CYK\2009\PH405+PH213\ Tutorial 6 Quantum Mechanics

1. Consider a particle trapped in a cubical box given by potential

0 0<z,y,25L
00 otherwise.

V(z,y,2) = {

(a) Let n(E) be the number of energy eigenstates with energy less than E. Find n(F).
(b) Find the density of states, which is defined as

o(B) = 5 ().

(c) Sketch g{E).

2. An anisotropic harmonic oscillator has the potential energy function

1 1
Viz,y,2) = §m“’2 (2% +97) + §mw§z2.

(Assume that w;/w is irrational is large.)

(a) Write down frst few eigen-energies and their degeneracies.

(b) This problem is separable in cartesian coordinates. Write down the eigenfunctions
corresponding to the first few eigenstates.

(c) Do the operators Ly, Ly and L, commute with the hamiltonian? And does L2?
{d} Write down the ground state. Is this eigenfunctiorn L.? If so, what is the eigenvalue?

(e) The degeneracy of the first excited state (energy: 3hw;~+2kw) is two. When separated
in cartesian coordinates, the un-normalized eigenfunctions are

2 2.2 9. 2
b = sl 3| 2 o

2 2
C22$2 a2y2 05222
éo10(z,9,2) = yexp [—T}GXP[—T]GXP[— 2 }

where o = +/mw/h and o, = /mw, /A Show that these functions are not eigen-
functions of L.? Can you construct linear combinations of ¢igg and g1, which are
eigenfunctions of L,? (Hint: Write these functions in spherical polar coordinates and
remember ™ are eigenfunctions of L..)

3. Let 1y = z, 3 = ¥y, and z3 = z. Simillary, for any vector quantity A, let 4; = A4,
A2=A,y and A3=Az.

(a) Prove that L is a hermitian operator.

(b) Prove [L;,z;] = ik Z}Ll €i5%%%- Here ez is called Levi-Civita antisymmetric symbol,

given by
1 if ijk = 123,231,312
€k = § —1L if 45k = 132,321,213
0 otherwise.

(c) Prove [Li,p;] = ?1522:1 €555 Pk -



4. For Legendre polynomials, Prove:
(2) Orthogonality:

1 2 :
[-1 Pr(z)Pulz) = m%,n

(b) Recursion Relations:

(n+1)Pos(z) = (2+1)3Pu(z) ~nPy1(2)

4P,

(1-2%)—=

5. Let T, = exp[——z'aPz /H], where P, is the z-component of the momentum operator.

= —nzP,(z) +nPi(z)

(a) I " = T,f, show that f/ is a function obtained by shiftlrh_lg F by a displacement g,

that is f'(z) = f(z — a).

(b) Let B = 2 P? + V(z) be the hamiltonian operator. Show that [ﬁ' , Ta]

Viz) =V(z+a) for all z.
(c) If Uy = exp[—iaL,/F| is an operator on Lo(R?), show tha

Uaf(Tale} ¢) = f(T, 9: Cfb + C-‘!),

—

where 7, 8 and ¢ are spherical polar coordinates.

0 if



Tukstiak 6.

2
T dgencsages e groon o £
Eu‘j;«.: %U(iz"'jl“*"z). o<, Kk #/awziﬂaama.

Now Freeash Considen & Sot of poink i IR
S.: ’i (l:r_]"f()/ OQ[J)"k/ i“*eﬁc\g} (7\

E'feaaﬂupoin{fmsl’l'lwf.s one enngy )
Uoenm state .« Thuo, @

h(g) = (huwbuafg Pofnfs o S uluch lie  botwenn
Co-ordinale P{ames v SPL&AGJ .CuA-(a.ce_
Jrvem by o C.J+J2+k°'=‘_£;—w )

! o
8 ojg Phene rf radi <.bw.) T I‘v‘alE

—
—

il
R
wie

=
A
Eim
\_/
N

o(E)

I
R N
|

N\M

m

R

k13

m‘L

2. @ . ajweuuaiw ane” aw« bj
% E = hw Ci-f-j-f-_}) +'Eﬂe(k+’/2)

E / j :Jfﬂwaz:j .
3, + B 1
?zL f,ue + 2hHA 2
3
-é— huy + 358
‘é— huty + *




& (ijk) Wawe
(Ooo) Qo N, - exp (-—%(12) exp (_:5(31 ) exp (o(:;fé )
(o) | mun epl-g )% ]
(a10) NNy Ny (2 EKP[‘-L’;;.(ZZ.;_:["‘) __% gj
(200) K, Np A (4"‘2"2"2) exp [—- "—‘;(x‘+jj —;'%i_ azj .
(o) N, M,N,f @(zz\j) exf,[__ aj_; 2 3) _ ok 22]

/9;

T

V() = o mw® (%) + Laasg2®
= o rsin'p +—w¢£ff ‘et (122 #0)
e opeaks L, -(bﬁ)[smgﬁ*- ~ato 05T Goduins
39 ) hemce [Le, V)] #0. Swillady [Ly,ved|#o
But L%:G_ﬁ,)a—?{é . hnd VP s indepeuded mifs,
[Le/ vw) ] =o

gd [2,v)] #o



(D e groud stade (it novmabisahion Guot )

Then La_gﬁoaa:o:—"o‘

- 0(21’29'»29/2 — at r2es%
200 - e e 2

a0¢

is  egontuchim of 1, it cigenvaue D .

FS
. —o p? 2 2
‘?S:ao = €05 rSing osg ¢ ristnése Pl rlC"-’fg@/:!

La Proo =f— eing sing o<1 L e""‘eszz@-sza/z_) (~c%)

= - ‘?5«.915 L-¢8)
St Uanlsy

L #olo = qéioa {-ch )
ket P s ol Pros -r-p?iuo
Latt = BV 5 1y (4P + PPu) = A(x P + P%J

SCAT R (o) + [ $00] =A% Froo + 2

Dtz Ap and (e = 2o (%

2 & A % 2
P Fooa 2 acw

‘ D A=x%h
, %““F é (Offf“!f%/i/
A< -t -tx=p

G‘ém & i P ) - A=t

R rzsmzh% ~ oy ress),
G
. z
Y [y e_-£¢9na e ek g Ayt ‘@528 /,
e

YOM (pwfd L\QU‘E éome .{tu‘,s 5 fns,Fe,cﬁon.



@ P = J" (ﬁgn

Q”mf dx«

Thon ;
I= g p e (x)dx =

] l l(

—_ W)
24 ) 1 [ D+ f) D (7‘ l) olx D= i
|
ASSM nowm

i

-1

)
— J DM+}(’Z°'_])M Dh-l(xz_’) &X]

—

[ D" (% D)) ]

M i

First tewn 1S 2e0  kecaue Dn‘l(xz"DMZ ("‘1"9 [‘ j
o D" (xz-f)n-“ ("Z‘Qw [---J=z0 atx=zi

1 = g' M+n)
2w+ in) D< (=~ ) 7 (" ;) dx =o cince b
mEn > 2m
::de:)mudg
’ | n (ZQ'Q'
YR 4( Dzn 2-1) - %2 hdx
22"("")2 [ ) ( ) bhow =i
) ~ 1
!
= LI g @h)i ("’lﬂijhdx Dzh 21233;.‘
’ ‘-l' It
(Zh)f. °

Z.(n)
T
\  (an
! (@n)] f*—"‘”@ 2 4o

?’“.Cw!) 2
(zn)! (en)(zn-2) - -
s — 2 = ‘

Z% (“5)2 (Znﬂ) (.Zn-y-- .-



& () G (%) = ! | ) Z ﬁ‘cz)th

\1 j-22t 41> -

Notz ; dg  (x-t)
dt " (1-2xt +€)% ? (1-axt "'t) s (x)&

3 (iaxt+d) j poomt” = (xt) D AT

2 2 (h-i-)P_”Cz)‘ﬁ 2((2&1+)2P[2_&) nao (zjj’t AJJM":S Jorws
A E
> l(n-t-Q P £0) = (?.yu-Qth(z)__ nf_ (D1 o Ed%‘%
—
= Now, A4 _ £ Lt _é*ﬁ..
& ey X
aa a4
= ¢ -‘l;)-;-; = %t Tt -
S sy = 3RO
3 Z @(P‘: — {’;4)’1':‘—.:. jn&{;
? 'X‘Pl—* P{-l = h'P Second ';dgmkl,a

idoulis (iake o devvahef owd bwon n 25 L )

Pn.; -f-(Zh J)?n—i - (n- I)Puz
=) H’f‘“) £y =% Fae ‘]
"_\/———’—’/
G SN U{J‘J‘j

D Also fom He fiest

n? (x) = (2n-1) %
- (2n- I)Z&.. —-1-(2"1"’)&; +(

= hq’?h[ 4+ h Pn-{

1 Pé—-’xﬂ,,‘-‘-”?n—fi] TWWJIJMZ‘?

9

9 {(/;-1) NPT AR LS [ Required Lol

4 Su%whjﬁw

Oiofﬂlnd I@ Mu,l,hw-ﬁ Second Id lo\j % am
3" Ty .



A 34
Q5 (@) Tn = exp[-iaF/a] o ad

4
= eXP [_"a“;;;

" 'T;-{ (x) = €Xp [,_a%_xj {(x)
T 2

a d g__é_z__.._-—],p(x)
= Lﬂ‘?gx 2 AR
h n
—_ n) a4 "
2 £ (x)-—f““g Y

—

. ’Ff(g - -F(x-a)

O, Cleady 2
[TA ) %‘;-] =0

vow T (V) {(x)) = \/(xm).{(xm)
_ V(zra) Ta o)

=2 Ta V(iz) = V(xm) Ta

. oo T
Thws Vix+a) = V) =2 T, Vix) Vix) la

= [Ta{ \/(X)] =0
:9 [Ta; ﬁ]:—-é

(C) Exad'b Came ap (@) -



