle). Let Q be a domain and 7y as in Theorem 10.5. Suppose f

is meromorphic on a neighborhood of int(y) and has no zeros or poles on . Then

1O
o 7{ Fo 2= No— N (10.2)

where Ny and Noy are the numbers of zeros and poles of f in int(7y), counted with multiplicity.

Proof strategy. Factor f near each zero or pole as a power of (z —a) times a holomorphic nonvanishing
factor. The logarithmic derivative therefore splits into a simple pole plus a holomorphic term. The residue

theorem converts those local multiplicities into the global contour integral.

Proof. The function f’/f is meromorphic on a neighborhood of int(y), and its singularities occur
precisely at the zeros and poles of f.

If a is a zero of order m, then

with ¢g holomorphic and g(a) # 0. Therefore

o) m o g
f2) z—a  g(a)’

and the residue at a is m. If a is a pole of order m, then

f(2) = (z —a)""g(2)
with g holomorphic and nonvanishing at a, so

FE om0

and the residue at a is —m.

Applying the residue theorem to f'/f, we obtain

1%
2mi Sy

where zeros and poles are counted with multiplicity. This proves (10.2). ]

f'z) . I = N
72) dz-aegt:(v)ReS(f,a) = Ng — N,

Theorem 10.8 (Rouché’s theorem). Let v be a positively oriented simple closed curve and let

f,g be holomorphic on a neighborhood of int(y). If

l9(2) <[f(2)] forall z €, (10.3)
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then f and f + g have the same number of zeros in int(7y), counted with multiplicity.

Proof strategy. Study the homotopy f + tg for 0 <t < 1. The boundary inequality prevents any
member of the family from vanishing on the contour, so the logarithmic derivative varies continuously
throughout the deformation. The argument principle then shows that the number of zeros inside cannot

change with t.

Proof. For 0 <t <1 define

For z € v we have
|hi(2) = f(2)| = tlg(2)| < lg(2)] < [f(2)];

s0 hi(z) # 0 on ~ for every t € [0,1]. By the argument principle, the number N(t) of zeros of h;

in int(7y), counted with multiplicity, is therefore given by

1 hi(z)
=552 ne)

We claim that N(¢) is constant on [0,1]. Fix ¢y € [0, 1]. Since hy, has no zeros on the compact

curve v, there exists m > 0 such that
hio ()| 2 m (2 €7).
If |t — to| < m/(2maxy |g|), then

ha(2) = huo(2)] = It = to] lg(2)] < 5

so |hi(z)| > m/2 on . It follows that

hi(2)
ht(Z)

depends continuously on ¢, uniformly for z € 7, near tg. Hence N(t) is continuous at ty. Since t

was arbitrary, N is continuous on [0, 1].
But N(t) is integer-valued. A continuous integer-valued function on a connected set must be

constant. Therefore

That is, f = ho and f + g = h; have the same number of zeros in int(7y), counted with
multiplicity. O

Example 10.9 (A standard use of Rouché’s theorem). Consider the polynomial

p(z) =2° + 32+ 1.
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On the circle |z| = 2 we obtain
13241 <7< 32=12]

Hence p and z° have the same number of zeros in |z| < 2, namely five. Similarly, on |z| = 1 one
has 1 3
5
< —=+=-<1=]|1|,
P48 < b <1=]1

so p and the constant function 1 have the same number of zeros in |z| < %, namely none.

Therefore all five zeros of p lie in the annulus

1
5<]z:]<2.

This example illustrates the typical use of Rouché’s theorem: one chooses different comparison

functions on different contours to localize zeros efficiently.
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CHAPTER 11

Applications of Residues to Definite
and Principal Value Integrals

The final chapter shows how the abstract machinery of residues translates into concrete evaluation methods
for real-variable problems. We treat rational and trigonometric integrals, keyhole-contour arguments,
Fourier-type integrals, Jordan’s lemma, and Cauchy principal values in a unified framework.

Learning objectives

o Translate real-variable integrals into contour integrals suited to residue methods.
¢ Choose contours and growth estimates adapted to the integrand at hand.

e See residue calculus functioning as a computational method rather than only as a structural
theorem.

Chapter roadmap

e We review the contour templates that arise most often in practice.

e The main examples illustrate how symmetry, exponential damping, and pole structure guide

the choice of contour.

e The goal is to make residue calculus a flexible computational tool for oscillatory and rational

integrals.

11.1 Applications of the Residue Theorem to Real Integrals

Residues are not only a structural theorem of complex analysis but also a remarkably efficient computational
device. The purpose of this section is to show how carefully chosen contours convert difficult real integrals
into manageable questions about poles and residues.

We record a few standard templates illustrating how Theorem 10.5 yields real integral

evaluations.

11.1.1 Rational Integrals on the Real Line
Let P, @ be polynomials with deg @) > deg P + 2 and assume ) has no real zeros. Consider

> P(z)

=] . aw

dx.
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One applies the residue theorem to f(z) = % on a semicircular contour in the upper half-plane.

The decay condition implies that the arc contribution tends to 0 as the radius tends to oo, giving

o P(x) .
do =2
QT 2

Ima>0

Res(g;a) . (11.1)

> d
Example 11.1 (A rational integral on the real line). Evaluate / 27—3;1
0 X

Proof. Here f(z) = ﬁ has a simple pole at z = ¢ in the upper half-plane with residue

. . zZ—1 _ 1
Res(fyd) =lm =25 = o

By (11.1), the integral equals 27 - % =. O

11.1.2 Trigonometric Integrals

Many integrals over [0,27] can be reduced to contour integrals on the unit circle via the

substitution z = e, so that dt = Ldz and cost = 1(z +271), sint = £(z — z71).

2m dt
Example 11.2 (A trigonometric integral by residues). Evaluate / e —
0 2+cost

Proof. With z = e, one obtains

2 dt 1 1 2
/ _— 1, 1 _de = - S — 2 dz
0o 2-4cost l2j=1 2+ (2 + 271) iz =1 1(22 + 42+ 1)

The poles are at z = —2 4 /3; only 29 = —2 + /3 lies inside |z| < 1. The residue at 2 is

2 2 1
Res(———12) = - .
es(i(z2 Yzt 1)’20) 220+ 4) i3

Hence the integral equals 27¢ - ﬁ = % O

11.1.3 Keyhole Contour and Branch Cuts

Integrals involving powers x® (non-integer o) naturally lead to branch cuts and keyhole contours.

A standard prototype is Euler’s beta integral.

Theorem 11.3 (Euler integral via residues). Let 0 < o < 1. Then

00 xa—l T
/ dox = — .
o 1+ sin(ma)

Proof. Consider
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a—1 a—1)Log z

where z = ¢l is defined using the branch of Log with argument in (0, 27), so the
branch cut lies along the positive real axis. Integrate f over the standard keyhole contour
consisting of the circles |z| = R and |z| = € together with the two sides of the interval (¢, R) on
the positive axis, oriented counterclockwise.

The only singularity inside the contour is the simple pole at z = —1, and on this branch
Res(f; 1) = (~1)°~! = ¢V,

Because 0 < a < 1, the large circular arc contributes O(R*1) — 0 as R — oo, while the small
circular arc contributes O(e%) — 0 as € | 0.

On the upper side of the cut we have arg z = 0, so

207l = g0t (z=2410, e<x < R),

a—1 a=1,2mi(a—1)

whereas on the lower side we have arg z = 27, so z =z . Since the upper segment

is traversed from € to R and the lower segment from R back to €, the total contribution from the

(1 — ¢2mila=D) /R x

142z

cut is
a—1

dzx.

Therefore, by the residue theorem,

(1 — ¢2mila=D) /R x
€

1+

a—1 )
do = 27 i@

Letting € | 0 and R — oo gives

—1
(1- 62”(0‘—1)) /OO z” dx = 27i e D),
o 1+4+=x
Finally,
1— 6271’1'(0171) _ _eiﬂ'(afl) (eiw(afl) o efiﬂ(afl)) — 9 eiﬂ(afl) Sin(ﬂ'OJ).
Hence
oo pa—l 27i eiﬂ'(a—l) T
/0 11207 9 ginla—) sin(ma)  sin(ra)’
This proves the formula. O
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Im 2z

ah
_K\“/% cut

Figure 11.1: A keyhole contour around the branch cut (0,00).

11.1.4 Jordan’s Lemma and Fourier-Type Integrals

When integrands contain ¢** with a > 0, semicircular contours in the upper half-plane often work

because €% decays on the upper semicircle. The following estimate packages this observation.

Lemma 11.4 (Jordan’s lemma). Let a > 0 and let g be continuous on {Re® :0 <t < 7} for
all large R, with |g(z)| < M/R on the semicircle |z| = R, Imz > 0. Then

lim €% g(z)dz = 0.
R—00 J|z|=R, Im2>0

Proof. Parametrize the upper semicircle by
z=Re", 0<t<m,
so that dz = iR e dt. Then

‘/ €% g(2) dz §/ |ewReitHg(Reit)|Rdt.
|z]=R, Im2>0 0

Now

‘eiaRe“ _ e—aRsint

)

and by hypothesis |g(Re)| < M/R. Hence

e g(2)dz
|/|z|:R7 Im 2>0 g( )

Using symmetry about /2,

< ]\4/7r €_aRSintdt.
- 0

™ ) /2 )
/ e—aRsmt dt = 2/ e—aRsmt dt.
0 0
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For 0 <t < /2 we have sint > %t, SO

/2 _ /2 T
2 —aRsint < 2/ —(2aR/m)t _ 1_ —aR )
/0 e dt < ; e de R ( e )

Therefore

< T (1) —.

/ €% g(z) dz
|z|=R, Im 2>0

This proves the lemma. ]

Example 11.5 (A basic Fourier integral). For a € R,

00 eiax
/ 5 de = el
B e |

Consequently, for a > 0,

> cos(ax) T _
dr = —e .
/0 241 2f

Proof. Assume a > 0 (phe case a < 0 is analogous with the lower half-plane). Apply the residue

maz

theorem to f(z) = §+ 1
z

vanishes as R — co. The only pole in the upper half-plane is z = i, with residue

eiaz eiai e~ a
S\2r") T W T 2
o

dz = 2mi - 2—; = me~®. Taking real parts yields the cosine integral. O

on the upper semicircle. By Jordan’s lemma, the arc contribution

iax
e

241

Hence [

11.1.5 Principal Value Integrals

Residues also evaluate Cauchy principal values when the integrand has poles on the contour. A

* sinx
p.V./ dz =m.

oo X

standard example is

This can be obtained by integrating % along an indented contour that avoids the pole at 0 by a

small semicircle, and keeping track of the half-residue contribution.
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Problem Sets

These problem sets are intended to function as a second line of exposition rather than as a
detached exercise bank. In each set, the early problems reinforce definitions and standard
estimates, the middle layer develops the central techniques of the chapter, and the final layer is

designed for longer written arguments and seminar-style discussion.

Conventions for the problem sets. Problems marked by (%) are typically longer or concep-
tually more synthetic. A good working rhythm is to solve most of Part A before lecture, use
Part B to consolidate the theory after class, and reserve Part C for written assignments, seminar

discussion, or examination-style revision.

Problem Set 1: Complex Numbers, Geometry, and Fractional

Linear Maps

Guide to the set

These problems reinforce the algebra and geometry of the complex plane and also preview the fractional
linear transformations that reappear later in the course as M6bius maps and disk automorphisms. The
problems are arranged progressively: begin with Part A, use Part B for course-level mastery, and treat
Part C as extended written work.

Part A. Foundations and preliminary checks

1. Show that |z| < |Re(z)| + |Im(z)| < v/2|z| for all z € C.
2. If 21,29 € C, then |z1 + 29| < |21]| + |22]. Show that equality holds if and only if one of them

is a nonnegative scalar multiple of the other.

21— 22

3. If either |z1] = 1 or |22] = 1, but not both, then prove that = 1. What exception

— 21 22
must be made for the validity of the above equality when |z;| = |z2| = 17

Show that the equation 2* + z + 5 = 0 has no solution in the set {z € C: |z|< 1}.

If z and w are in C such that Im(z) > 0 and Im(w) > 0, show that | ==2 |< 1.

zZ—w

When does az + bZ + ¢ = 0 have exactly one solution?

NS o e

Let a,b,c € C such that a # 0 and |a| # |¢|]. Show that a root (in C) of the equation
az? 4+ bz + ¢ = 0 has modulus 1 if and only if [ab — bc| = |a@ — ce|.

8 If1=2,21,...,2n—1 are distinct n'" roots of unity, prove that
n—1 n—1 )
H(z—zj) = sz.
j=1 7=0

9. Let z,w € C and A € R with A > 0. Show that |z +w|? < (1 4+ A)[z> + (1 + 3)[w[*.

88



MA547: Complex Analysis Problem Sets

10.

11.

12.

Let z,w € C such that (1 + |z]?)w = (1 + |w|?)z. Show that z = w or 2w = 1.

1 2
“TEFE R Show that || = 1.
1—2z+=2

If z,w € D, then show that |(1 — |z|2)w + (1 — |w|?)z| < |1 — 22w?|.

Let z € C\ R such that

Part B. Core theory and proof-based exercises

13.
14.
15.

16.
17.

18.

19.

20.

21.

22.
23.

24.

If z,w € C, then show that |1+ z| + |1 + w| + |1 + zw| > 2.

n
z—1
Let n € N and let ag,aq,...,a, € R such that a9 > a1 > -+ > a,_1 > a, > 0. Show that
lag + a1z + -+ an_12""1 + anz?| > 0 for all z € D.

Let z € C\ {1} such that 2" = 1, where n € N. Show that 1+ 2z + -+ +nz""! =

1 1
Let z € C\ {0} such that z3+—3 < 2. Show that |z + —| < 2.
z z

Show that all the roots of the equation (2 +1)3 + 2% = 0 lie on the line Re(z) + 2 = 0.
+ zz)” ,
, =a-+1ib

— 1z

1
Let a,b € R and n € N. Show that all the roots z € C of the equation <1

are real if and only if a® + b = 1.

L4
Let f(z) = 1 Rl for all x € R. Show that f : R — C is one-to-one. Also, determine the
—ix

range of f.

Let a € R such that |a| < 1 and let f(z) = 12 —a

bijective.

for all z € D. Show that f : D — D is

—az

Let a,b € C and let T(z) = az + bz for all z € C. Show that T': C — C is bijective if and
only if |a| # |b].
Let 21, 2z € C such that Re(z1) > 0 and Re(z2) > 0. Show that Arg(z122) = Arg(z1)+Arg(z2).

Let z € C such that Re(2™) > 0 for all n € N. Show that z is a non-negative real number.

20y —
If d(z,w) = |z — vl for all z,w € C, then show that d is a metric on C.
VIt [PV [w]?

Part C. Extensions, synthesis, and challenge problems

25.

26.

27.
28.
29.
30.

1

If C such that |z| = 2, then show that | ———| < —.

z € C such that |z| , then show tha 24_422+3’_3

) 2z -1 7

If z € C such that |z| = 3, then show that 13 < ,;Jrél‘ < 5
Let z,w € C such that Re(z) > 0 and Re(w) > 0. Show that |z — w| < |Z + w|.

Let 21, 22, 23 € C such that 21429423 = 0 and | 21| = |22| = |23| = 1. Show that 22+23+23 = 0.
Show that |21 + zo| + |22 + 23| + |23 + 21| < |21| + | 22| + | 23| + |21 + 22 + 23] for all 21, 22, 23 € C.

Let 21, 22, 23 be distinct nonzero complex numbers such that |z1| = |z2| = |23]. If 21 + 2923,

2o + z123, 23 + 2122 € R, then show that z1z023 = 1.
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31.

32.

33.

34.

35.

36.

n
Let n € N and let 2q,...,2, € C such that ‘ > zjwj] < 1 for all wi,...,w, € C with
7j=1

J j=
Let n € N and let 21, ..., 2,, w1,...,w, € C. Show that

n n
> lw;|? < 1. Is it necessary that Zl |22 <17 Justify.

2 n n
= (Z |Zk|2> (Z !wk|2> = Y 1w — 2w
P =1

1<j<k<n

n
Z 2L W
k=1

Hence deduce the Cauchy—Schwarz inequality:

() ()

10

n
Z ZEWE
k=1

Show that
(1 —i)* (cos 5 + isin J5)
(8i —8v/3)8

Show that three distinct given points 21, 29, 23 € C represent the vertices of an equilateral

— 3

triangle if and only if
z% + zg + z% = 2129 + 2923 + 2321.
Let 21, 22, 23 € C such that 21 + 2o + 23 = 0 and |21| = |22| = |23] = 1. Show that z1, 22, and
z3 represent the vertices of an equilateral triangle inscribed in the circle |z| = 1.
Let 21, 29, 23 € C represent the vertices of an isosceles triangle, with a right angle at the vertex

z9. Show that
22 4222 + 22 = 220(21 + 23).

Problem Set 2: Topology of C and Continuity

Guide to the set

These exercises consolidate the topological language used throughout the course: closure, compactness,

continuity, connectedness, and the geometry of domains. The problems are arranged progressively: begin

with Part A, use Part B for course-level mastery, and treat Part C as extended written work.

Part A. Foundations and preliminary checks

1.

2.

For each subset of C, determine whether it is open, closed, or neither, with justification:
(a) {z € C:Re(z) =1and Im(z) # 4}

(b) B(,1)UB(2, L) UBG,L)

(c) {ZE(C: % :2}

(d) {z € C:sin(Re(z)) <Im(z) < 1}.

For each of the following subsets of C, determine their interior, exterior, and boundary:
(a) {z€C:|z] <land Im(z) #0}U{z € C:|z| > 1 and Im(z) =0}
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10.

(b) { (cos( )—i—zsm( ))6((3 r>0n€N}U{z€(C Re(z) < 0}.

o0
Determine whether |J {z € C: 2™ = 1} is open or closed in (a) C and (b) 9D.

n=1

Determlne all limit points in C of the following sets:
(a) { +f m,nGN},
(b) {x—i—.xeR, ac>0}.
x
State TRUE or FALSE with justification: Every uncountable subset of C has a limit point in
C.
Show that {cosn +isinn : n € N} is dense in 9D.
State TRUE or FALSE with justification: If (z,) is a sequence in C such that (z,) has no
convergent subsequence, then it is necessary that nh_}ngo |zn| = o0

Let 2 be an open set in C. Show that for each n € N, there exists a compact set K,, in C
o0

such that Q = | K,.
n=1

[e.°]
Let (z,) be a sequence in C and let z € C. Show that the series ) z, converges with sum z
n=1

if and only if both the series § Re(zy) and § Im(z,) converge with sums Re(z) and Im(z)
n=1 n=1
respectively.

[e.°]
If z € C such that 1 < |z] < 2, then show that the series ) is convergent.
n

=1 TL2 22

Part B. Core theory and proof-based exercises

11.

12.

13.

14.

15.

16.

17.

2n

If z € D, then show that the series Z c

—— — is convergent.
5n
n=12+2"+z

Let (zy) be a sequence in C such that Re(z,) > 0 for all n € N. If both the series § zp, and

n=1

o0 [e.°]
3 22 are convergent, then show that the series Y |z,|? is also convergent.
n=1 n=1

o0
Let (2,,) be a sequence in C such that sup | Arg(z,)| < §. If the series ) z, is convergent,

neN n=1
[e.°]
then show that the series ) z, is absolutely convergent.
n=1
If z € C\ {0} such that | Arg(z)| < % hen show that the series Z W is convergent.
. 1 Iy .
If z € C\ N, then show that the series Z ( + —) is convergent.
n=1\z—n n

Let Z a, and Z by, be absolutely convergent series in C. If ¢,, = Z agby,_r for alln € NU{0},
n=0 n=0

then show that the series Z ¢, is absolutely convergent.
n=0

Determine whether the following subsets of C are connected.
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18.

19.

20.

21.

(a) {z € C:Re(z), Im(z) € Q}

(b) {z € C:Re(z)Im(z) > 0}

(c) {z€eC:|z—-1<1}U{zeC:|z—1+4+2i| <1}

(d) {2z € C:Re(2)? +Im(z)> € R\ Q}

(e) {z€C:|z|<V2}U{z€C:|z—2-2i] <2}

(f) {z € C:[Re(z)| < [Im(z)] }

(g) C\{z € C:Re(z) €Q, Im(z) € Q}

(h) {z+isinl:2ze (0,1} u{i}u{-1}

1
Show that the function f : C — C, defined by f(z) = { Zsin z ifz7#0, is not continuous
0 ifz=0,

at 0.

If f: C — C is continuous such that f(2z) = f(z) for all z € C, then show that f is a constant

function.

State TRUE or FALSE with justification:

(a) There exists a continuous function f : C — C such that f(sinn) = %F for all n € N.

(b) If f: C — C is continuous and €2 is a bounded subset of C, then f(€2) must be a bounded
subset of C.

Let f: K — C be a continuous function, where K is a compact set in C. If f(z) # 0 for all
z € K, then show that there exists r > 0 such that f(K) C C\ B,(0).

Part C. Extensions, synthesis, and challenge problems

22.

23.

24.

25.

26.

27.

28.

Let f: C — C be continuous and lim f(z) = 0. Show that f is bounded and that there

|z]—o0

exists zg € C such that |f(z)] < |f(z0)] for all z € C.

Let f: Q — C be continuous, where (2 is a domain in C. If |f(2)? — 1| < 1 for all z € , then
show that either |f(z) — 1| <1 forall z € Qor |f(z) + 1] <1 for all z € Q.

Let © be a domain in C. Let f: Q — C and g : Q2 — C be continuous such that {z € Q :
[F () <lg(2)[} # 0 and {z € Q: |f(2)] > |g(2)[} # 0. Show that {z € Q:[f(2)] = [9(2)|} #
0.

State TRUE or FALSE with justification: For every continuous function f : dD — R, there
exists z € dD such that f(z) = f(—=2).

Show that there is no continuous function f : C\ {0} — C such that f(z)? = z for all
z € C\ {0}.

State TRUE or FALSE with proper justification: An unbounded function f : D — C cannot

be uniformly continuous (on D).

Let f(z) = l—i:z]z]

for all z € C. Show that f: C — D is a homeomorphism.
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29. State TRUE or FALSE with justification:

(o]
U{zeC:2"=1}={z€C: 2] =1}.
n=1
30. Let z1, 29 € C such that z; # 23 and let A > 0. Describe the locus of z in the complex plane
satisfying the equation |z — z1| = Az — 22].
31. Let zp € C and r > 0. If Q is an open set in C such that B,[z] C 2, then show that there
exists s > r such that Bs(zp) C €.

32. Examine whether
(Re2)°(Im 2)?

250 (Rez)6 + (Im 2)6

exists (in C).

33. If f: C — C is continuous at zp € C and f(zp) # 0, then show that there exists 6 > 0 such
that f(z) # 0 for all z € Bs(2p).

Problem Set 3: Differentiability, Holomorphy, and Power Series

Guide to the set

This set moves from computational criteria for differentiability to structural properties of holomorphic
functions and their power-series expansions. The later problems are best approached in written proof
format. The problems are arranged progressively: begin with Part A, use Part B for course-level mastery,
and treat Part C as extended written work.

Part A. Foundations and preliminary checks

1. Show that f: C — C is nowhere differentiable on C, where for z = x 4 iy € C one has:
(a) f(z) =Re(2)
(b) f(2) = Im(z)
(c) f(z) =l
(d) f(z) =2z + izy?
(e) f(z) =¢€"(cosy —isiny)
2. Determine all points of C at which f: C — C is differentiable, where for z = x 4 iy € C one

has:

(a) f(z) =2 +i(1-y)*

(b) f(2) = zIm(z)

(¢) f(z) =a* +iy*

(d) f(z) =2 +y+i(2y — )
(e) f2) =22

(f) f(z) = 2%y® +izy®

(8) f(z)=lz[*
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(h) f(z) =a? —y® + 2i|zy]
3. Show that for each of the following functions f : C — C, the Cauchy—Riemann equations are
satisfied at 0 but f’(0) does not exist.

(a) f(z) =+/|zy| for all z =z + iy € C.

5

— if 2 £0,
1) fz) = T 1F7
0 ifz=0.
(1+ i) Im(z?)
fz#0,
(c) f(z) = |22
0 if z =
(I+d)x® - (1—0y* .. .
4. Let f : C — C be defined by f(z) = T2 + 92 ifz=at+iy#0, Show that f

0 if z=0.
is continuous. Then show that the Cauchy—Riemann equations are satisfied at (0,0), although
f is not differentiable at 0.
a3 —x) . .
5. Let f : C — C be defined by f(z) = i/éy—l—yQ) ifz=a2+iy#0,
0 if z=0.
continuous. Then show that the Cauchy—Riemann equations are satisfied at (0,0), although
f is not differentiable at 0.

Show that f is

|z]2 if Re(z), Im(z) € Q,

i Determine all the points of R? at
0  otherwise.

6. For each z € C, let f(z) = {
which

(a) at least one of the Cauchy-Riemann equations is satisfied.

(b) both the Cauchy-Riemann equations are satisfied.

7. Show that f : C — C is not analytic at any point of C, where for z = x + iy € C one has:
(a) f(z) = zlz|

0) 1) = 175

(c) f(z) =axy+iy

(d) f(z) =e€Y(cosx + isinx)
(e) f(z)=2"+1y’

8. Let f(z) = 23. For 21 = 1 and 23 = 4, show that there is no point ¢ on the line segment

y = 1 — x joining z; to z9 such that

f(z1) = f(22)

21 — %9

= f'(c).

This shows that the real-variable mean value theorem does not extend to complex derivatives.

9. Let f be a real-valued function on a domain D C C. Show that for each z € D, either
f'(z) =0 or f'(z) does not exist.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Let f : G — C be differentiable at a point zy € G, where G is an open set in C, and let

g(z) = f(z) for all z € G. Show that g : G — C is differentiable at z if and only if f’(zo) = 0.

Let €1 and €9 be nonempty open sets in C. Let f : €23 — C be continuous such that
f(21) C Q2 and let g : Q9 — C be holomorphic such that ¢'(z) # 0 for all z € Qy. If
go f: Q) — C is holomorphic, then show that f is holomorphic.

Let f: Q — C be analytic, where €2 is a domain in C, and let g(z) = f(z) for all z € Q. If

g : 0 — C is analytic, then show that f is a constant function.

Let G be an open set in C and let G* = {Z : z € G}. Show that G*isopenin C. If f : G — C
is analytic and g(z) = f(%) for all z € G*, then show that ¢ : G* — C is analytic and that
' (z) = f(z) for all z € G*.

Let © be a nonempty subset of C (considered to be R? as a set). Show that a function f :  — C
is differentiable as a function of two real variables at zp € QU if and only if there exist ¢,
¥ :  — C such that both ¢, ¢ are continuous at 2g and f(2)—f(20) = (z—20)p(2)+(Z—Z0)¥(2)

for all z € Q.

Let f: Q — C be analytic, where Q is a domain in C. If L is a line in C and f(2) C L, then

show that f is a constant function.

Let f: Q — C be analytic, where (2 is a domain in C. If P is the parabola in C given by the
equation y = x2 and f(2) C P, then show that f is a constant function.

Let f: Q — C be an analytic function, where €2 is a domain in C. If f': Q — C is a constant
function, then show that there exist a,b € C such that f(z) = az + b for all z € Q.

Let f = u + v be an entire function on C. If u(z,y) = ¢(z) and v(z,y) = ¥(y), prove that
f(z) = az+b for all z € C, for some constants a,b € C.

Let f: Q — C be analytic, where €2 is a domain in C. If for each z € €, either f(z) =0 or
f'(z) =0, then show that f is a constant function.

Let f : Q — C be analytic, where Q is a domain in C. If for each z € Q, Re(f(z)) =0 or
Im(f(z)) = 0, then show that f:Q — C is a constant function.

For z = = + iy € C, classify all entire functions f(z) = u(z,y) + iv(z,y) that satisfy
uy(z,y) = va(z,y) for each z,y € R.

For z = x + iy € C, find all the entire functions f(z) = u(z,y) + iv(zx,y) satisfying 2u(z,y) +
3v(z,y) > 5 for each z,y € R.

Let f: Q — C be analytic, where € is a domain in C. If 2y € Q such that f/'(zg) # 0, then
show that there exists § > 0 such that f is one-to-one on Bj(z).

Part B. Core theory and proof-based exercises

24.

Let v and v be nonconstant harmonic functions on C.
(a) f U(x,y) = u(z,—y), is U also harmonic?

(b) If v is a harmonic conjugate of u, is u a harmonic conjugate of v?
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25.

26.
27.

28.

29.

30.

31.

32.

33.

34.

35.

(¢) Is uv always harmonic? If not, produce an example.

If v is a harmonic conjugate of u (u, v real-valued), prove that the functions uv and u? — v?

are also harmonic.
What are all real-valued harmonic functions v on D such that u? is also harmonic?
Find a harmonic conjugate, if it exists, of the following functions:

(8) u(,y) = 2ay.

(b) u(r,0) =r"cosnb, n € N.

(¢) u(z,y)=2? -y’ +a+y— =ta

Define the differential operators

0 (2 30), 2_1(0,,0)
0z 2\ox Oy)’ 0z 2\0x Oy)’
Let f = u+ iv be defined on an open set in C. Show that:

(a) f satisfies the Cauchy-Riemann equations if and only if % f(z)=0.

(b) If A = 88—;2 + 88722, then show that Af = 4%;2f.

(c) Prove that the function f : C — C given by f(z) = 2z" is harmonic for all n € N.

1
— | if R%\ {(0,0
w(GrmE) 1w B0},
0 if (z,y) = (0,0).

Let u(z,y) = Determine whether u : R? — R is

harmonic.

Determine whether there exists an analytic function f : G — C on some open set G C C such
that, for all z =z + iy € G,

(a) Ref(z) =a? -2y,

(b) Tm f(2) = &% — .

Determine all functions v : R> — R such that f = u + v : C — C is analytic, where for all
(z,y) € R?,

(a) u(z,y) =y’ - 3a?y,

(b) wu(z,y) = e *(xsiny — ycosy).
Also express the resulting function f in terms of z € C.

Determine all analytic functions f = u+iv : C — C such that u(z,y)—v(x,y) = e*(cos y—siny)
for all (z,y) € R

Let u : @ — C be a harmonic function, where 2 is a domain in C. Show that u; —iu, : 2 — C
is analytic.

Let v : Q@ - R and v :  — R be harmonic, where 2 is a domain in C. Show that
(uy — vg) +i(uy +vy) : @ = C is analytic.

Let f: C — C be an analytic function. Show that

() (22 + 22) Re(f(2))? = 2|f'(2)[?
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36.

37.

38.

39.

40.

41.

42.

43.

44.

(b) (L2 + Z)If )P =41 (=)
for all z =241y € C.

Determine the radius of convergence of each of the following power series:

(a) § n(_l)nz”,
n=1

(b) 3 22,
n=0

For each n € N, let a, be equal to the total number of (positive integer) divisors of n%"
o0

Determine (with justification) the radius of convergence of the power series > a,z"
n=1
oo 9N
Determine all z € C for which the following power series are convergent. (a) Z —(z -2~
=1Nn
an N
) o x© oz x (22 —1)
)" b 2™ (z —2)" ¢ d T
) ()nz::o ( ) ()n§04n—|—1 ()nzg n+1
Show that the radius of convergence of the power series ) 2™ s 1. Also, examine

n=1 n
the convergence of the power series for z = 1, —1, and .

[e.°]

State TRUE or FALSE with justification: There exists a power series Y an(z — 14 24)"
n=0

C which converges at z = —3 + ¢ and diverges at z = —2 + 2i.

[&.°]

Show that the radius of convergence R of a power series Y a,2" in C is given by
n=0

R =sup{|z| : z € C, apz" — 0} =sup{|z| : z € C, the sequence (a,2") is bounded}.

Let R; and Ry be the radii of convergence of the power series Z anz™ and Z b, 2™ respectively.
n=0 =

If R is the radius of convergence of the power series Z (an + by)z", then show that R >
n=0

min{ Ry, Ra}. Is it necessary that R = min{ R, Re}7 Justify. If Ry # Ra, then show that

R = min{R;, Ry }.

o0 o0
Let Ry and Rs be the radii of convergence of the power series Y a,2™ and > b, 2" respectively.
n=0 n=0

[ee)

If R is the radius of convergence of the power series Y. an,b,z", then show that R > Ry R.
n=0

(It is assumed that R Rs is defined.) Is it necessary that R = Ry Ry? Justify.

Let a, € C\ {0} for all n € NU{0} and let R be the radius of convergence of the power series

x 1 1
Z anz™. Is it necessary that the radius of convergence of the power series > —z" is E?
n=0 n=0 Qn,

Justify.
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[e.°]
45. Let R be the radius of convergence of the power series Y. a,z". Determine the radius of
n=0

[e.°] o0
convergence of each of the following power series. (a) 3. a22z" (b) > 2™anzy, (c)
n=0 n=0

o0
S n"ayz"
n=1
&0 n
46. Determine whether { > = :2€C, i <zl < %} is a closed set in C.
n=1
0 n
47. Determine whether the series Y ((E—Tll)),z% is uniformly convergent on C.
n=0 ’

Part C. Extensions, synthesis, and challenge problems

48. State TRUE or FALSE with justification: If R > 0 is the radius of convergence of a
o0 [&.°]
power series Y. ap(z — 20)", then the series Y a,(z — 29)" cannot converge uniformly on
n=0 n=0
{z € C:|z— 2| < R}.
49. Show that |1 — (1 — 2)e?*| < |z|? for all z € D.
P T #0,
0 ifz=0.
equations for f are satisfied at every point of R? but f is not continuous (and hence not
differentiable) at 0.

51. Let f: C — C be an entire function such that f’(z) = f(z) for all z € C and f(0) = 1. Show
that f(z) = e® for all z € C.

52. Let f: C — C be differentiable at 0 and f/(0) = 1. If f(z +w) = f(2)f(w) for all z,w € C,
then show that f(z) = e* for all z € C.

53. Let f: Q — C be analytic, where Q is a domain in C. If g(z) = e/(*) for all z € Q and if

g : Q) — C is a constant function, then show that f is a constant function. If f is assumed to

50. Let f : C — C be defined by f(z) = { Show that the Cauchy—Riemann

be only continuous, then does a similar result hold? Justify.

54. For all z € C, show that
(a) sin(—z) = —sinz and cos(—z) = cos z.
b) cos(m + z) = —cos z and sin(§ + z) = cos z.
(¢) sinz =sinZz and CoSZ = cos Z.
)
)

2 2

(

(d z — sin” z.
(e

(f)

(g) |cosz|? = cos®x 4 sinh?y.
(h)

(i) |cosh z|? = sinh?z + cos?y.

sin 2z = 2sin z cos z and cos 2z = cos

sin3z = 3sinz — 4sin® z and cos 3z = 4 cos® z — 3cos 2.

)

|sin 2|2 = sin? z + sinh?y.
|sinh z|? = sinh? x + sin? .

55. For all z,w € C, show that

(a) sin(z + w) = sin z cos w + cos z sin w.
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96.
o7.

98.

99.
60.

61.

62.

63.

64.
65.

66.
67.

68.

69.

70.
71.

72.

(b) cos(z + w) = cos zcosw — sin z sinw.
Show that {sinz: 2z € C} = C and {cosz:z € C} =C.

Let f(z) =sinz and g(z) = cosz for all z € C. Determine all the periods of f : C — C and
g:C—C.

Show that {z € C:cosz =1} =27Z and {z € C:sinz = 1} :g+27rZ.

Show that {z € C : cos(iz) = cos(iz)} = C and {z € C : sin(iz) = sin(iz)} = miZ.
State TRUE or FALSE with justification: If f is an entire function such that | f(z)| < 10 and
|f(iy)| <10 for all z,y € R, then there must exist A € R such that |f(z)| < A for all z € C.

o0
If z € D, then show that the series Y sin(z") is absolutely convergent.
n=1

1
|z|2sin — if 2 € C\ {0},

Let f(z) = || Determine whether f : C — C is differentiable at
0 if z=0.
0.
sin z
— if 2 #£0, . . .
Let f: C — C be defined by f(z) = z Show that f is an entire function.
1 if z=0.
Solve for z € C the following equations. (a) e* = 2i (b) cos? z = 4 (c) tanz =1

Let f(z) =tanz for all z € Q= C\ {(2n+1)F : n € Z}. Determine the range of the function
f:Q—-C.

1
Show that log (7) = —logz for all z € C\ {0}.

z
Determine whether (a) Log(1 + i)? = 2Log(1 + 1), (b) Log(—1 +4)? = 2Log(—1 + 1),
(c) log(i?) = 2log .
Let 7 and €25 be domains in C such that 21 N s is connected. If there exists a branch of
the logarithm on €27 and there exists a branch of the logarithm on 25, then is it necessary
that there exists a branch of the logarithm on €y U Q9 7 Justify.

If 1 = 1+i, 22 =1—1iand 23 = —1 — i, then examine whether (2129)" = ziz} and

(2023)" = zézé, where only principal values are considered.
Show that all the values of (1 — 2)‘/52 lie on a straight line in the complex plane.

If an entire function f is such that f(z) is real for all z € R, and satisfying f (ﬁ) = f(%)

for all n € N, then f is a constant function.

Let v and v be respectively the real part and the imaginary part of f : £ C C — C, and let

zo = xo + Yo € EO. If
lim Re <f(z) - f(20)>

Z—20 Z — 20

exists (in R), then show that both u,(xo, yo) and vy(xo, yo) exist (in R).
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Problem Set 4: Complex Integration, Cauchy Theory, and the

Maximum Principle

Guide to the set

The central aim here is to internalize contour integration and the logic of the Cauchy theory. The
final part emphasizes synthesis across several theorems rather than isolated computations. The problems
are arranged progressively: begin with Part A, use Part B for course-level mastery, and treat Part C as
extended written work.

Part A. Foundations and preliminary checks

1. Let v(0) =0 and ~(t) = e T forallte (0,1]. Show that ~: [0,1] — C is a rectifiable path in
C. Also, determine the length of ~.

2. Let v(0) = 0 and ~(t) =t + itsin § for all ¢ € (0,1]. Show that v : [0,1] — C is a path in C
but v is not rectifiable.

3. Let 71 : [a,b] = C and 7 : [a,b] — C be rectifiable paths in C such that v;(b) = v2(a). Show
that the path ~; + 7 is rectifiable and that L(y1 +7v2) = L(y1) + L(72).

4. If v is a rectifiable path in C, then evaluate [ |dz|, with justification.
¥

5. Let 7 be the polygon [1 —¢,1+4,—1+414,—1—14,1—1]. Express v as a path and hence evaluate
1
/fdz.
N Z

6. Evaluate the integral / |z|Zdz where 7 is the circle |z| = 2.
g

7. Without evaluating the integral, show that

4 6 '
(a) / Z3+ 1 dZ‘ < TW’ where (t) = 2¢' for all t € [0, %]
v &

d
(b) /—j‘ < 4V/2, where ~ denotes the line segment in C from 4 to 1.
z
2

(c) | [(e#—72) dz’ < 60, where v denotes the triangle [0, 3i, —4, 0] in C.
g

(d) [y z;ij—l‘ < 2\1/5, where 7 is the straight line segment from 2 to 2 + 4.

8. State TRUE or FALSE with proper justification: If f : D — C is continuous such that
|f(2)] <2 for all z € D and if y(t) = 5 + 3e** for all ¢ € [0, 2], then it is necessary that
)ff‘ < 2.

5
9. Let f:Q — C be continuous, where €2 is a domain in C. Let 2y € €2 and for each r > 0, let

Yr(t) = 2o + rett for all t € [0,27]. Show that lin%) f(z)dz =0 and
r— Yr

: f o,
l1mA dz = 2mif(zp).

r—=0/~. 2 — 2p
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10.

11.

12.

13.

14.

15.

16.

17.

18.
19.
20.

21.

22.

Let f : C — C be a bounded continuous function and for each r > 0, let 7,.(t) = re’ for all

f(2)

t € [0,27x]. Show that lim 5 dz =0 for all 2o € C.
Y ey

r— z

1z
For each r > 0, let 7,.(t) = re'® for all ¢t € [0, 7]. Show that lim/ S —)
Yr

For each r > 0, let v,.(t) = re® for all t € [0,2n]. If p(z) and ¢(z) are polynomials with

. p(2)
degq(z) > degp(z) + 2, then show that lim ——=dz=0.
(%) 2 degp(2) A%, o)

Let f: G — C be continuous, where G is an open set in C. If « is a smooth path in G such
that 0 ¢ range(7y), then show that

) 1 / 2
——=dz| <L max —s z)|7|dz|.
| < v max o) [ e
Lodt . .
If f(2) = / T for all z € C\ [0, 1], then show that f: C\ [0,1] — C is continuous.
0 t—
Let f(z) = |z|? for all z € C. Evaluate [ f(2)dz and [ f(z)dz, where v; = [1,i] and
7 72

v2 = [1,1 +4,4]. Hence show that f : C — C does not have any primitive on C.

Let zp € C and let v be a closed rectifiable path in C such that zp ¢ range(y). If n € Z and
dz

n # 1, then show that / — =0
vy (2= 20)"

Let f: G — C and g : G — C be analytic, where G is an open set in C. If 7 is a rectifiable
path in G joining 21 € G to 29 € G, then show that [ f¢' = f(22)g9(22) — f(21)g(z1) — [ ['g.
gt gt

Evaluate [ 2?sin zdz, where v(t) = e for all ¢ € [0, Z].
g

If z,w € C such that Re(z) < 0 and Re(w) < 0, then show that |e* — e¥| < |z — w|.

Let f: Q — C be analytic, where  is a domain in C. If |f(z) — 1] < 1 for all z €  and if ~y
/
() dz = 0.
f(z)
Determine whether the following functions have primitives.
1

(a) f:C\ {0} — C, defined by f(z) = 2 for all z € C\ {0}.
(b) f:C — C, defined by f(z) = e = for all z € C.
() f:C\ {i,—i} — C, defined by f(z) — Tlﬂ for all = € C \ {4, —i}.

sin z

is a closed rectifiable path in €2, then show that /
¥

(d) f:C\ {0} — C, defined by f(z) =

o for all z € C\ {0}.

If y(t) = 1+ 2¢% for all t € [0,27], then explain clearly why Cauchy’s theorem for star-shaped

z—1

domain cannot be applied to get [ dz_ _ (.
¥
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23. If y(t) = €' for all t € [0,27], then evaluate (a) / Re(z) dz  (b) M, where
v2z—1 v |z —al?
z—21\3
D —1||d d d
€D (@ fle=1ll (@) [ (5777)

Part B. Core theory and proof-based exercises

24. Let r € R\ {1,2} and r > 0. If y(¢t) = re® for all ¢t € [0, 27|, then determine all possible

3 2
11
eS z

| f - dz.
values o /7 (= 20) 2
25. Let r € R\ {2} and r > 0. If y(t) = re' for all t € [0, 27], then determine all possible values

2
1
Of/%dz'
v 2(2% +4)

2T it a
26. Evaluate [ e® —3dt.
0

27. State TRUE or FALSE with justification: There exists a branch of the logarithm on C \

[—10, 10).
223 + 1 : .
28. Let f(2) = — n for all z € C\ {—1,0}. Determine the Taylor series of f : C\ {—1,0} — C
224z
about .

29. Let f : G — C be analytic, where G is an open set in C. Let zg € G and g(z) =
f(Z)—f(Z()> ifZGG\{Z(]},

z— 2 Determine whether g : G — C is analytic.
1 (20) if 2 = 2.
30. State TRUE or FALSE with justification: If f : C — C is a non-constant analytic function,

then there must exist a sequence (z,) in C such that |z,| > n and |f(z,)| > n for all n € N.

3l. Let f : C — C be an entire function. If there exist M,r > 0 and n € N such that
|f(2)] < M|z|" for all z € C with |z| > r, then show that f is a polynomial of degree at most

n.

32. Let f : C — C be an entire function such that f(0) = 0 and |Zl‘ii>noo f(z) = 0. Show that
f(z) =0 for all z € C.

33. Let f: C — C be an entire function such that f(0) =0 and ‘Zl|iinoo Re(f(z)) = 0. Show that
f(z) =0 for all z € C.

34. Let f: C — C be an entire function such that Re(f(z)) > 0 for all z € C. Show that f is a

constant function.
35. If both f and /f are entire functions, show that f is constant.
36. Let f: C — C be analytic such that |Re(f(z)) + Im(f(2))| <1 for all z € C. Show that f is

a constant function.

37. State TRUE or FALSE with justification: There exists a non-constant bounded analytic
function f: C\ {0} — C.
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38.

39.
40.

41.

42.

43.

44.

45.

46.

47.

Let f: C — C be an entire function such that f(z+ 1) = f(z +14) = f(z) for all z € C. Show

that f is a constant function.

Let f: C — C be a non-constant entire function. Show that f(C) is dense in C.

Let f: C — C be an entire function such that for each z € C, either |f(z)| <1 or |f/'(z)| < 1.
Show that there exist a,b € C such that f(z) = az + b for all z € C.

It f(z) = 3

n=11—2"

nz"

for all z € D, then show that f : D — C is analytic.

Let G be an open set in C. For each n € N, let f,, : G — C be analytic and let f: G — C. If

fn — f uniformly on each compact subset of GG, then show that for each k € N, fék) — fk)

uniformly on each compact subset of G.

State TRUE or FALSE with justification:

(a) There exists an entire function f such that f(z)? = sinz for all z € C.

(b) If f : D — C is analytic such that f(1— 1) = (1— 1) for all n € N, then it is necessary
that f(z) = 23 for all z € D.

Let f:Q — C be an analytic function, where €2 is a domain in C. If {z € Q: f(z) = 0} is

uncountable, then show that f(z) =0 for all z € Q.

Let f:Q — C and g: Q2 — C be analytic, where 2 is a domain in C. If f(2)g(z) = 0 for all

z € Q, then show that f(z) =0 for all z € Q or g(z) =0 for all z € Q.

Let f: D — C and g : D — C be continuous such that f and g are analytic on D. If

f(2) = g(z) for all z € C with |z| = 1, then show that f(z) = g(z) for all z € D.

Prove the fundamental theorem of algebra using the maximum modulus theorem.

Part C. Extensions, synthesis, and challenge problems

48.

49.

50.

ol.

92.

93.
o4.

Let f : D — D be a bijective holomorphic function such that f(0) = 0. If f~!: D — D is
holomorphic, then show that there exists & € C such that |a| = 1 and f(z) = az for all z € D.

Let f: D — C be a non-constant analytic function such that f(0) = 1. Show that there exist
infinitely many z € D such that |f(z)| = 1.

Let f : G — C be continuous, where G is an open set in C. If the function f? : G — C,
defined by f2(z) = f(2)? for all z € G, is analytic, then show that f is analytic.

Let G be an open set in C and let f : G — C be such that both the functions f? : G — C and
f32: G — C are analytic, where f2(z) = f(2)? and f3(z) = f(2)3 for all z € G. Show that f
is analytic.

Let f and g be entire functions such that |f(z)| < |g(z)| for all z € C. Show that there exists
a € C such that f(z) = ag(z) for all z € C.

Determine all entire functions f such that f(2%) = (f(z))? for all z € C.

Let f = u+ v be an entire function satisfying u,vy, — uyv, = 1 throughout C. Show that

f(2) = az + b, where a,b € C are constants and |a| = 1.
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95.

96.

o7.

98.

99.

60.

61.
62.

63.
64.

65.
66.

67.

68.
69.
70.
71.

72.

Let f be entire and assume that |f(0)| < |f(2)| for all z € C. Show that either f(0) =0 or f

is constant.
Let f: D — C be analytic and assume that |f/(z)| < k for all z € D. Prove that |f(z1) —
f(22)| < k|z1 — 22| for every pair of points z1, zo € D.

Let f : D — C be analytic and assume that Re f'(z) # 0 for all z € D. Show that f is injective
on D.

Let f be entire. Assume that f(z) € R for every z € R and that f(ﬁ) = f(%) for all
n € N. Show that f is constant.

Prove that any non-constant harmonic function on a non-empty open set D C C is infinitely

differentiable (partial derivatives of all orders exist and are continuous on D).
Let f : C — C be a function which is analytic on C\ {0} and bounded on B(0, 3). Show that
/ f(z)dz =0 for every R > 0.

|z|=R

If g is entire and satisfies |g(z) — 2z| < 1 on |z] = 1, show that |¢’(0)| < 3.

Suppose that f is analytic on the open unit disk D and satisfies |f(z)| < 1 for all z € D.
Show that |f'(0)] < 1.

Let f: C — C be continuous and analytic on C\ [—1, 1]. Show that f is entire.

Define F(z) = fol sin(t?)e~"* dt. Show that F is entire and satisfies |F(z)| < AeBl¥l for

z = x + iy and for some positive constants A and B.
Find all entire functions f such that f(z) = e® for all z € R.

Show that an entire function whose image meets neither the real axis nor the imaginary axis

must be constant.

Let f and g be analytic on a domain D C C. If f g is analytic on D, show that either f is
constant or g = 0.
[(z)

z

Let f be entire and assume that lim,_, = 0. Show that f is constant.

If f and ¢ are entire and ¢ f is entire, show that either f is constant or g = 0.

Use the maximum modulus principle to prove the fundamental theorem of algebra.

Let f be bounded and analytic on the right half-plane (RHP). Assume that f extends
continuously to the imaginary axis and that sup,cg [f(iy)| < M. Show that [f(z)] < M
throughout the RHP. (Hint: apply the maximum modulus theorem to g.(z) = (z + 1) ¢ f(2)

on a suitable semidisk.)

Let f : C — C be an entire function. If either Re(f) : C — R or Im(f) : C — R is bounded,

then show that f is a constant function.
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Problem Set 5: Laurent Series, Singularities, and the Residue

Theorem

Guide to the set

These problems are organized around annular expansions, isolated singularities, and the extraction of
local information from Laurent coefficients and residues. The problems are arranged progressively: begin
with Part A, use Part B for course-level mastery, and treat Part C as extended written work.

Part A. Foundations and preliminary checks

1. Determine all the singularities and their nature for

L2
(a) f:C\ {0} — C, defined by f(z):SHZl?)Zfor all z € C\ {0}.
(b) f:C\S—)(C,deﬁnedbyf(z):ﬁforalle(C\S,whereS:{ze(C:e*Z:

1}.
(¢) f:C\S — C, defined by f(z) = tanl for all z € C\ S, where S = {z € C\ {0} :

COS% =0}.
2. Find the order of zero at z = 0 for f : C — C, where for each z € C,
(a) f(z) = 22(e* — 1) (b) f(z) = 6sin z® + 23(25 — 6).

3. Find all the zeros together with their orders for

(a) f:C — C, defined by f(z) = (1 — e*)(2% — 4)3 for all z € C.
2
(b) f:C\ {0} — C, defined by f(z) = z ;4_ ) for all z € C\ {0}.

4. Let f: G — C and g : G — C be analytic, where G is an open set in C. If zp € G is a zero of

both f and g of orders m and n respectively, then show that zy is a zero of fg : G — C of
order m + n.

5. Let f:C\ {0} — C be analytic such that |[f(z)| <1 for all z € C\ {0} with |z| < 1. If » >0
and (t) = re for all t € [0, 27, then determine (with justification) [ f.

5
1
6. If f(z) = P P TP for all z € C\ {0,1,2}, then determine the Laurent series expansion
of fin (a) ann(0;0,1),  (b) ann(0;1,2), and (c) ann(0; 2, 00).
1
7. If f(2) = o0 for all z € C\ {0,1,—1}, then find the residue of f: C\ {0,1,—-1} — C
z(22 —

at 1 using Laurent series expansion of f.

Part B. Core theory and proof-based exercises

8. Let f be an entire function such that f(n) =0 for alln € Z. If g(2) = .fgz) ) for all z € C\Z,
sin(7z
then show that each n € Z is a removable singularity of g : C\ Z — C.

9. Let G be an open set in C and let zp € G be a zero of order m € N of an analytic function
/

f G — C. Determine Res(ff; zo).
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10.
11.

12.

13.

14.
15.

If v : R? — R is a bounded harmonic function, then show that u is a constant function.

Evaluate [ tanzdz, where v(t) = 2¢% for all t € [0, 27].
g

d
Determine all possible values of / ( i , where v is any closed rectifiable path in
N Z

22 +1)
C\{0,i,—1}.
Let f: G — C be analytic and one-to-one, where GG is an open set in C. Show that f'(z) #0
for all z € G.
Show that all the roots of the equation 27 — 522 +12=0liein {z € C: 1 < |2| < 2}.
If A € R such that A > 1, then show that the equation ze*~* = 1 has exactly one root in I

and that this root is real and positive.

Part C. Extensions, synthesis, and challenge problems

16.

17.

18.

19.

20.

21.
22.

23.

T df
If a € R such that a > 1, then show that / = (I—
0o a-+cosf a2 —1
0o 2 T
Show that / —dr = —.
—00 1 + 1'4 \/5
az
Show that L 2 dz = 2misin a, where y(t) = 2¢% for t € [0, 27].

Let g be analytic on B(0,2). Compute / f(2) dz when
|z|=1

Qg aj
f(z) = 27+“'+?+a0+9(2)a
where the a; are complex constants.

1

Does a primitive (antiderivative) of — exist on C\ {0}7 If not, describe a maximal domain in
z

C on which such a primitive does exist.

Show that for m # —1, the function 2™ has a primitive on C\ {0}.

Find the Laurent series of the function f(z) = exp (z + %) around 0. Further, show that for
all n > 0,

1 27 9 0 S 1
— cos 0)do = —_—
o A e COS(TZ ) kz::o (TL + k)' k!

Find the Laurent series expansions of the following functions about the indicated points
z = zp or in the indicated regions. Specify the region of validity in each case.

(a) z%exp(1/2) in a neighborhood of z = 0.

1
(b) 21 in a neighborhood of z = —i.

z+3

:mf0r0<‘2’<1andf0rl<‘Z|<2

106



MA547: Complex Analysis Problem Sets

Problem Set 6: Meromorphic Theory, Argument Principle, and
Conformal Mapping

Guide to the set

The last set combines global zero-counting arguments with conformal geometry. It is designed
to encourage theorem-level reasoning rather than only local calculation. The problems are arranged
progressively: begin with Part A, use Part B for course-level mastery, and treat Part C as extended
written work.

Part A. Foundations and preliminary checks

1. (x) Winding number and index. Let 7 : [0,1] — C be a piecewise C* closed curve (so
7(0) =~(1)) and let a ¢ ([0, 1]). Define

1

Ind(y,a) := /7 !

Z—a

- dz.
o ®

(a) Show that Ind(v,a) € Z.
(b) Compute Ind(y, a) for v(t) = a +re?™ 0 <t < 1.
(c) Show that Ind(7,a) is constant on each connected component of C \ v([0, 1]).

2. (x) Argument principle. Let f be meromorphic on a neighborhood of D(a,r) and assume

that f has no zeros or poles on the circle dD(a,r). Prove the argument principle in the form

1 ' o
5 /6 D T dz=N - P,

where N (resp. P) is the number of zeros (resp. poles) of f in D(a,r) counted with multiplicity.
3. Use the argument principle to determine the number of zeros (counted with multiplicity) of
f(2) = z* — 2z + 2 in the disks:
(a) [ <1,
(b) |z| < 2.
4. (x) Rouché’s theorem. State and prove Rouché’s theorem on 9D(0,7). Then use it to count
the number of zeros (with multiplicity) of the following functions in |z| < 1:
(a) 2°+322+2,
(b) 2" =5z +1,

(c) e#—z—1.
Part B. Core theory and proof-based exercises

5. Show that for each n € N the polynomial p,(z) = 2™ 4+ 3z + 1 has exactly one zero in the disk
|z| < 1.
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(=}

. Let f be holomorphic on a neighborhood of D and assume that |f(z) —2"| < |2"| for all |2| =1

and some fixed n € N. Show that f has exactly n zeros in D (counted with multiplicity).

(x) Let f be entire and suppose that there exist constants A, B > 0 and 0 < o < 1 such that
|f(2)] < AeBI*® for all z € C. Show that f must be constant. (This is a sharpened form of
Liouville’s theorem.)

Schwarz lemma. Let f : D — D be holomorphic with f(0) = 0. Prove that |f(z)| < |z| for
all z € D and |f’(0)| < 1, and characterize the equality case.

(x) Schwarz—Pick. Let f: D — D be holomorphic. Show that for all z,w € D,

Z—w

f(z) = f(w)
1= f(w) f(2)

Deduce that every holomorphic automorphism of D is of the form

<

1—wz

zZ—Q

ba,0(2) :eiem, acD, 0 cR.

Part C. Extensions, synthesis, and challenge problems

10.

11.

12.

13.

14.

15.

b
Mobius geometry. Let T'(z) = az—i—i_—d
cz

with ad — be # 0.

(a) Show that 7" maps generalized circles (circles and straight lines) to generalized circles.

-1
(b) Find the image under T of the line Re z = 0 when T'(z) = & 1
z
-1
(¢) Determine the image of the circle |z — 1| = 1 under T'(2) = z 1
z

Find an explicit conformal bijection from the upper half-plane HH = {z € C : Im z > 0} onto
D and describe the images of the real axis and of horizontal /vertical lines.

Find a conformal bijection from the strip S = {z € C: 0 < Im z < 7} onto H and hence onto
D.

(%) Let 2 C C be simply connected and not equal to C. State the Riemann mapping theorem.
Assuming it, explain how one can reduce the Dirichlet problem on € to the Dirichlet problem
on D.
Harmonic conjugates.
(a) Verify that u(z,y) = 2% — y? is harmonic on R? and find a harmonic conjugate v on C.
(b) Find an analytic function f with Re f(2) = u(x,y).
(x) Mean value and maximum principle for harmonic functions. Let u be harmonic
on a neighborhood of D(a,r).

(a) Prove the mean value property
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(b) Deduce that u cannot attain a strict maximum in D(a,r) unless it is constant.
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