MA201: Complex Analysis

Assignment 3
(Elementary Functions and Complex Line Integrals.)

July - November, 2024

1. Let v and v be nonconstant harmonic functions on C.
(a) If U(z,y) = u(x, —y), is U also harmonic?
Answer: Do it yourself.
(b) If v is a harmonic conjugate of u, is u a harmonic conjugate of v?
Answer:If v is a harmonic conjugate of u, and v a harmonic conjugate of v, then
fi =u+iv and fo = v+1u both are analytic, which forces u and v to be constant.
(¢) Is uv always harmonic? If not, produce an example.
Answer: Notice that wv is harmonic if and only if u,v, +u,v, = 0. In particular,
u(z,y) =z = v(x,y). Then uv is not harmonic.
2. If v is a harmonic conjugate of u (u, v real valued), prove that the functions uv and
u? — v? are also harmonic.
Answer: Let f = u+iv. Then f is analytic, and hence f? = (u? —v?)+i(2uv) analytic.
Implies uv and u? — v? are also harmonic.
3. What are all real valued harmonic functions v on D such that u? is also harmonic?
Answer: u? is harmonic if and only if w3 4 u] = 0.
4. Find a harmonic conjugate, if it exists, of the following functions:
(a) u(r,y) = 2zy.
(b) u(r,8) = r"cosnb, n € N.
(c) u(z,y) :xQ—y2+x+y—$2L+y2.
Answer: (a) v(z,y) =y*> — 2> +c (b) v(r,0) = r"sinnb + ¢
(€) v(z,y) =22y +y -2+ s ¢
5. Let us define differential operators % = % (a% — z'(%) and % = % (% +z'8%> . Let
f = u+ v be defined on an open set in C. Show that:
(a) f satisfies C-R equations if and only if £ f(z) = 0.
(b) If A = 2 + 2, then show that Af = 4,2_f.
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(c) Prove that the function f : C — C given by f(z) = 2" is harmonic for all n € N.

Answer: Do yourself.
6. Find the values of z such that (a) e € R and (b) e* € iR.

Answer:

e” ="'V =¢" (cos(y) + i sin(y)) .



We know that e* # 0 for all x € R.

e” is a real number iff siny = 0 iff y = nm where n € Z.

(2n+1)m
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€* is a pure imaginary number iff cosy = 0 iff y = where n € Z.

. Prove that sinh(Imz) < [|sin(z)| < cosh(Imz). Deduce that |sin(z)| tends to oo as
Imz| — oo .

Answer: Set z =z + i y. We know that
sinz =sinx coshy + ¢ cosx sinhy .
|sinz|*> = sin?x cosh®’y + cos?z sinh?y

= sin?x (1 +sinh®y) + cos®x sinh®y

. . 192
= sin?z + sinh®y

|sin z| = \/sinza: + sinh?y < \/1 + sinh?y = y/cosh®y = coshy .

Thus,
|sin z| < coshy .
Now,

|sin z|> = sin?z + sinh®y > sinh®y = |sinhy|? .
|sin z| > |sinhy| > sinhy .

We know that sinhy tends to 400 as y — +00 and sinhy tends to —oo as y — —oo.
Since |sin z| > |sinhy|, it happens that |sin z| — co as |y| — co.

. Find all the complex numbers which satisfy the following:

(i) exp(z) =1 (ii) exp(z) =1 (iii) exp(z — 1) = 1.

Answer: This is the solution for part (iii); solutions for other parts are similar.

We need to find z = x+1y such that exp(z—1) = exp(z+iy—1) = exp((z—1) + i y) =
eV (cosy +isiny) = 1.

That is,

e Veosy =1 and e Vsiny =0.

Observe that e(*=1 =£ 0 for all x € R. Therefore, we need a y such that siny = 0 and
cosy > 0. This gives that y = 2kn where k € Z.

When y = 2kn, cosy = 1 and hence we need a z such that e®~1) = 1. It gives that
x = 1. Hence, the points 2z, = (1, 2k7m) where k € Z are solutions of the equation
exp(z —1) = 1.

. Evaluate the following:

(i) log(3 — 2i) (i) Log i (iii) (ng)



10.

11.

Answer: (i) We know that if z # 0, then log(z) = In|z| + i arg(z).
log(3 —2i) = In |3 — 2i| + i arg(3 —2i) =In|vV13| + i (o + 2n)
where o = tan~!(—2/3) and n € Z. Therefore,
log(3 — 2i) = % In(13) + i (a+ 2nn)

where o = tan™'(—2/3) and n € Z.

(ii) Recall if z # 0 then Log(z) = In|z| + ¢Arg(z) where Arg denotes the principal

value of the argument.
Log (i) = Inli| + i Arg(i) = In(1) + @§=%

(iii) We know for any z # 0 and w in C, z* = exp(w log z). Therefore,

()7 = exp((~i)log(i)) = exp (=) [ i + i arg(i)])

- eal(-of + 1 5+e))
- enl(0fs (52
- exp(g—i—Qn?T)

where n € Z.
If v is the boundary of the triangle with vertices at the points 0, 3i and —4 oriented

in the counterclockwise direction then show that / (e —%) dz | < 60.

Answer: Observe that the length of the curve 18012 ie. L =12.
Note that the function |f(z)| = |e* — 2| < |e*| + |Z| = e®®) + |z|. Therefore |f(z)| <
Rez) 4 |z| <14 |z| =5 for z € yie M =5.

Now by ML inequality we have,

/7(6'2 —Z) dz

Evaluate / |z| Z dz where + is the circle |z| = 2.

<5 x12=060.

v
Answer: Use the formula

[ dz—/f

Here (t) = 2¢% for t € [0, 2n] and f(z) = |2| z. This gives that 7/(t) = 2i € for
t €0, 2.

21 2
/\z|zdz = / (2x2e7™) (2ie")dt =8i / dt = 167i.
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