
Given Hamiltonian
H = AL

2 + BLz + CLy (1)

can be diagonalized by a rotation operator. Let θ = tan−1(C/B) and U = exp(−iLxθ/h̄).

U
†
LzU = Lz cosh(iθ) + (−iLy) sinh(iθ) (2)

= Lz cos(θ) + Ly sin(θ) (3)

=
B√

B2 + C2
Lz +

C√
B2 + C2

Ly (4)

Let H
′ = AL

2 +
√

B2 + C2Lz. Then it is easy to see that U
†
H

′
U = H. Then eigenvalues of H

and H
′ are same and are given by Elm = Al(l + 1)h̄2 +

√
B2 + C2mh̄. Eigenfunctions of H are

given by

U
†|lm〉 = exp(iLxθ/h̄)|lm〉 (5)

=
∑

m′

|lm′〉
[

δm,m′ − iθ

2

√

(l − m)(l + m + 1)δm′,m+1 −
iθ

2

√

(l + m)(l − m + 1)δm′,m−1

]

(6)

= |lm〉 − iθ

2

√

(l − m)(l + m + 1)|l, m + 1〉 − iθ

2

√

(l + m)(l − m + 1)|l, m − 1〉 (7)

Some useful formulae:

exp(λA)B exp(−λA) = B + λ[A, B] +
λ2

2!
[A, [A, B]] + · · · (8)

If [A, [A, B]] = βB then

exp(λA)B exp(−λA) = B cosh(λ
√

β) + [A, B] sinh(λ
√

β)/
√

β (9)
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