Chapter 4

Special Functions

4.1 Legendre Polynomials

> Generating Function:

1
V1—2xt+1t2

The Legendre polynomials are defined by

G(z,t) = It <1, |z| < 1.

G(z,t) =Y Py(a)t"
n=0

> Rodrigues Formula:
Po(a) = — 2 (22— 1)"
") = Gt ()

> Differential Equation:

> Orthogonality:

> Recurrance Relations:

(n+1)Pppi(x) = (2n+1)aP,(x) —nPp_i(x)
(1 =) 2 Pale) = (n+ DaPale) — (04 1)Pusa ()
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> Explicit Expressions:

/2] 2 — 2k)!
FPulz) = kzo D g (75 iﬂbk)! (]2 it
First few polynomials:

Py(x) = 1

P(z) = =z

Py(z) = % (322 — 1)

Po(r) = 4 (50° — 3a)

Py(z) = é (352* — 3027 + 3)

> Special Values:
P,(1) =1

Pn(_l) = (_1)n

(=) " even n
P,(0) = 2" n/2
0 odd n.

4.2 Associated Legendre Functions

Normally, Legendre functions, P}, are defined for arbitrary p and v, however here we will
consider only a set of functions with integer v and p.

> Generating Function:

2m) (1—-z )m/2 tm Z P
2mml (1 — 2pt 4 ¢2)m /2

Gm(z,t) =

> Rodrigue’s Formula:
2 d™
Pre) = (1-2?)"" 20

> Differential Equation:

(1—x2)cfx2—2xci+ (n(n+1)—(171112))} P™(z) =0
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> Orthogonality

by pm 2 (I+m)!
/1 B () B (w)dz = 2n+1(l—m)!5n’l

> Recurrance Relations:

@n+1)aP™z) = (n—m+ 1P, () + (n+m) P,
(2n+1) (1- )PP la) = By(2) - PPy (@)
(1-2?) %P,T(x) — —naP™(2) + (n+ m)P" ()
(1-2?) %ng(:ﬂ) = (1-22)"? P (2) — maP™(x)

> Explicit Expressions:

Pl = (1-22)"?

P = 3(1-2%)"2

Py = 3(1-2%

Po= S (e 1)
P} = 15z (1—2°)

P} = 15(1-a2)"°

D> Special Values:

where

4.3 Spherical Harmonics

> Definition:
For given l and 0 <m <[

(204 1) (I —m)!
47 (I+m)!

Ylm(97¢) = (_1)m |:
and for =l <m <0

Yzm(eagi)) = (_1)m l:k—m(9>¢)
[(21+1)(l+m)!
dr (I —m)!

] P (cos 0)e'™?
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> Orthogonality:

/ Yt (6, 8)Yion (0, )dR = 511Gt

> Expansion of functions: If f(6,¢) are defined on S2, then

where

> Explicit Expressions:

}/2,0(07 (b)

[e's) l

0 ¢) = Z Z almnm(e

=0 m=-1

Gt = / = (0.0)£(6,6)d9)

20+1

1/2
P
gy ) ) (cos 6)

1/2
Yiu0.9) = (-1 [%4; ; 45?53;2] sint 9 ¢

! m Yim(0, ¢)

0 0 00 = ()17

1 0 Yip= (%)1/2 cos
+1 Yit1=7F (87) 1/2 sin feTi®

2 0 Yoo = (12)"% (3cos26 — 1)
+1 Yotr1=7F W) 1/2 sin 0 cos fe*®
+2 Yo 40 = (3127)1/2 sin? fet2i¢

3 0 Y30 = (%)1 (5c0530 36059)
+1 Y311 =7F (ﬁ)l/ sin @ (5 cos? ) — 1) eti®
+2 Y3 40 = (%) 172 sin? @ cos Pe*2i¢
+3 Y3i3="7F 63—27)1/2 sin?® fe*31®

> Parity: Whenr — —r, § -7 — 60 and ¢ — ¢ + 7.

Yim

T—0,0+7) = (—1)"V(6, 0)
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> Clearly,

(d)1=3m=0,1,2,3

Figure 4.1: Polar Plots of |Yy,|?.

11+ 1)R*Y1m (6, )
thl.m(9> ¢)
hi/1(14 1) — m(m —
A1+ 1) — m(m +
0= (Yim, Lz Yim)

)ifl.m—l(ev ¢)
0

1
D)Yim+1(0,9)

5 (Yim: (17~ 12) ¥ip)
ﬁ2
o [l+1) - m?

> Addition Theorem: Let r1 = (r1,01,¢1) and ro = (72,62, ¢2). Let 6 be the angle between

vectors, r1 and ra. Then,

47

Py(cosb) = ST

l
Z le*m(glv le)yim(g% ¢2)
m=—I
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