Tutorial 5: Theory of Residues and Applications
PH 503 Mathematical physics

1. Determine all the isolated singularities of each of the following functions and compute the residue at each
singularity

(a) €%/ (2 —2)
(b) (z+1)/(z2-32+2)
(c) (cosz) /22
3
@ (=)
(e) sin (1/3z)
() (z—1)/sinz

2. Evaluate each of the following integrals by means of the Cauchy residue theorem.

(a) [, S*=dz where C : |z| = 5.
) [o mgdz where C': |z| = 3.
(c) fc tan zdz where C' : |z| = 2.
() [, sze—dzwhere C: |z| = 1.

3. Let f have an isolated singularity at zo (f analytic in punctured nbd of 2p). Show that the residue of the
derivative f'is equal to zero.

4. Using method of residues, verify each of the following.

(a) 07r 2+sm0 = 2771
<wL@Hmw—%f-

© Jo mmritEar = 5

(d) fo7 (cos6)™™ df = 75y

5. Verify the following integral formulae with the help of residues.

a pr oo z2+2z+2 =Tm.
(b) pv 7 2+9)2 —x

00 241 g, m
(c) fo Taidr 75

6. Show that

oS} e2w
————dzr =secl
Py /,Oo cosh (7x) v = e

by integrating €27/ cosh (7z) around a rectangle with vertices at 2 = =R, £ R+i and then taking a limit R — oo.

7. Show that

/°° dr 2/3
0
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by integrating 1/ (z3 + 1) around the boundary of the circular sector S : {z =re?:0<0<27/3,0<r < R} and
then letting R — oo.



8. Using the method of residues, verify:

@ o), =2
(b) pv [ #Erindr = 3% (3cos1+sinl).
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9. Given that fom e % dr = \/m /2, integrate ¢i* around the boundary of the circular sector
S {z =re?:0<6< 7/4,0<r < R} and letting R — oo, prove that

/ i’ dy = Y8 21 (1419).
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10. Using the technique of residues, verify:

(@) J2 -

oo z+1 )

(b) [, %dm = mi (2 — ¢f).

11. Compute pv [

o o 1dw for 0 < a < 1. (Use rectangular contour).



