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Evaluation of certain contour integrals: Type IV

Type IV Integrals of the form

o -
sin x
dx
o X

can be evaluated using Cauchy's residue theorem. In order to handle the
improper integral mentioned above, we require the following result.

Lemma: Suppose f has a simple pole at z = a on the real axis. If ¢, is the
contour defined by ¢,(t) = a+ pe'™ ™%, t € (0,7), then

Iim/ f(z)dz = —imRes(f, a).
Cp

p—0

Proof: Since f has a simple pole at z = a, the Laurent series expansion of f
about z = a is of the form

_ Res(f, a)
T z-—a

f(2) +8(2)
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Evaluation of certain contour integrals: Type IV

Then,

/cf(z)dz = Wdz—i—/ g(z)dz

p

(w—t) ™ )

—Res(f a)/ Ipel ydt — / g(a+ pe'™N)ipe ™ gt
0

—imRes(f, a) _/ g(a+ pe™N)ipe ™ gt.
0

Note that f has Laurent series expansion in 0 < |z — a| < R for some R > 0.
Then g must be continuous on |z — a| < po for every p < po < R, and
lg(z)] < M on |z — a| < po for some M > 0. Hence,

‘/ gla+ pei("_t))ipei(”_t)dt < pMm — 0as p — 0.
0

Thus,
I|m/ f(z)dz = —imRes(f, a).
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Evaluation of certain contour integrals: Type IV

Consider the improper integral

e’z

Define f(z) = £, (z =0 is a simple pole on the real axis).
Consider the contour C = [—R,—e]UT U [e, RJUT.
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By Cauchy’s theorem

/e—dzz/ e—dz—&—/e—dz—i—/ e—dz—i—/e—dz:O.
c Z [ r Z le.,R] £ rZ

—R,—¢ %

But ) ) ) )
—IX

/ :dz+/ idz:/ e
[-R,— Z [e.R] Z [e,R] X
ix o —ix iz iz
/ !dx:—/e—dz—/e—dz—)iﬂ'
[e,R] X r Z r Z

as € — 0 (by the previous Lemma ) and R — oo (by Jordan’s inequality) and

hence,
0o -
sin x T
/ —dx = —.
0 X 2

So
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Evaluation of certain contour integrals: Type V

Integration along a branch cut: Consider the improper integral

o0 Xfa
/ dx, where 0 < a < 1.
o 14+x

Define

—a

f(z) = lz+z’ where |z| > 0 and 0 < argz < 27.

—a

@ The function z
1+

2 is a multi-valued function with a branch cut along
arg z = 0 (the positive real axis).
@ Consider the contour C = [e + id, R+ i§] UTR U [R — id,e — i0] U {—~.}.
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Evaluation of certain contour integrals: Type V

By residue theorem, we get

/ +/ Jr/ +/ f(z)dz = 2wiRes(f,—1) = orie T
[e+is,R+i5]  JTr J[R—is,e—id] J—ve

Since
f(z) = exp(—alogz)  exp(—a(nr+if))
N z+1 N re® +1 ’

where z = re'?, it follows that,
on the segment [e 4+ i§, R+ id], # — 0 as § — 0,

exp(—a(Inr +i.0)) r—

f(z) = rei0 1 1 =11, ® 0 —0,
whereas, on [R — i, e — i8], 0 — 2w as § — 0,
f(z) - exp(—a(lnr+i2m)) r 02 as 550,

rel-2m 41 1+
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On the other hand, we get

/ z dz'< R 2TR = 2TFRL%OaSRHoo
r

L 1+z -~ R-1 R—1Re
and ., .,
/ z dz| < € one= 27 €7 5 0ase—0.
N 1+ 2 e—1 1—¢
Hence,
R _—a € —a i i
lim / T dr +/ T e 2migr) = 2mie ™"
R—00,e—0 ¢ 14r r 1+r
That is,
. oo r_a .
(1- e_2”’)/ dr = 2mie "™,
o 147r
and hence
® e 2ie” ™ T
dr = - 0 1).
/0 1+ (1 —e=27)  sinarm (0<a<1)
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Evaluation of certain contour integrals

Integration around a branch cut (continue):
Consider the improper integral
> lo
/ ng dx.
o l4x

Define | 3
f(z) = %7 where |z| > 0 and — g <argz < 771-
@ The function fi is a multi-valued function whose branch cut consists
z

of origin and negative imaginary axis.
@ Consider the contour C = [¢, RJUTR U [=R, —e] U {—~.}.

! >
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Evaluation of certain contour integrals: Type VI

By Cauchy's residue theorem

. . i
+ [ + + f(z)dz = 2wiRes(f,i) = 2mi— = —.
€/ Jrg J-R—q S 4 2

Since ]
logz  logl|z| + i

flz) = z24+1  r2e?f 41’

where z = re'?, it follows that
on the line segment [¢, R], 6 =0,

log x
f =
(2) x24+1’
whereas, on [-R, —¢], 0 =,
log |x| + i
e ==t
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But

/ |OgR+10 ,Re,'gd9’
r

log z
dz| = :
/,—R1+22 z‘ 1+ R0

| log R| R /’T
T+ 0do — 0
RR_1" "R _1J,

IN

R

as R — oo, and

log z
d
==t

loge+i0 . i ’
—— 5 €€ d9
/;é 1+€2€2'9

| log €|
€7T€2 -1 + €2

IN

€ / 0d6 — 0 as e — 0.
71 0
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Hence,
R —e . 2.
. log x log |x| + im o
R*}loloms—»0<‘/€ X2+1dx+/;R x24+1 o) =5

That is,

R R R . 2.
. log x log || i e
R—>!>|on,1e—>0(/6 ><2—l—1dx+/E x2—|—1dx+ . x2+1dX T2
Thus,
* log x
dx =
/o 21 0

and o 1
™
/0' X2+1dX7§.
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