CYK\2010\PH405+PH213\Midsem Exam'\30Marks\2 Hrs Quantum Mechanics

1. [10 Marks]Answer the following questions.

(a) [2] Show that [X, P] = ifi, where X and P are position and momentum operators.

(b) |2| For a particle in a box, the wave function is given by
U(z) = Az (L — x).

Find A and sketch the probability density function for position measurement.

(c) [2] What is the probability that the particle in question 1(b) will be found in the
interval |0, %]7

(d) [2] Show that the eigenvalues of a unitary matrix are complex numbers with unit
magnitude.

(e) [2] Let p be the momentum operator. Show that explipa/h|f(x) = f(z + a) where a
is a real constant. [Assume that f is a smooth function of a real variable.|

Solutions
() [P~ PX] fla) = (~if) [ /(@) — & (2f ()] = (~ih) (~f(x)) = if(x) Thus,
the result.
(b) fOL A%x(L — z)de = A’L3 (3 — 1) = A%L3/6. Thus A = /6/L3. Sketch is given
below.
L/4
© Jo / A’a(L — 2)de = 513 (5 — 153) = -
(d) Let O be a unitary operator with an eigenvalue A and eigenvector u. Then,
Ou = Mdu
Taking hermitian adjoint = «fOT = X\ul.
Thus,
wtotou = ()\*uT ) ()
— ufu = |APufu
= [\* = 1L
(e) Now,

erNf(x) = e f(a)
X n dm
_ Z%% (z)

n=0

= f@+a)

2. [10 Marks| The wave function of a free particle at some instant is given by

W(x) = Bexp [ ] exp [_’;”

where, B, pg, and d are positive real constants.



(a
(b
(c
(d

[2] Find B by normalizing .

[3] Find (), (£?%).

[4] Find (p), (p?). [Hint: Calculate (p*) by evaluating (p¥, pV)]
[1] Verify uncertainty principle.

~— e~ N

Solution

(a) The square of the norm of W is given by

/OO U (2)U(z)dr = B?H/O \I/*(x)\I!(x)dx—l—/OOO\II*(x)\I/(:r)dx”

0 [e'S)
= B? [/ ex/ddx—l—/ ex/ddx]
—00 0
= B?[d+d] = 2dB*
For the norm to be unity, B = /1/2d.
(b) Average of 7 is

/ T U (@) U(@)de = B [ / D () () + / OO\I/*(x):r\I/(:r)dx]

—00 —o0 0

0 [e%s)
= B? [/ re®/ddy +/ xe’”/ddx]
—00 0

= B*[-d*+d*] =0.

Average of 2 is

/00 U*(2)2?V(z)de = B? {/0 U (2)2? U (z)dx + /Oo \IJ*(a:)a:Q\I!(x)da:}

—00 —00 0
0 fe')
= B? [/ r2et/ddy —I—/ xQe_x/dd:U}
—00 0
= B?[2d° +2d°] = 2d%.

(¢) Now, '
{(po—é'Z)‘I’(w) x>0
(po—i—%) U(z) x <0

Average of p is

/ T 0 () (U () de = B[ / " U (2)p 0 (z)d + /0 OO\II*(:L‘)ﬁ\I/(:n)dx]

—00 — 00

_ B [<p0+$) /_OOO U ()0 (2)dx + <p0— ;Z) /Ooo \IJ*(a;)\I/(a:)da;]

ih ih
= B [<p0+2d> d+ <p0—2d> d] = po-

| vy grenas - 5| D (@) pU(e)ds + [ v pweas]

—00 —00

o Y (o Y g (o Y (s
B [<p0+2d> <p0 2d>d+<p0 2d> <po+2d d

e p2+h72
O 4q2 )

and average of p? is



(d) Thus o, = v/2d and o, = h/2d, and 0,0, = i/v/2 > h/2.

3. [6 Marks| A particle is in the ground state of an infinite potential well of width L. Now the
well is suddenly expanded symmetrically to the width of 2L, leaving the wavefunction
undisturbed. Show that the probability of finding the particle in the ground state of the
new well is (8/3m)2.

Solution

The eigen energies and eigen functions of the new well are given by

(@) = l . (mrx)
up(x) = ”Lsm oL
h?m? 2
8mL?

The wave function just after the well changes to the new well will be

€np =

0 x € [0,L/2]
U(z) = Lsin (T (z— %)) x €[L/2,3L/2]
0 € [30)2, L]

Then, if ¥ =" cyup, then

2L
cp = / U (z)up(x)dx
0
= — g /3L/2 cos <E) sin (E) dx
- Vi), /2 L 2L
8
3r
Thus the probability of finding the particle in the ground state of the new well is (8/ 37r)2.

4. [4 Marks| Consider a n dimensional complex inner product space V;, with elements given
by a n x 1 column matrix. The inner product of two elements is defined as

(u,v) = ulv

where u! is the complex conjugate of the transpose of u. Let B = {e1,ea,...e,} be an
orthonormal bagis. A family of projection operators is defined as

Pju = (ej,u)e; ji=12,...n.

(a
(b
(c
(d

[1] Show that the projection operators are hermitian.

[1] Find the matrix of P; wrt the basis B.

[1] Show that Pin = 5Z]PZ

1] Show that > ", P; = I, where I is an identity operator.
[ =1 Y

NP NN

Solution
(a) For any u,v € V,, we must show that (u,P;v) = (P;u,v).

RHS = (u,Pjv) = (u,(ej,v) ;) = (u,¢;) (e, v)
LHS = <Pju7 U) = <<€j7u> €j7v> = <u7 ej> <ej7v>

Thus P; is hermitian.



(b) [Pj]zk = <eian6k> = <€Z', <€j,6k> 6j> = j,k5j,i~ Thus,

0 ... 0 ... 0
P,=|0 ... 1 ...0|;%row
(0 ... 0 ... 0]

(C) PZP]U = <ej,u> Piej = <ej,u> <6i, 6j> €; = 51']' <€Z', ’LL> €; — 5UP1U
(d) Let u =3 cnen. Then Pju =3 c,Pje, = > cn(ej,en)e; = cje;. Thus 37, Pju =
>_jciej =u. Thus 3 . P; =1




