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Quantum mechanics is generally regarded as thegathylseory that is our best candidate for a funelatal and
universal description of the physical world. Theceptual framework employed by this theory différastically from
that of classical physics. Indeed, the transitiom classical to quantum physics marks a genuvaugon in our
understanding of the physical world.

One striking aspect of the difference between @akand quantum physics is that whereas classieghanics
presupposes that exact simultaneous values casslgnad to all physical quantities, quantum medsagénies this
possibility, the prime example being the positiod amomentum of a particle. According to quantum magdcs, the
more precisely the position (momentum) of a paatislgiven, the less precisely can one say whatdsientum
(position) is. This is (a simplistic and prelimigdormulation of) the quantum mechanical uncertaprinciple for
position and momentum. The uncertainty principiypt an important role in many discussions on Hiegsophical
implications of quantum mechanics, in particuladiscussions on the consistency of the so-callgeb@loagen
interpretation, the interpretation endorsed byfthumding fathers Heisenberg and Bohr.

This should not suggest that the uncertainty ppieds the only aspect of the conceptual differdmesveen classical
and quantum physics: the implications of quanturnatraaics for notions as (non)-locality, entanglenserd identity
play no less havoc with classical intuitions.
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1. Introduction

The uncertainty principle is certainly one of theshfamous and important aspects of quantum mechdbhas often
been regarded as the most distinctive feature iohwdjuantum mechanics differs from classical tresodf the
physical world. Roughly speaking, the uncertairmpgple (for position and momentum) states that oannot assign
exact simultaneous values to the position and mtumeof a physical system. Rather, these quantaesonly be
determined with some characteristic ‘uncertaintthat cannot become arbitrarily small simultanepuBlt what is
the exact meaning of this principle, and indeed,nsally a principle of quantum mechanics? (Ia biiginal work,
Heisenberg only speaks of uncertainty relationggd,An particular, what does it mean to say thgiantity is
determined only up to some uncertainty? Theseharenain questions we will explore in the followifigcusssing on
the views of Heisenberg and Bohr.

The notion of ‘uncertainty’ occurs in several diffat meanings in the physical literature. It mderéo a lack of
knowledge of a quantity by an observer, or to tkgeemental inaccuracy with which a quantity is swe&d, or to
some ambiguity in the definition of a quantity tora statistical spread in an ensemble of simimepared systems.
Also, several different names are used for suclemdainties: inaccuracy, spread, imprecision, ind&fhess,
indeterminateness, indeterminacy, latitude, etowAshall see, even Heisenberg and Bohr did natiden a single
terminology for quantum mechanical uncertaintieseBtalling a discussion about which name is thstrappropriate
one in quantum mechanics, we use the name ‘unegriaiinciple’ imply because it is the most comnwore in the
literature.
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2. Heisenber
2.1 Heisenberg's road to th uncertainty relations

Heisenberg introduced his now famous relationshiaréicle of 1927, entittedJeber den anschaulichen Inhalt der
guantentheoretischen Kinematik und Mechank(partial) translation of this title is: "Onétanschaulichcontent of
guantum theoretical kinematics and mechanics". Heeetermanschaulichis particularly notable. Apparently, it is
one of those German words that defy an unambigtraoslation into other languages. Heisenbergésistiranslated
as 'On the physical content." by Wheeler and Zurek (1983). His collected weotKeisenberg, 1984) translate it as
"On the perceptible content”, while Cassidy's biography of Heisenberg (G#gsi992), refers to the paper &'
the perceptual content.". Literally, the closest translation of the teamschaulichis ‘visualizable’. But, as in most
languages, words that make reference to visiomatralways intended literally. Seeing is widely diss a metaphor
E‘ﬁr understanding, especially for immediate undeming. Henceanschaulichalso means ‘intelligible’ or ‘intuitive’.

Why was this issue of thenschaulichkeibf quantum mechanics such a prominent concerretserberg? This
question has already been considered by a numlmanohentators (Jammer, 1977; Miller 1982; de REQ87;
Beller, 1999). For the answer, it turns out, we ngasback a little in time. In 1925 Heisenberg lkadeloped the first
coherent mathematical formalism for quantum thébigisenberg, 1925). His leading idea was that trige
quantities that are in principle observable shqléy a role in the theory, and that all attemptfoto a picture of
what goes on inside the atom should be avoidedtdmic physics the observational data were obtdimed
spectroscopy and associated with atomic transitibings, Heisenberg was led to consider the ‘treoms@juantities’ as
the basic ingredients of the theory. Max Born,r#tat year, realized that the transition quargibbeyed the rules of
matrix calculus, a branch of mathematics that wasa well-known then as it is now. In a famouseseof papers
Heisenberg, Born and Jordan developed this ideattat matrix mechanics version of quantum theory.

Formally, matrix mechanics remains close to cladsitechanics. The central idea is that all physjcaintities must
be represented by infinite self-adjoint matriceset identified with operators on a Hilbert spatiels postulated that
the matriceg| andp representing the canonical position and momentanables of a particle satisfy the so-called
canonical commutation rule

gp —pg =ik oy

whereh = h/2r, h denotes Planck's constant, and boldface typeets$ tosrepresent matrices. The new theory scored
spectacular empirical success by encompassingyradbspectroscopic data known at the time, esfigaéter the
concept of the electron spin was included in tle@tatical framework.

It came as a big surprise, therefore, when onelgézn, Erwin Schrédinger presented an alternatieery, that
became known as wave mechanics. Schrédinger asdhatezh electron in an atom could be represersetha
oscillating charge cloud, evolving continuouslyspace and time according to a wave equation. Tdweate
frequencies in the atomic spectra were not duéstodtinuous transitions (quantum jumps) as in matechanics,
but to a resonance phenomenon. Schrodinger alseeshihat the two theories were equivalént.

Even so, the two approaches differed greatly ierpretation and spirit. Whereas Heisenberg eschéveedse of
visualizable pictures, and accepted discontinu@rssitions as a primitive notion, Schrodinger cledhas an
advantage of his theory that it wasschaulich In Schrédinger's vocabulary, this meant thathtie®ery represented the
observational data by means of continuously evgleimusal processes in space and time. He consittésezbndition
of Anschaulichkeito be an essential requirement on any acceptalysiqal theory. Schrodinger was not alone in
appreciating this aspect of his theory. Many otbading physicists were attracted to wave mechdaiche same
reason. For a while, in 1926, before it emergetilzave mechanics had serious problems of its owhi&glinger's
approach seemed to gather more support in thegshgsmmunity than matrix mechanics.

Understandably, Heisenberg was unhappy about évisldpment. In a letter of 8 June 1926 to Pautidgrdessed that
"The more | think about the physical part of Sctimgeér's theory, the more disgusting | find it", ati/hat
Schradinger writes about tschaulichkeiof his theory, ... | considevlist (Pauli, 1979, p. 328)". Again, this last
German term is translated differently by variousogentators: as "junk” (Miller, 1982) "rubbish” (B=1 1999)

"crap"” (Cassidy, 1992), and perhaps more literalsy/,bullshit" (de Regt, 1997). Nevertheless, iblighed writings,
Heisenberg voiced a more balanced opinion. In apaie Naturwissenschaftg1926) he summarized the peculiar
situation that the simultaneous development ofdammpeting theories had brought about. Althoughrgaed that
Schrédinger's interpretation was untenable, he telinthat matrix mechanics did not provide &Areschaulichkeit
which made wave mechanics so attractive. He cordiutlo obtain a contradiction-fremschaulichinterpretation, we
still lack some essential feature in our imagehefdtructure of matter". The purpose of his 193¥pavas to provide
exactly this lacking feature.
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2.2 Heisenberg's argumer

Let us now look at the argument that led Heisenbehgs uncertainty relations. He started by redej the notion of
AnschaulichkeitWhereas Schrédinger associated this term witlptbeision of a causal space-time picture of the
phenomena, Heisenberg, by contrast, declared:

We believe we have gainesischaulichunderstanding of a physical theory, if in all slenpases, we can
grasp the experimental consequences qualitativelysee that the theory does not lead to any
contradictions. Heisenberg, 1927, p. 172)

His goal was, of course, to show that, in this sewse of the word, matrix mechanics could lay #mesclaim to
Anschaulichkeiais wave mechanics.

To do this, he adopted an operational assumpgoms like ‘the position of a particle’ have meanordy if one
specifies a suitable experiment by which ‘the posibf a particle’ can be measured. We will cais thssumption the
‘measurement=meaning principle’. In general, themo lack of such experiments, even in the dorofatomic
physics. However, experiments are never compleistyrate. We should be prepared to accept, therdfat in
general the meaning of these quantities is alseriohirted only up to some characteristic inaccuracy.

As an example, he considered the measurement pb#iton of an electron by a microscope. The amyuof such a
measurement is limited by the wave length of tgbktlilluminating the electron. Thus, it is possijbteprinciple, to
make such a position measurement as accurate agigimes, by using light of a very short wave lengtly.,y-rays.
But fory-rays, the Compton effect cannot be ignored: tteraetion of the electron and the illuminating tighould
then be considered as a collision of at least dweom with the electron. In such a collision, thecwon suffers a
recoil which disturbs its momentum. Moreover, therser the wave length, the larger is this changaementum.
Thus, at the moment when the position of the garigcaccurately known, Heisenberg argued, its nrdome cannot
be accurately known:

At the instant of time when the position is detared, that is, at the instant when the photon iteseal by
the electron, the electron undergoes a discontgabange in momentum. This change is the greaer th
smaller the wavelength of the light employed, tlee, more exact the determination of the positiirthe
instant at which the position of the electron is\Wn, its momentum therefore can be known only up to
magnitudes which correspond to that discontinudasmge; thus, the more precisely the position is
determined, the less precisely the momentum is knewd conversely (Heisenberg, 1927, p. 174-5).

This is the first formulation of the uncertaintymmiple. In its present form it is an epistemoladiprinciple, since it
limits what we carknowabout the electron. From "elementary formulaehef€ompton effect" Heisenberg estimated
the ‘imprecisions’ to be of the order

pdq ~ h 2
He continued: “In this circumstance we see thectlaaschaulichcontent of the relatiogp — pq = ih.”

He went on to consider other experiments, desigmeteasure other physical quantities and obtainatbgous
relations for time and energy:

3tSE~h ®)
and actionJ and anglev

d3wadJ ~ h 4
which he saw as corresponding to the "well-knovetdtions

tE-Et=ih or wl-Jw=ih (5)

However, these generalisations are not as straighdafd as Heisenberg suggested. In particularstéiters of the time
variable in his several illustrations of relati@®) {s not at all clear (Hilgevoord 2005). See ala®ection 2.5

Heisenberg summarized his findings in a generatlosion: all concepts used in classical mechanmesso well-
defined in the realm of atomic processes. But, jgisra fact of experiencergin erfahrungsgemalR experiments that
serve to provide such a definition for one quardity subject to particular indeterminacies, obeyétgtions (2)-(4)
which prohibit them from providing a simultaneowidition of two canonically conjugate quantiti®ote that in this
formulation the emphasis has slightly shifted: be/ispeaks of a limit on the definition of concepis, not merely on
what we carknow but what we can meaningfulbayabout a particle. Of course, this stronger forriarafollows by
application of the above measurement=meaning pliecif there areas Heisenberg claims, no experiments that ¢
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a simultaneous precise measurement of two conjugeetities, then these quantities are also natlsmeously well-
defined.

Heisenberg's paper has an interesting "Additigoraof" mentioning critical remarks by Bohr, who stve paper only
after it had been sent to the publisher. Amongrdtiiags, Bohr pointed out that in the microscoppegiment it is not
the change of the momentum of the electron thatfpertant, but rather the circumstance that thangle cannot be
precisely determined in tlameexperiment. An improved version of the argumeggponding to this objection, is
given in Heisenberg's Chicago lectures of 1930.

Here (Heisenberg, 1930, p. 16), it is assumedthigaelectron is illuminated by light of wavelengtind that the
scattered light enters a microscope with apertongéea. According to the laws of classical optics, thewaacy of the
microscope depends on both the wave length andptbeure angle; Abbe's criterium for its ‘resolvipgwer’, i.e. the
size of the smallest discernable details, gives

8q ~ Msing (6)

On the other hand, the direction of a scatteredgshavhen it enters the microscope, is unknowniwithe angle,
rendering the momentum change of the electron taindry an amount

3p ~ hsing/x @)
leading again to the result (2).

Let us now analyse Heisenberg's argument in mdeel déirst note that, even in this improved versibleisenberg's
argument is incomplete. According to Heisenbemsdsurement=meaning principle’, one must also péaithe
given context, what the meaning is of the phrasemantum of the electron’, in order to make sengb@ftlaim that
this momentum is changed by the position measureresolution to this problem can again be founthi@a Chicago
lectures (Heisenberg, 1930, p. 15). Here, he asstima¢ initially the momentum of the electron isgsely known,
e.g. it has been measured in a previous experiwigmain inaccuracgp;, which may be arbitrarily small. Then, its
position is measured with inaccuraity, and after this, its final momentum is measureith an inaccuracgp. All
three measurements can be performed with arbifm@gision. Thus, the three quantitégs 5q, anddp: can be made
as small as one wishes. If we assume further lieainitial momentum has not changed until the pmsineasurement,
we can speak of a definite momentum until the trfhihe position measurement. Moreover we can gperational
meaning to the idea that the momentum is changedgithe position measurement: the outcome of ¢versd
momentum measurement (gaywill generally differ from the initial valug. In fact, one can also show that this
change is discontinuous, by varying the time betwbe three measurements.

Let us now try to see, adopting this more elabmataup, if we can complete Heisenberg's argunvéathave now
been able to give empirical meaning to the ‘chasfgpomentum’ of the electrop; — pi.. Heisenberg's argument
claims that the order of magnitude of this charsget least inversely proportional to the inaccurafcthe position
measurement:

[pr—pildg~h (8)

However, can we now draw the conclusion that thenerdum is only imprecisely defined? Certainly rigfore the
position measurement, its value wgsafter the measurement itps One might, perhaps, claim that the value at the
very instant of the position measurement is notdgéined, but we could simply settle this by arigrtement by
convention, e.g., we might assign the mean value f§)/2 to the momentum at this instant. But then,ttfeenentum

is precisely determined at all instants, and Héisegis formulation of the uncertainty principlelooger follows. The
above attempt of completing Heisenberg's arguntrerst vershoots its mark.

A solution to this problem can again be found & @hicago Lectures. Heisenberg admits that positimhmomentum
can be known exactly. He writes:

If the velocity of the electron is at first knowamd the position then exactly measured, the positidhe
electron for times previous to the position measige may be calculated. For these past tigm@s) is
smaller than the usual bound. (Heisenberg 19305 p.

Indeed, Heisenberg says: "the uncertainty relataes not hold for the past".

Apparently, when Heisenberg refers to the uncestainimprecision of a quantity, he means thatvaleie of this
quantity cannot be givemeforehandIn the sequence of measurements we have cordidboze, the uncertainty in
the momentum after the measurement of positiorobasrred, refers to the idea that the value ohtbenentum is not
fixed justbeforethe final momentum measurement takes place. Ongeneasurement is performed, and reveals a
valuepy, the uncertainty relation no longer holds; theslei@s then belong to the past. Clearly, then, Heisgy is
concerned withunpredictability the point is not that the momentum of a partatianges, due to a position
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measurement, but rather that it changes by an digpable amount. It is, however always possiblm&asure, and
hence define, the size of this change in a subst¢queasurement of the final momentum with arbitascision.

Although Heisenberg admits that we can consistaithbute values of momentum and position to a&atebn in the
past, he sees little merit in such talk. He pointsthat these values can never be used as icititions in a
prediction about the future behavior of the elattiar subjected to experimental verification. Wieetbr not we grant
them physical reality is, as he puts it, a matfgressonal taste. Heisenberg's own taste is, alsepto deny their
physical reality. For example, he writes, "I beéidhat one can formulate the emergence of theictdggath’ of a
particle pregnantly as followshe ‘path’ comes into being only because we obsé&heleisenberg, 1927, p. 185).
Apparently, in his view, a measurement does not setve to give meaning to a quantitygréatesa particular value
for this quantity. This may be called the ‘measuweatacreation’ principle. It is an ontological pripke, for it states
what is physically real.

This then leads to the following picture. First measure the momentum of the electron very accyrddgl
‘measurement= meaning’, this entails that the t&hm momentum of the particle" is now well-defindtbreover, by
the ‘measurement=creation’ principle, we may say this momentum is physically real. Next, the posiis
measured with inaccuradyg. At this instant, the position of the particle betes well-defined and, again, one can
regard this as a physically real attribute of theiple. However, the momentum has now changedchtnaount that is
unpredictable by an order of magnityge— p: | ~ h/dg. The meaning and validity of this claim can beified by a
subsequent momentum measurement.

The question is then what status we shall assigimtonomentum of the electron just before its fmahsurement. Is it
real? According to Heisenberg it is not. Beforefthal measurement, the best we can attributedcetéctron is some
unsharp, or fuzzy momentum. These terms are meaatih an ontological sense, characterizing aatabute of the
electron.

2.3 The interpretation of Heisenberg's relation

The relations Heisenberg had proposed were somidmred to be a cornerstone of the Copenhagermpietation of
qguantum mechanics. Just a few months later, Kern(i®2¥) already called them the "essential corehefnew
theory. Taken together with Heisenberg's conterttianthey provided the intuitive content of thedhy and their
prominent role in later discussions on the Copeehagterpretation, a dominant view emerged in witiheh
uncertainty relations were regarded as a fundarhenteiple of the theory.

The interpretation of these relations has oftemlukbated. Do Heisenberg's relations expressaisiis on the
experiments we can perform on quantum systems thecfore, restrictions on the information we gather about
such systems; or do they express restrictions @mtaning of the concepts we use to describe quesiatems? Or
else, are they restrictions of an ontological rgtue., do they assert that a quantum system gidgas not possess a
definite value for its position and momentum atshene time? The difference between these intetfmesas partly
reflected in the various names by which the retetiare known, e.g. as ‘inaccuracy relations’, mncertainty’,
‘indeterminacy’ or ‘unsharpness relations’. The atelbetween these different views has been addrégsmany
authors, but it has never been settled completelyit suffice here to make only two general obaéons.

First, it is clear that in Heisenberg's own vieWla¢ above questions stand or fall together. Iddee have seen that
he adopted an operational "measurement=meaningipke according to which the meaningfulness ohygsjral
quantity was equivalent to the existence of an expnt purporting to measure that quantity. Sinhlahnis
"measurement=creation" principle allowed him toilattte physical reality to such quantities. Herldeisenberg's
discussions moved rather freely and quickly frotk édbout experimental inaccuracies to epistemokdgic
ontological issues and back again.

However, ontological questions seemed to be of sdratless interest to him. For example, theregassage
(Heisenberg, 1927, p. 197), where he discussaddethat, behind our observational data, therdtstill exist a
hidden reality in which quantum systems have definélues for position and momentum, unaffectethby
uncertainty relations. He emphatically dismissés ¢bnception as an unfruitful and meaninglessigpéon, because,
as he says, the aim of physics is only to desafiservable data. Similarly, in the Chicago Lectiksisenberg 1930,
p. 11), he warns against the fact that the humeguiage permits the utterance of statements whicé ha empirical
content at all, but nevertheless produce a pidtucair imagination. He notes, "One should be esflgaareful in
using the words ‘reality’, ‘actually’, etc., sintiegese words very often lead to statements of the jiyst mentioned."
So, Heisenberg also endorsed an interpretatioisathations as rejecting a reality in which pdeschave
simultaneous definite values for position and momen

The second observation is that although for Heisenbxperimental, informational, epistemologicad antological
formulations of his relations were, so to say, flifferent sides of the same coin, this is not@aiose who do not
share his operational principles or his view onttek of physics. Alternative points of view, iniafhe.g. the
ontological reading of the uncertainty relationdésied, are therefore still viable. The statemeftén found in the
literature of the thirties, that Heisenberg Ipadvedthe impossibility of associating a definite pasitiand momentum
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to a particle is certainly wrong. But the preciseaming one can coherently attach to Heisenbeigtsores depends
rather heavily on the interpretation one favorsgfieantum mechanics as a whole. And because noragnédas been
reached on this latter issue, one cannot expeetaggnt on the meaning of the uncertainty relatiither.

2.4 Uncertainty relations or uncertainty principle?

Let us now move to another question about Heisgydeglations: do they expresprnciple of quantum theory?
Probably the first influential author to call theséations a ‘principle’ was Eddington, who, in i@sford Lectures of
1928 referred to them as the ‘Principle of Indeiaany’. In the English literature the name uncertiaprinciple
became most common. It is used both by Condon ahefson in 1929, and also in the English version o
Heisenberg's Chicago Lectures (Heisenberg, 198Bpuh, remarkably, nowhere in the original Germaarsion of
the same book (see also Cassidy, 1998). Indeedehtmérg never seems to have endorsed the namappeirfor his
relations. His favourite terminology was ‘inaccyraelations’ (Jngenauigkeitsrelationgror ‘indeterminacy
relations’ UnbestimmtheitsrelationgnWe know only one passage, in Heisenberg's ovfori@ilectures, delivered in
1955-56 (Heisenberg, 1958, p. 43), where he meadidhat his relations "are usually called relatiohsncertainty or
principle of indeterminacy". But this can well lead as his yielding to common practice rather thiamwn
preference.

But does the relation (2) qualify as a principlegafintum mechanics? Several authors, foremostRtgber (1967),
have contested this view. Popper argued that thertainty relations cannot be granted the stataspsinciple on the
grounds that they are derivable from the theoryereas one cannot obtain the theory from the uringrteelations.
(The argument being that one can never derive gagt®n, say, the Schrédinger equation, or the cotation
relation (1), from an inequality.)

Popper's argument is, of course, correct but witiimisses the point. There are many statemarbysical theories
which are called principles even though they arfadh derivable from other statements in the théouestion. A
more appropriate departing point for this issueoisthe question of logical priority but rather Biin's distinction
between ‘constructive theories’ and ‘principle thes'.

Einstein proposed this famous classification im@in, 1919). Constructive theories are theorigshwvpostulate the
existence of simple entities behind the phenoni€hay endeavour to reconstruct the phenomena byirfgam
hypotheses about these entities. Principle theasiethe other hand, start from empirical principliee. general
statements of empirical regularities, employingononly a bare minimum of theoretical terms. Theppse is to build
up the theory from such principles. That is, omasaio show how these empirical principles providgificent
conditions for the introduction of further theoceti concepts and structure.

The prime example of a theory of principle is thedynamics. Here the role of the empirical princigkeplayed by
the statements of the impossibility of various lkird perpetual motion machines. These are regasiedpressions of
brute empirical fact, providing the appropriate ditions for the introduction of the concepts of igyeand entropy
and their properties. (There is a lot to be samuathe tenability of this view, but that is noettopic of this entry.)

Now obviously, once the formal thermodynamic theisriguilt, one can alsderivethe impossibility of the various
kinds of perpetual motion. (They would violate theis of energy conservation and entropy incredaat this
derivation should not misguide one into thinkingttthey were no principles of the theory after Blle point is just
that empirical principles are statements that da@ly on the theoretical concepts (in this cageopy and energy) for
their meaning. They are interpretable independarftthese concepts and, further, their validityttom empirical level
still provides the physical content of the theory.

A similar example is provided by special relativigyother theory of principle, which Einstein delitely designed
after the ideal of thermodynamics. Here, the erogiprinciples are the light postulate and thetnéts principle.
Again, once we have built up the modern theorefmahalism of the theory (the Minkowski space-tinite}
straightforward to prove the validity of these gipies. But again this does not count as an argtifoerlaiming that
they were no principles after all. So the questibiether the term ‘principle’ is justified for Heislgerg's relations,
should, in our view, be understood as the questioether they are conceived of as empirical primspl

One can easily show that this idea was never ¢an feisenberg's intentions. We have already sedrHéisenberg
presented the relations as the result of a "puteofeexperience”. A few months after his 1927 pape wrote a
popular paper with the titidJeber die Grundprincipien der Quantenmecharffion the fundamental principles of
guantum mechanics") where he made the point evea ohearly. Here Heisenberg described his recexgksthrough
in the interpretation of the theory as follows: Séems to be a general law of nature that we cataietmine position
and velocity simultaneously with arbitrary accuradyow actually, and in spite of its title, the amloes not identify
or discuss any ‘fundamental principle’ of quantumatmanics. So, it must have seemed obvious to aders that he
intended to claim that the uncertainty relation wdsndamental principle, forced upon us as an ecapiaw of
nature, rather than a result derived from the fdismaof the theory.

This reading of Heisenberg's intentions is corrated by the fact that, even in his 1927 paper iegpns of his
relation frequently present the conclusion as aenaf principle. For example, he says "In a sty state of an
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atom its phase i® principle indeterminate” (Heisenberg, 1927, p. 177, [emghadded]). Similarly, in a paper of
1928, he described the content of his relationslakas turned out that it is principleimpossible to know, to
measure the position and velocity of a piece otenatith arbitrary accuracy. (Heisenberg, 19846.[emphasis
added])"

So, although Heisenberg did not originate the tiaaiof calling his relations a principle, it istimplausible to
attribute the view to him that the uncertainty tielas represent an empirical principle that codde as a foundation
of quantum mechanics. In fact, his 1927 paper esgec this desire explicitly: "Surely, one woulclifo be able to
deduce the quantitative laws of quantum mechaniestty from theiranschaulichfoundations, that is, essentially,
relation [(2)]" (bid, p. 196). This is not to say that Heisenberg wasessful in reaching this goal, or that he did not
express other opinions on other occasions.

Let us conclude this section with three remarksstFif the uncertainty relation is to serve asapirical principle,
one might well ask what its direct empirical sugpsrIn Heisenberg's analysis, no such suppanestioned. His
arguments concerned thought experiments in whiehvalidity of the theory, at least at a rudimentamel, is
implicitly taken for granted. Jammer (1974, p. 8@hducted a literature search for high precisigreerents that
could seriously test the uncertainty relations emcluded they were still scarce in 1974. Real empntal support
for the uncertainty relations in experiments inethihe inaccuracies are close to the quantum limie come about
only more recently. (See Kaiser, Werner and Ged8$3, Uffink 1985, Nairz, Andt, and Zeilinger, 2001

A second point is the question whether the thezakstructure or the quantitative laws of quantbeoty can indeed
be derived on the basis of the uncertainty primgipt Heisenberg wished. Serious attempts to bpilguantum theory
as a full-fledged Theory of Principle on the badithe uncertainty principle have never been cdroigt. Indeed, the
most Heisenberg could and did claim in this respext that the uncertainty relations created "ro(idgisenberg
1927, p. 180) or "“freedom" (Heisenberg, 1931, p.fdBthe introduction of some non-classical moéldescription of
experimental data, not that they uniquely leadh&oformalism of quantum mechanics. A serious prajimsconstrue
qguantum mechanics as a theory of principle wasigeavonly recently by Bub (2000). But, remarkalbhys proposal
does not use the uncertainty relation as one @fiitdamental principles.

Third, it is remarkable that in his later years $égiberg put a somewhat different gloss on hisioelstin his
autobiographyber Teil und das Ganzaf 1969 he described how he had found his relatiospired by a remark by
Einstein that "it is the theory which decides whiaé can observe" -- thus giving precedence to yhaioove
experience, rather than the other way around. S@aes later he even admitted that his famous dssmos of thought
experiments were actually trivial since "... if th@pess of observation itself is subject to the lafwguantum theory,
it must be possible to represent its result inntlaghematical scheme of this theory" (Heisenberg51p. 6).

2.5 Mathematical elaboration

When Heisenberg introduced his relation, his argum&s based only on qualitative examples. He dicrovide a
general, exact derivation of his relatiofdndeed, he did not even give a definition of theertaintiesq, etc.,
occurring in these relations. Of course, this wassistent with the announced goal of that paper{d. provide some
qualitative understanding of quantum mechanicsifople experiments.

The first mathematically exact formulation of thecartainty relations is due to Kennard. He proveil927 the
theorem that for all normalized state vectgrs the following inequality holds:

Ayp A= 12 9)
Here,A,p andA,q are standard deviations of position and momentuthe state vectoy}, i.e.,
(Ayp)? = 2>y = (P>y)?, Bya)? = <G>y — (<gPy)2 (10)

where <-3 = <y|- ly> denotes the expectation value in state [The inequality (9) was generalized in 1929 by
Robertson who proved that for all observables {@jbint operatorsh andB

AAAB > Y<[AB]>,| (11)

where A, B] := AB - BA denotes the commutator. This relation was in stirengthened by Schrédinger (1930), who
obtained:

(AyA) (AyB)? =
YA<[AB]> P + Vi{A=<A>\, B-<B>,}>, (12)

where {A, B} := (AB + BA) denotes the anti-commutator.

Since the above inequalities have the virtue dfigpeixact and general, in contrast to Heisenberigmal semi-
quantitative formulation, it is tempting to regdahgm as the exact counterpart of Heisenberg'soeaf2)-(4). Indeed,
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such was Heisenberg's own view. In his Chicagourest(Heisenberg 1930, pp. 15-19), he presenteddfdis
derivation of relation (9) and claimed that "thie@f does not differ at all in mathematical contdrdm the semi-
guantitative argument he had presented earliegithedifference being that now "the proof is cagrthrough
exactly".

But it may be useful to point out that both in s&aénd intended role there is a difference betwesmard's inequality
and Heisenberg's previous formulation (2). The uradities discussed in the present section aretatdgraents of
empirical fact, but theorems of the quantum meatariormalism. As such, they presuppose the validfithis
formalism, and in particular the commutation relat{1), rather than elucidating its intuitive cantter to create
‘room’ or ‘freedom’ for the validity of this reladin. At best, one should see the above inequatiseshowing that the
formalism is consistent with Heisenberg's empirpaiciple.

This situation is similar to that arising in othbeories of principle where, as notedSaction 2.4one often finds that,
next to an empirical principle, the formalism afsovides a corresponding theorem. And similarlis ituation
should not, by itself, cast doubt on the questitietiver Heisenberg's relation can be regarded esagte of
guantum mechanics.

There is a second notable difference between @)@n Heisenberg did not give a general definifianthe
‘uncertainties’dsp andéq. The most definite remark he made about them hatsthey could be taken as "something
like the mean error". In the discussions of thowgteriments, he and Bohr would always quantifyetitainties on a
case-to-case basis by choosing some parameterl hégipened to be relevant to the experiment at.lgndontrast,
the inequalities (9)-(12) employ a single spedfipression as a measure for ‘uncertainty’: thedstehdeviation. At
the time, this choice was not unnatural, given thiatexpression is well-known and widely usedrimmetheory and
the description of statistical fluctuations. Howgwaere was very little or no discussion of whettés choice was
appropriate for a general formulation of the uraiaty relations. A standard deviation reflects $hecad or expected
fluctuations in a series of measurements of anrebbée in a given state. It is not at all easydartect this idea with
the concept of the ‘inaccuracy’ of a measuremertth ss the resolving power of a microscope. In f&agtn though
Heisenberg had taken Kennard's inequality as theig@ formulation of the uncertainty relation, ine 8ohr never
relied on standard deviations in their many disicussof thought experiments, and indeed, it has Isbewn (Uffink
and Hilgevoord, 1985; Hilgevoord and Uffink, 198Bat these discussions cannot be framed in terratantiard
deviation.

Another problem with the above elaboration is that‘well-known’ relations (5) are actually faldeenergyE and
actionJ are to be positive operators (Jordan 1927). Indase, self-adjoint operatdrandw do not exist and
inequalities analogous to (9) cannot be derivedoAthese inequalities do not hold for angle amgliEam momentum
(Uffink 1990). These obstacles have led to a gextensive literature on time-energy and angle-aatiocertainty
relations (Muga et al. 2002, Hilgevoord 2005).

3. Bohr

In spite of the fact that Heisenberg's and Bohéws on quantum mechanics are often lumped togath@rart of)
‘the Copenhagen interpretation’, there is considerdifference between their views on the uncetyaielations.

3.1 From wave-particle duality to complementarity

Long before the development of modern quantum nrécbaBohr had been particularly concerned withpirablem
of particle-wave duality, i.e. the problem that exmental evidence on the behaviour of both ligitt matter seemed
to demand a wave picture in some cases, and alpgitture in others. Yet these pictures are miiytexclusive.
Whereas a particle is always localized, the vefindion of the notions of wavelength and frequemeguires an
extension in space and in time. Moreover, the mabparticle picture is incompatible with the cheteristic
phenomenon of interference.

His long struggle with wave-particle duality hagpared him for a radical step when the dispute &etwnatrix and
wave mechanics broke out in 1926-27. For the mamestants, Heisenberg and Schrddinger, the isstake was
which view could claim to provide a single coherantl universal framework for the description of theservational
data. The choice was, essentially between a déscriip terms of continuously evolving waves, seebne of
particles undergoing discontinuous quantum jumpgscdhtrast, Bohr insisted that elements from bathve were
equally valid and equally needed for an exhaustesription of the data. His way out of the coritoin was to
renounce the idea that the pictures refer, ineaditone-to-one correspondence, to physical redfistead, the
applicability of these pictures was to become ddpaton the experimental context. This is the @ishe viewpoint
he called ‘complementarity’.

Bohr first conceived the general outline of his pbementarity argument in early 1927, during a gkimoliday in
Norway, at the same time when Heisenberg wrotermigrtainty paper. When he returned to Copenhageficaind
Heisenberg's manuscript, they got into an intefseudsion. On the one hand, Bohr was quite enttisiabout
Heisenberg's ideas which seemed to fit wonderfuitis his own thinking. Indeed, in his subsequentky&ohr
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always presented the uncertainty relations asytimslic expression of his complementarity viewpo®h the other
hand, he criticized Heisenberg severely for higgesgon that these relations were due to discootischanges
occurring during a measurement process. Rather, &gled, their proper derivation should start fittwn
indispensability of both particle and wave concelis pointed out that the uncertainties in the erpent did not
exclusively arise from the discontinuities but disom the fact that in the experiment we need ke iato account both
the particle theory and the wave theory. It issmmuch the unknown disturbance which renders traentum of the
electron uncertain but rather the fact that thetjppsand the momentum of the electron cannot brikaneously
defined in this experiment. (See the "Addition hodf" to Heisenberg's paper.)

We shall not go too deeply into the matter of Bomterpretation of quantum mechanics since werargtly
interested in Bohr's view on the uncertainty ppiei For a more detailed discussion of Bohr's gloidy of quantum
physics we refer to Scheibe (1973), Folse (198bprtér (1987) and Murdoch (1987). It may be uséfolyever, to
sketch some of the main points. Central in Bolotsserations is thenguagewe use in physics. No matter how
abstract and subtle the concepts of modern physagsbe, they are essentially an extension of adinary language
and a means to communicate the results of our empsts. These results, obtained under well-defangzbrimental
circumstances, are what Bohr calls the "phenomehahenomenon is "the comprehension of the effelsterved
under given experimental conditions" (Bohr 193%4), it is the resultant of a physical object, @asuring apparatus
and the interaction between them in a concreterenrpatal situation. The essential difference betweassical and
quantum physics is that in quantum physics theast®n between the object and the apparatus cérenotade
arbitrarily small; the interaction must at leastngise one quantum. This is expressed by Bohr'stgmapostulate:

[... the] essence [of the formulation of the quantheory] may be expressed in the so-called quantum
postulate, which attributes to any atomic processssential discontinuity or rather individuality,
completely foreign to classical theories and syiizledl by Planck's quantum of action. (Bohr, 192&81)

A phenomenon, therefore, is an indivisible whold #tre result of a measurement cannot be considerad
autonomous manifestation of the object itself irdetently of the measurement context. The quantwstufate forces
upon us a hew way of describing physical phenomena:

In this situation, we are faced with the necessits radical revision of the foundation for the chgstion

and explanation of physical phenomena. Here, it mbisve all be recognized that, however far quantum
effects transcend the scope of classical physiwlyais, the account of the experimental arrangé e
the record of the observations must always be egprkin common language supplemented with the
terminology of classical physics. (Bohr, 1948, p3B

This is what Scheibe (1973) has called the "byffestulate” because it prevents the quantum froretpating into the
classical description: A phenomenon must alwayddseribed in classical terms; Planck’s constarg doeoccur in
this description.

Together, the two postulates induce the followiegsoning. In every phenomenon the interaction b@tvlee object
and the apparatus comprises at least one quanumth@&description of the phenomenon must useicklgsotions in
which the quantum of action does not occur. Hetlieeinteraction cannot be analysed in this desoripOn the other
hand, the classical character of the descriptitowalto speak in terms of the object itself. Indte&saying: ‘the
interaction between a particle and a photograplaite fhas resulted in a black spot in a certaingptacthe plate’, we
are allowed to forgo mentioning the apparatus ayd ‘the particle has been found in this place’e Bxperimental
context, rather than changing or disturbing presting properties of the object, defines what caamragfully be said
about the object.

Because the interaction between object and appisateft out in our description of the phenomenwea,do not get
the whole picture. Yet, any attempt to extend asodiption by performing the measurement of a défieobservable
guantity of the object, or indeed, on the measuntmpparatus, produces a hew phenomenon and vegaire
confronted with the same situation. Because ofittenalyzable interaction in both measurementsythalescriptions
cannot, generally, be united into a single pictliteey are what Bohr calls complementary descrigtion

[the quantum of action]...forces us to adopt a nevde of description designated as complementattyein
sense that any given application of classical cotscerecludes the simultaneous use of other cklssic
concepts which in a different connection are eguadicessary for the elucidation of the phenomeBah,
1929, p. 10)

The most important example of complementary de8orip is provided by the measurements of the mosdnd
momentum of an object. If one wants to measur@dséion of the object relative to a given spdfiiame of
reference, the measuring instrument must be ridigd to the bodies which define the frame of refiee. But this
implies the impossibility of investigating the escige of momentum between the object and the insmuand we are
cut off from obtaining any information about the mentum of the object. If, on the other hand, onata/éo measure
the momentum of an object the measuring instrummerst be able to move relative to the spatial refegdrame. Bohr
here assumes that a momentum measurement invhivesgistration of the recoil of some movable pathe
instrument and the use of the law of momentum awasien. The looseness of the part of the instruméth which
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the object interacts entails that the instrumenhoaserve to accurately determine the positioth@fobject. Since a
measuring instrument cannot be rigidly fixed to $patial reference frame and, at the same timmdwable relative
to it, the experiments which serve to preciselyedatne the position and the momentum of an objechautually
exclusive. Of course, in itself, this is not attgpical for quantum mechanics. But, because ttezaction between
object and instrument during the measurement cilnenéoe neglected nor determined the two measurenoannot
be combined. This means that in the descriptich®bbject one must choose between the assignrhangrecise
position or of a precise momentum.

Similar considerations hold with respect to the saeament of time and energy. Just as the spatiaticate system
must be fixed by means of solid bodies so mustithe coordinate be fixed by means of unperturbaylechronised
clocks. But it is precisely this requirement whievents one from taking into account of the exgeaof energy with
the instrument if this is to serve its purpose. @gely, any conclusion about the object basedhemrdnservation of
energy prevents following its development in time.

The conclusion is that in quantum mechanics weanéronted with a complementarity between two dpsons
which are united in the classical mode of desaiptthe space-time description (or coordinationa pfocess and the
description based on the applicability of the dyizainconservation laws. The quantum forces uste gp the
classical mode of description (also called the seditmode of description by BJA): it is impossible to form a
classical picture of what is going on when radiafitteracts with matter as, e.g., in the Comptdecef

Any arrangement suited to study the exchange abgrend momentum between the electron and the
photon must involve a latitude in the space-timgcdption sufficient for the definition of wave-nioer
and frequency which enter in the relatiéhd hv andp = ho]. Conversely, any attempt of locating the
collision between the photon and the electron rasrairately would, on account of the unavoidable
interaction with the fixed scales and clocks definihe space-time reference frame, exclude aleclos
account as regards the balance of momentum angyeriBohr, 1949, p. 210)

A causal description of the process cannot benaitiiwe have to content ourselves with complemgmtescriptions.
"The viewpoint of complementarity may be regardedtording to Bohr, "as a rational generalizatibthe very ideal
of causality”.

In addition to complementary descriptions Bohr aigks about complementary phenomena and complamnyent
quantities. Position and momentum, as well as tintbenergy, are complementary quanttfies.

We have seen that Bohr's approach to quantum tipetsyheavy emphasis on the language used to coitetein
experimental observations, which, in his opiniomsiralways remain classical. By comparison, he seemput little
value on arguments starting from the mathemataahélism of quantum theory. This informal approactypical of
all of Bohr's discussions on the meaning of quantuechanics. One might say that for Bohr the conzgpt
clarification of the situation has primary importanwvhile the formalism is only a symbolic represginh of this
situation.

This is remarkable since, finally, it is the forisal which needs to be interpreted. This negletheformalism is one
of the reasons why it is so difficult to get a claaderstanding of Bohr's interpretation of quantagthanics and why
it has aroused so much controversy. We close dgisos by citing from an article of 1948 to shownhBohr
conceived the role of the formalism of quantum naeits:

The entire formalism is to be considered as aftmadieriving predictions, of definite or statistica
character, as regards information obtainable uexieerimental conditions described in classical seamd
specified by means of parameters entering int@kipebraic or differential equations of which thetricas
or the wave-functions, respectively, are solutidriese symbols themselves, as is indicated alreadye
use of imaginary numbers, are not susceptibledimpal interpretation; and even derived real fiorcd
like densities and currents are only to be regaedeexpressing the probabilities for the occurraice
individual events observable under well-definedezipental conditions. (Bohr, 1948, p. 314)

3.2 Bohr's view on the uncertainty relations

In his Como lecture, published in 1928, Bohr gagedn version of a derivation of the uncertairglations between
position and momentum and between time and eneiggtarted from the relations

E =hv andp =h/A (13)

which connect the notions of enerfgyand momenturp from the particle picture with those of frequencgnd
wavelength. from the wave picture. He noticed that a wave paioklimited extension in space and time can dely
built up by the superposition of a number of eletagnwaves with a large range of wave numbers esglEncies.
Denoting the spatial and temporal extensions ofuiéree packet byAx andAt, and the extensions in the wave number
o := 1/ and frequency byio andAv, it follows from Fourier analysis that in the méstorable caséax Ac =~ At Av =

1, and, using (13), one obtains the relations
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AtAE=AXxAp=h (14)

Note thatAx, Ao, etc., are not standard deviations but unspeaifiedsures of the size of a wave packet. (The aidigin
text has equality signs instead of approximate kgusgns, but, since Bohr does not define theeagds exactly the use
of approximate equality signs seems more in lirth Wis intentions. Moreover, Bohr himself used agpmate

equality signs in later presentations.) These égumtetermine, according to Bohr: "the highesspime accuracy in
the definition of the energy and momentum of thdhiiduals associated with the wave field" (Bohr 89@. 571). He
noted, "This circumstance may be regarded as desisgmbolic expression of the complementary nabfitee space-
time description and the claims of causaliﬁjdlc().[e] We note a few points about Bohr's view on the ttaggy
relations. First of all, Bohr does not referdiscontinuous changes the relevant quantities during the measurement
process. Rather, he emphasizes the possibiliefiiingthese quantities. This view is markedly differeotn
Heisenberg's. A draft version of the Como lectsrevien more explicit on the difference between Bt
Heisenberg:

These reciprocal uncertainty relations were givea recent paper of Heisenberg as the expressitbre of
statistical element which, due to the feature se€dintinuity implied in the quantum postulate, chteazes
any interpretation of observations by means ofsita$ concepts. It must be remembered, howeveriliea
uncertainty in question is not simply a consequeari@discontinuous change of energy and momentum
say during an interaction between radiation ancersdtparticles employed in measuring the space-tim
coordinates of the individuals. According to the@ab considerations the question is rather thatef t
impossibility of defining rigourously such a changleen the space-time coordination of the individusl
also considered. (Bohr, 1985 p. 93)

Indeed, Bohr not only rejected Heisenberg's argtithern these relations are due to discontinuousidiances implied
by the act of measuring, but also his view thatrleasurement processeatesa definite result:

The unaccustomed features of the situation wittckviaie are confronted in quantum theory necesdtiate
greatest caution as regard all questions of terogyo Speaking, as it is often done of disturbing a
phenomenon by observation, or even of creatingipalyattributes to objects by measuring processes i
liable to be confusing, since all such sentencgdyim departure from conventions of basic langualieh
even though it can be practical for the sake afibyrecan never be unambiguous. (Bohr, 1939, p. 24)

Nor did he approve of an epistemological formulatio one in terms of experimental inaccuracies:

[...] a sentence like "we cannot know both the momenand the position of an atomic object" raises at
once questions as to the physical reality of twahsattributes of the object, which can be answerdg by
referring to the mutual exclusive conditions foriarambiguous use of space-time concepts, on the one
hand, and dynamical conservation laws on the dtaed. (Bohr, 1948, p. 315; also Bohr 1949, p. 211)

It would in particular not be out of place in tieidnnection to warn against a misunderstandingylitel
arise when one tries to express the content ofadberg's well-known indeterminacy relation by sach
statement as ‘the position and momentum of a part@nnot simultaneously be measured with arbitrary
accuracy'. According to such a formulation it woalgpear as though we had to do with some arbitrary
renunciation of the measurement of either the orbeother of two well-defined attributes of tHgext,
which would not preclude the possibility of a fuduheory taking both attributes into account onlithes

of the classical physics. (Bohr 1937, p. 292)

Instead, Bohr always stressed that the uncertegtdyions are first and foremost an expressioroaflementarity.
This may seem odd since complementarity is a dichmt relation between two types of description velasrthe
uncertainty relations allow for intermediate sitoas between two extremes. They "express"” the tiichp in the
sense that if we take the energy and momentum peifectly well-defined, symbolicallE = Ap = 0, the postion and
time variables are completely undefinaa,= At = oo, and vice versa. But they also allow intermedsitigations in
which the mentioned uncertainties are all non-zev finite. This more positive aspect of the uraiaty relation is
mentioned in the Como lecture:

At the same time, however, the general charactdrisfelation makes it possible to a certain exten
reconcile the conservation laws with the space-tiomrdination of observations, the idea of a calence
of well-defined events in space-time points berglaced by that of unsharply defined individualthi
space-time regions. (Bohr 1928, p. 571)

However, Bohr never followed up on this suggestiat we might be able to strike a compromise betvtbe two
mutually exclusive modes of description in termsio$harply defined quantities. Indeed, an attemptso, would
take the formalism of quantum theory more seriotisiyn the concepts of classical language, andtbsBohr
refused to take. Instead, in his later writingsmoeild be content with stating that the uncertanetations simply defy
an unambiguous interpretation in classical terms:
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These so-called indeterminacy relations explidiyar out the limitation of causal analysis, bus it
important to recognize that no unambiguous intégi@ of such a relation can be given in wordseslio
describe a situation in which physical attributes @bjectified in a classical way. (Bohr, 1948,1%8

It must here be remembered that even in the inuiégtecy relation Aq Ap ~ h] we are dealing with an
implication of the formalism which defies unambigsaexpression in words suited to describe classical
pictures. Thus a sentence like "we cannot know Bahmomentum and the position of an atomic object"
raises at once questions as to the physical resliyo such attributes of the object, which carahewered
only by referring to the conditions for an unamtugs use of space-time concepts, on the one hadd, an
dynamical conservation laws on the other hand. (Bt849, p. 211)

Finally, on a more formal level, we note that Bstutrivation does not rely on the commutation i@tet (1) and (5),
but on Fourier analysis. These two approachescuigaent as far as the relationship between prsdind
momentum is concerned, but this is not so for @me energy since most physical systems do not &divee
operator. Indeed, in his discussion with Einst&aHr, 1949), Bohr considered time as a simple aksariable. This
even holds for his famous discussion of the ‘clockhe-box’ thought-experiment where the time, afrebd by the
clock in the box, is treated from the point of viefwclassical general relativity. Thus, in an agmto based on
commutation relations, the position-momentum ametenergy uncertainty relations are not on equalrfg, which is
contrary to Bohr's approach in terms of Fouriedysis (Hilgevoord 1996 and 1998).

4. The Minimal Interpretation

In the previous two sections we have seen how Hetkenberg and Bohr attributed a far-reaching stiatihe
uncertainty relations. They both argued that tlielgtions place fundamental limits on the applitigbof the usual
classical concepts. Moreover, they both believetitthese limitations were inevitable and forcedrups. However,
we have also seen that they reached such conchusjostarting from radical and controversial assiong. This
entails, of course, that their radical conclusimreain unconvincing for those who reject thesemagsions. Indeed,
the operationalist-positivist viewpoint adoptedthgse authors has long since lost its appeal ambitgsophers of
physics.

So the question may be asked what alternative viéuge uncertainty relations are still viable. @trse, this
problem is intimately connected with that of theempretation of the wave function, and hence ohgua mechanics
as a whole. Since there is no consensus abouidttke, lone cannot expect consensus about therietatipn of the
uncertainty relations either. Here we only descalmint of view, which we call the ‘minimal integtation’, that
seems to be shared by both the adherents of thenBapen interpretation and of other views.

In quantum mechanics a system is supposed to beluked by its quantum state, also called its stattor. Given the
state vector, one can derive probability distribug for all the physical quantities pertaininghe system such as its
position, momentum, angular momentum, energy,Téte.operational meaning of these probability distiibns is that
they correspond to the distribution of the valuetimed for these quantities in a long series pétieons of the
measurement. More precisely, one imagines a graaber of copies of the system under consideratitbprepared in
the same way. On each copy the momentum, say,asured. Generally, the outcomes of these measutewmtiéier
and a distribution of outcomes is obtained. Theikcal momentum distribution derived from the ojuen state is
supposed to coincide with the hypothetical distidouof outcomes obtained in an infinite seriesepfetitions of the
momentum measurement. The same hafdgatis mutandisfor all the other physical quantities pertaintaghe
system. Note that no simultaneous measurementgoodit more quantities are required in definingdberational
meaning of the probability distributions.

Uncertainty relations can be considered as statenadout the spreads of the probability distrimgiof the several
physical quantities arising from the same state eikample, the uncertainty relation between thétiposand
momentum of a system may be understood as thergatehat the position and momentum distributiceranot both
be arbitrarily narrow -- in some sense of the worarow" -- in any quantum state. Inequality (9asexample of
such a relation in which the standard deviatioeniployed as a measure of spread. From this chegatten of
uncertainty relations follows that a more detailgdrpretation of the quantum state than the omergin the previous
paragraph is not required to study uncertaintyticria as such. In particular, a further ontologmalinguistic
interpretation of the notion of uncertainty, asitsyon the applicability of our concepts given bgisénberg or Bohr,
need not be supposed.

Indeed, this minimal interpretation leaves opentivbeit makes sense to attribute precise valugesition and
momentum to an individual system. Some interpratatiof quantum mechanics, e.g. those of Heiserdretd@ohr,
deny this; while others, e.g. the interpretatiom®Broglie and Bohm insist that each individualteyn has a definite
position and momentum (see the entnBaihmian mechanidsThe only requirement is that, as an empiricel, fi is
not possible to prepare pure ensembles in whictyatems have the same values for these quantitiessembles in
which the spreads are smaller than allowed by gquantiteory. Although interpretations of quantum naetbs, in
which each system has a definite value for itstmmsand momentum are still viable, this is nos&y that they are
without strange features of their own; they doingily a return to classical physics.
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We end with a few remarks on this minimal interatiein. First, it may be noted that the minimal iptetation of the
uncertainty relations is little more than filling the empirical meaning of inequality (9), or aeqoality in terms of
other measures of width, as obtained from the stahfibrmalism of quantum mechanics. As such, tles/\shares
many of the limitations we have noted above abmstibhequality. Indeed, it is not straightforwacdrelate the spread

in a statistical distribution of measurement resulith theinaccuracyof this measurement, such as, e.g. the resolving
power of a microscope. Moreover, the minimal intetation does not address the question whethecamenake
simultaneousccurate measurements of position and momentura.matter of fact, one can show that the standard
formalism of quantum mechanics does not allow sictultaneous measurements. But this is not a coeseg of
relation (9).

If one feels that statements about inaccuracy efsmement, or the possibility of simultaneous mesamants, belong
to any satisfactory formulation of the uncertaiptinciple, the minimal interpretation may thus be minimal.
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