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1 Time Evolution of a Quantum System

The time evolution of a quantum system is given by Schrodinger equation

;)
ihW(t) = H()¥()

U(ty) = . (1)

Definition 1 A time evolution operator Tu(t,to) for a system described by a Hamiltonian H, is
defined as
Tu(t,to)¥o = V(t) (2)

where W(t) is solution of Equation 1.

Clearly, time evolution operator must obey

O Ta(t10) = H(1)Tialt,10)
Tulto,to) = I. 3)
Some trivial properties are
Tu(t,t) = 1 V¢ (4)
[Ta(t,to)] ' = Tul(to,t) (5)
Tult+et) — 1_%&1 (6)

We will drop the subscript H without loss of clarity.
Let L be an operator corresponding to an obseravable and L |L;) = L; |L;). The probability
amplitudes for an outcome L; at time ¢ is given by

(Li (1))

(Li |T(t, t0)Wo) (7)
Z (Li|T(tto)Lyj) (Lj[Po) (8)
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Typically, one needs to find the matrix elements of the time evolution operator. In general, this
may be very difficult problem. Some general theory using Green’s function is discussed later.
However, for time independent Hamiltonian, the form of time evolution operator is easy to obtain.

Theorem 1 If the Hamiltonian H of a system is time independent, then

Tra(t, to) = exp (-Z—I;t> ©
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In this case, if H [n) = €, |n), then

Tu(t,to) = 3 In) exp (—“gt) (| (10)

and
ient

U(t) = Tu(t, to)¥o = > _|n)exp <_T> (n W) (11)

Example 1
Consider a particle trapped in a 1D box of width 7. Let i = m = 1. Energy eigenfunctions
are |n) = \/2/7 sin(nz) with eigenvalues €, = n?/2. Let at t =0

W(0) = Wo = %uw +12)) (12)
Then,
(1) = — [exp (—it/2)[1) + exp (~2it) |2)] (13)

V2

Now the average values position and momentum are functions of time
() T 16 3t
Xx) = ———cos|=
2 97 2

(p) = %sin(%t)

The density plots for different times are shown below:
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2 Interaction Picture

If the form of the Hamiltonian is
H=H,+ V() (14)

where Hy is time independent, one can formulate a perturbation theory if V(¢) is weak. Let
Hy |n) = €, |n). Let us define (put tg = 0)

T (t) exp (iI;Ot) () (15)
V) = exp <iI;°t) V(£) exp <—"I:L°t> (16)

Now,

L0 =

Time evolution operator for the barred quantities can be written, by analogy with Equation 2,
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~+~
=
IS1
—~
~
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T(t,t0)To = W(t) (17)
and
P _
zhatT(t to) = V()T(t,to)
T(to,t0) = 1. (18)
A formal solution can be obtained by integrating this equation
T(t,to) =1 — —/ Tt to)dt’ (19)
to
Iterating, one can obtain formal power series in terms of V'
_ i t B : 2 t _ + B
T(t,to) =1— —/ V(t)dt' + (——) / V(t’)dt’/ v("dt" + - (20)
FL to FL to to

In case V is weak, in some sense, one may truncate the series to the first order in V. Matrix
elements of T are given by

(n|T(®)s) = 5n,7s—%'/t'<n\v<t')|s)>dt/ (21)
= dua g [ V) 22)

where wys = (€, — €5)/h.



