
CYK/2008/PH 410/Tutorial 1 Ele
trodynami
s IHere are some pra
ti
e problems in ve
tor 
al
ulus and 
urvilinear 
oordinates.1. Find equations for the tangent plane and normal line to the surfa
e z = x2 + y2 at thepoint (2,−1, 5).2. Find the unit outward normal to the surfa
e (x − 1)2 + y2 + (z + 2)2 = 9 at the point
(3, 1,−4).3. Find the divergen
e and 
url of r̂/r2.4. Prove:(a) ∇ · (φA) = (∇φ) ·A + φ(∇ ·A).(b) ∇× (∇× A) = ∇(∇ ·A) −∇2A.5. Show that F = (2xy + z3)i + x2j + 3xz2k is a 
onservative for
e �eld. Find the s
alarpotential. Find the work done in moving an abje
t in this �eld from (1,−2, 1) to (3, 1, 4).6. Given φ = 2xyz2and a 
urve C(t) = (t2, 2t, t3) from t = 0 to t = 1. Find ∫

C φdr.7. Evaluate ∫

S A·dS where A = 18zi−12j+3yk and S is that part of the plane 2x+3y+6z =
12 whi
h is lo
ated in the �rst o
tant.8. Prove Green's theorem in a plane. (See any textbook)9. For a given R > 0, de�ne ra =

(

x2 + y2 + (z − R/2)2
)

1/2 and rb =
(

x2 + y2 + (z + R/2)2
)

1/2.The prolate ellipsoidal 
oordinates are de�ned as
ξ =

1

R
(ra + rb)

η =
1

R
(ra − rb)

φ = tan−1

(

y

x

)Find inverse transformations, basis ve
tors eξ, eη , eφ , s
ale fa
tors hξ , hη, hφ , di�erentialve
tor dr, length element ds2 and volume element dv.10. Let
δn(x) =











0 x < − 1

2n
n − 1

2n < x < 1

2n
0 1

2n < xShow that
lim

n→∞

∫

∞

−∞

f(x)δn(x) dx = f(0)assuming that the fun
tion f is 
ontinuous at x = 0.1



Some Answers:1. Equation of the tangent plane: −4x + 2y + z = 5Equation of the normal line:
x − 2

−4
=

y + 1

2
=

z − 5

12. Unit outward normal ve
tor: (2/3, 1/3/ − 2/3).3. ∇ ×
(

r

r3

)

= 0 and ∇ ·
(

r

r3

)

= 4πδ(r). Proof: Show by expli
it di�erentiation that if
r 6= 0 then ∇ ·

(

r

r3

)

= 0. Now 
hoose ǫ > 0. Let S be the spheri
al surfa
e of radius ǫen
losing the volume V . Then,
∫

v
∇ ·

(

r

r3

)

dv =

∮

S

r

r3
· ds =

∫

dΩ = 4π4. Expli
itly di�erentiate to prove these results.5. Sin
e ∇× F = 0, F is 
onservative. S
alar potential is given by
φ(x, y, z) = −

∫

F · dr

= −

∫

Fxdx +

∫

(Terms in y and z only)dy +

∫

(Terms in z only)dz

= −(x2y + xz3)Thus work done from (1,−2, 1) to (3, 1, 4) is φ(1,−2, 1) − φ(1,−2, 1) = −202.6. ∫

φdr = (8/11, 8/10, 1)7. Note this general pro
edure: Suppose the given surfa
e, say φ(x, y, z) = c, has a one-oneproje
tion on some domain D in z = 0 plane then the surfa
e 
an also be expressed byequation z = f(x, y). In this 
ase,
∫

S
A · ds =

∫

D
A · n̂

dx dy

|k̂ · n̂|
.Where n̂ is the unit normal to the surfa
e. For our example, (See diagram) S is thetrangular se
tion of the of the plane in the �rst o
tant. D is its proje
tion on XY planeand is bounded by x axis, y axis and the line 2x + 3y = 12. n̂ = (2, 3, 6)/7. Thusrequired integral is 24.8. See Arfken.9. For a given R > 0, de�ne ra =

(

x2 + y2 + (z − R/2)2
)

1/2 and rb =
(

x2 + y2 + (z + R/2)2
)

1/2.The prolate ellipsoidal 
oordinates are de�ned as
ξ =

1

R
(ra + rb)

η =
1

R
(ra − rb)

φ = tan−1

(

y

x

)2



The inverse transformations are given by
x =

R

2

√

(ξ2 − 1) (1 − η2) cos φ

y =
R

2

√

(ξ2 − 1) (1 − η2) sin φ

z = −
R

2
ξηThe di�erentials are related by







dx
dy
dz






=











(

R
2

)

ξα cos φ −
(

R
2

)

ηα−1 cos φ −
(

R
2

)

β sin φ
(

R
2

)

ξα sinφ −
(

R
2

)

ηα−1 sin φ
(

R
2

)

β cos φ

−
(

R
2

)

η −
(

R
2

)

ξ 0

















dξ
dη
dφ





where α =
√

1−η2

ξ2
−1

and β =
√

(ξ2 − 1) (1 − η2)The basis ve
tors are given by the three 
olumns of the matrix given above. The systemis orthogonal. The di�erential ve
tor is given by
ds =

(

R

2

)

√

(ξ2 − η2)

(ξ2 − 1)
eξdξ +

(

R

2

)

√

(ξ2 − η2)

(1 − η2)
eηdη +

(

R

2

)

√

(ξ2 − 1) (1 − η2)eφdφThe volume element is given by
dv =

(

R

2

)3 (

ξ2 − η2

)

dξdηdφ10. Let
Sn =

∫

∞

−∞

f(x)δn(x) dx = n

∫

1/2n

−1/2n
f(x) dxLet ǫ > 0 be any in�nitesimally small number. Sin
e f is 
ontinuous at x = 0, ∃ δ > 0su
h that ∀ |x| < δ, |f(x) − f(0)| < ǫ. Now 
hoose an integer N su
h that 1

2N < δ.Then, for every n > N , 
learly, |x| < 1

2n ⇒ |x| < 1

2n < 1

2N < δ

|Sn − f(0)| =

∣

∣

∣

∣

∣

n

∫

1/2n

−1/2n
f(x) dx − f(0)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

n

∫

1/2n

−1/2n
(f(x) − f(0)) dx

∣

∣

∣

∣

∣

≤ n

∫

1/2n

−1/2n
|f(x) − f(0)| dx

≤ n ·
1

n
· ǫ = ǫThus, Sn → f(0) as n → ∞. Here it is also true that for a given x 6= 0, δn(x) → δ(x)as n → 0. Remember, su
h pointwise 
onvergen
e is not ne
essary in the de�nition ofDira
 delta fun
tion. For example,

δn(x) =
sin nx

πx
onverges to delta fun
tion as n → ∞ (that is Sn → f(0)) , however for a given x, δn(x)is os
illatory. 3


