CYK/2008/PH 410/Tutorial 1 Electrodynamics I

Here are some practice problems in vector calculus and curvilinear coordinates.

1. Find equations for the tangent plane and normal line to the surface z = 22 4 2 at the
point (2,—1,5).

2. Find the unit outward normal to the surface (z — 1)2 4+ y? + (2 + 2)? = 9 at the point
(3,1, —4).

3. Find the divergence and curl of #/r2.
4. Prove:
(a) V- (0A) = (V9)- A+ ¢(V-A).
(b) Vx(VxA)=V(V-A)-V2A.

5. Show that F = (2zy + 23)i + 2%j + 3222k is a conservative force field. Find the scalar
potential. Find the work done in moving an abject in this field from (1, —2,1) to (3, 1,4).

6. Given ¢ = 2zyz%and a curve C(t) = (t2,2t,¢3) from t = 0 to ¢t = 1. Find [, ¢dr.

7. Evaluate [¢ A-dS where A = 182zi—12j+3yk and S is that part of the plane 22+3y+62z =
12 which is located in the first octant.

8. Prove Green’s theorem in a plane. (See any textbook)

1/2 1/2
9. Foragiven R > 0, define r, = (:172—|—y2 + (z—R/2)2) / and r, = (:172 + 9%+ (z+R/2)2) / .

The prolate ellipsoidal coordinates are defined as

£ = £lratn)
1= )

¢ = tan~! (%)

Find inverse transformations, basis vectors eg, e, €4 , scale factors he, hy), hy , differential
vector dr, length element ds? and volume element dv.

10. Let
0 lx < —% X
on(x) = oy ST <3,
0 % <z
Show that

tim_ [ Zf(z)én@) dz = £(0)

n—oo

assuming that the function f is continuous at x = 0.



Some Answers:
1. Equation of the tangent plane: —4x +2y+2=5
Equation of the normal line:
r—2 y+1 z-5
-4 2 1

2. Unit outward normal vector: (2/3,1/3/ —2/3).

3. Vx (T%) =0and V- (7«%) = 47d(r). Proof: Show by explicit differentiation that if

r # 0 then V - (r%) = 0. Now choose € > 0. Let S be the spherical surface of radius e
enclosing the volume V. Then,

/v.(i>dv=j§i-ds=/d§z=4w
, 3 o 13

4. Explicitly differentiate to prove these results.

5. Since V x F =0, F is conservative. Scalar potential is given by
o(z,y,2) = —/F-dr
= - /Fwdaj + /(Terms in y and z only)dy + /(Terms in z only)dz
= —(2%y+223)
Thus work done from (1,—2,1) to (3,1,4) is ¢(1,—2,1) — ¢(1,—2,1) = —202.
6. [pdr = (8/11,8/10,1)

7. Note this general procedure: Suppose the given surface, say ¢(z,y, z) = ¢, has a one-one
projection on some domain D in z = 0 plane then the surface can also be expressed by
equation z = f(z,y). In this case,

/A-ds:/ Al

s D |k - A

Where n is the unit normal to the surface. For our example, (See diagram) S is the
trangular section of the of the plane in the first octant. D is its projection on XY plane
and is bounded by x axis, y axis and the line 2x 4+ 3y = 12. n = (2,3,6)/7. Thus
required integral is 24.

8. See Arfken.

1/2 1/2
9. Foragiven R > 0, define r,, = (332 +y2+ (2 — R/2)2> / and r, = (a:z + 9?2+ (2 + R/2)2> / :
The prolate ellipsoidal coordinates are defined as

1

§ = E(Ta“‘rb)
1= 5 a-n)

¢ = tan! (%)



10.

The inverse transformations are given by
R
v = SVE@-1D(1-)cose
R
- 2 _ — n2) g
y = V(@ -D-m)sing

R
z = —5577
The differentials are related by
de }—2% facosp — % na~lcosgp — %)ﬂsingﬁ de
dy | = }—2% (asing — % na~!sin ¢ (% B cos ¢ dn
dz - %)77 _ g ¢ 0 do

—n2
where a = 22—_771 and 8= /(&2 —1)(1 —n?)
The basis vectors are given by the three columns of the matrix given above. The system
is orthogonal. The differential vector is given by

s = (5) S Decas + (£) | Do+ (5) Vi - 1= ieas

The volume element is given by

Let

Let € > 0 be any infinitesimally small number. Since f is continuous at x =0, 3§ > 0
: 1

such that V|z| < 6, [f(z) — f(0)] < e. Now choose an integer N such that 53 < 4.

Then, for every n > N, clearly, |z| < % = |z| < % < ﬁ <4

‘Sn - f(O)’ =

< n-—-e=c¢€

Thus, S,, — f(0) as n — oo. Here it is also true that for a given z # 0, d,(x) — d(x)
as n — 0. Remember, such pointwise convergence is not necessary in the definition of
Dirac delta function. For example,

sin nx

on(z) =

X

converges to delta function as n — oo (that is S, — f(0)) , however for a given x, d,(x)
is oscillatory.



