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Taylor Series

Question: Let f : B(z0, R) — C be analytic. Can f be represented as a power
series around zp?

(Taylor's Theorem:) Let f be analytic on D = B(z, R). Then

f(z) = Z an(z — Zo)n, forall z € D,

n=0

where a,,:#;forn:@l,z....

Proof. Without loss of generality, we consider zg = 0. Fix z € B(0, R), and let
|z| = r. Let Gy be a circle centered at 0 and having radius ry such that

r < rp < R. Note that for any distinct pair of complex numbers, z and w
satisfies

1 1 z 22 znt z"

w—z w w2 wd T owr o (w—z)w"

(check!)
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Taylor Series

By Cauchy's integral formula, we now have

1 f(w)dw
f2) =55 /H wez

n—1 n
:i. f(W)|:l+i2+...+z ]dw+z_/ _f(w)dw
2mi |w|=ry w w w” 27 |wl=n (W — Z)W"
B '(0) £7(0) , 7710) -y
_f(O)—l—Tz—l— 3 z5 4 +(n_1)!z + pn(2)
n—1
()
= Z k(! )zk + pn(2),
k=0
" f(w)dw
where pi(z) = 27 /Co (w—z)wn’
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Taylor Series

Now, it is enough to show that lim |p,(z)| = 0. Notice that the function
n—o0o
f(w) f(w)

— w—2Zz

<M

is bounded on the circle Gy (as it is continuous). If ‘

for all w € Gy, then by ML inequality, it follows that
z n
Ipn(2)] < Mro| 2"
(]

Since |z| = r < ry and |w| = rp implies lim |p,(z)] =0 as n — oo.
n—o0o

Remark: If f is an entire function, then
oo
f(z) = Z a,z", forall z€C,
n=0

f'n
where a, = %; forn=0,1,2,....
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Exponential function

The power series Z — 2" has the radius of convergence co. If we define
n=0 !

f(z) = Z %z", then f is an entire function.

n=0
(=% e —ilz"—f(z)
= = 7= .

n=1 n=0

3

@ We know that diez =é’. Is f(z) = 7
z

© VYes. If h(z) = %, then h'(z) = 0 for all z € C. Therefore, f(z) = ce’.
But 7(0) = 1. Implies ¢ = 1.
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Exponential function

Now, we can write exponential function as a power series

Zn
exp(z) = e = e
n=0

The sin z and cos z functions can also be written as a power series by using the
exponential series.

) eiz _ efiz 1 e (I-Z)n e (_’-z)n e i 22n+1
= — = — — — -1y ——
sz 2i 2i {ZO n! Zo n! ;0( Vens

Lecture 12 Taylor's Theorem



Exponential function

Euler’s Formula:

> 1 on 1 L2041
= Z {(2,1) (i6)" + @nri) 1)!(19) }

B > 92n(, ) 92n+1(l )
= z_g{ e T (2n+1)|}

= cosf+isinf.
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Polynomial function

If P(z) = 2"+ ay—12"" 4 - - 4 ap is a polynomial in C of degree n > 1, then
lp(2)| < M|z|" while |z| > 1.

Question: Let f is an entire function such that |f(z)| < M|z]|" for |z] > 1.
Does it imply that the function f is a polynomial?

Answer: Yes!

By Cauchy’s estimate,

X kKIMR™  kIM
If (0)|§T—W—>O
as R — oo for each k > n. Since f is an entire function, therefore,
f(z) = Z az". By the above observation ax = 0 for all k > n. Thatis, f is a
k=1

polynomial of degree at most n.

Remark: The condition |z| > 1 can be replaced with |z| > § for any § > 0.
Therefore, it is enough to consider that |f(z)| < M|z|" while |z]| — co.
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