
Chapter 4

Special Functions

4.1 Legendre Polynomials

� Generating Function:

G(x, t) =
1√

1− 2xt+ t2
|t| < 1, |x| ≤ 1.

The Legendre polynomials are de�ned by

G(x, t) =
∞∑
n=0

Pn(x)tn

� Rodrigues Formula:

Pn(x) =
1

2nn!
dn

dxn
(
x2 − 1

)n
� Di�erential Equation:[(

1− x2
) d2

dx2
− 2x

d

dx
+ n (n+ 1)

]
Pn(x) = 0

� Orthogonality: ˆ 1

−1
Pn(x)Pm(x)dx =

2
2n+ 1

δm,n

� Recurrance Relations:

(n+ 1)Pn+1(x) = (2n+ 1)xPn(x)− nPn−1(x)

(1− x2)
d

dx
Pn(x) = (n+ 1)xPn(x)− (n+ 1)Pn+1(x)
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� Explicit Expressions:

Pn(x) =
[n/2]∑
k=0

(−1)k
(2n− 2k)!

2nk! (n− k)! (n− 2k)!
xn−2k

First few polynomials:

P0(x) = 1
P1(x) = x

P2(x) =
1
2
(
3x2 − 1

)
P3(x) =

1
2

(5x3 − 3x)

P4(x) =
1
8
(
35x4 − 30x2 + 3

)
� Special Values:

Pn(1) = 1
Pn(−1) = (−1)n

Pn(0) =


(−1)n/2

2n

(
n

n/2

)
even n

0 odd n.

4.2 Associated Legendre Functions

Normally, Legendre functions, Pµν , are de�ned for arbitrary µ and ν, however here we will

consider only a set of functions with integer ν and µ.

� Generating Function:

Gm(x, t) =
(2m)!
2mm!

(
1− x2

)m/2
tm

(1− 2xt+ t2)m+1/2
=
∞∑
n=m

Pmn (x)tn

� Rodrigue's Formula:

Pmn (x) =
(
1− x2

)m/2 dm

dxm
Pn(x)

� Di�erential Equation:[(
1− x2

) d2

dx2
− 2x

d

dx
+
(
n (n+ 1)− m2

(1− x2)

)]
Pmn (x) = 0

19



� Orthogonality ˆ 1

−1
Pmn (x)Pml (x)dx =

2
2n+ 1

(l +m)!
(l −m)!

δn,l

� Recurrance Relations:

(2n+ 1)xPmn (x) = (n−m+ 1)Pmn+1(x) + (n+m)Pmn−1(x)

(2n+ 1)
(
1− x2

)1/2
Pm−1
n (x) = Pml+1(x)− Pml−1(x)(

1− x2
) d

dx
Pmn (x) = −nxPmn (x) + (n+m)Pmn−1(x)(

1− x2
) d

dx
Pmn (x) =

(
1− x2

)1/2
Pm+1
n (x)−mxPmn (x)

� Explicit Expressions:

P 1
1 =

(
1− x2

)1/2
P 1

2 = 3
(
1− x2

)1/2
x

P 2
2 = 3

(
1− x2

)
P 1

3 =
3
2
(
1− x2

)1/2 (5x2 − 1
)

P 2
3 = 15x

(
1− x2

)
P 3

3 = 15
(
1− x2

)3/2
� Special Values:

Pmn (1) =
(2m)!
2mm!

(
−2m− 1
n−m

)
where (

−2m− 1
s

)
=

{
1 s = 0
−m(−m−1)···(1−s−m)

s! s ≥ 1

4.3 Spherical Harmonics

� De�nition:

For given l and 0 ≤ m ≤ l

Ylm(θ, φ) = (−1)m
[

(2l + 1)
4π

(l −m)!
(l +m)!

]
Pml (cos θ)eimφ

and for −l ≤ m ≤ 0

Ylm(θ, φ) = (−1)mY ∗l,−m(θ, φ)

=
[

(2l + 1)
4π

(l +m)!
(l −m)!

]
P−ml (cos θ)eimφ
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� Orthogonality: ˆ
Y ∗l′m′(θ, φ)Ylm(θ, φ)dΩ = δl,l′δm,m′

� Expansion of functions: If f(θ, φ) are de�ned on S2, then

f(θ, φ) =
∞∑
l=0

l∑
m=−l

almYlm(θ, φ)

where

alm =
ˆ
Y ∗lm(θ, φ)f(θ, φ)dΩ

� Explicit Expressions:

Yl,0(θ, φ) =
(

2l + 1
4π

)1/2

Pl(cos θ)

Yl,l(θ, φ) = (−1)l
[

2l + 1
4π

(2l)!
4l(l!)2

]1/2

sinl θ eilφ

l m Ylm(θ, φ)
0 0 Y0,0 = 1

(4π)1/2

1 0 Y1,0 =
(

3
4π

)1/2 cos θ
±1 Y1,±1 = ∓

(
3

8π

)1/2 sin θe±iφ

2 0 Y2,0 =
(

5
16π

)1/2 (3 cos2 θ − 1
)

±1 Y2,±1 = ∓
(

15
8π

)1/2 sin θ cos θe±iφ

±2 Y2,±2 =
(

15
32π

)1/2 sin2 θe±2iφ

3 0 Y3,0 =
(

7
16π

)1/2 (5 cos3 θ − 3 cos θ
)

±1 Y3,±1 = ∓
(

21
64π

)1/2 sin θ
(
5 cos2 θ − 1

)
e±iφ

±2 Y3,±2 =
(

105
32π

)1/2 sin2 θ cos θe±2iφ

±3 Y3,±3 = ∓
(

35
64π

)1/2 sin3 θe±3iφ

� Parity: When r→ −r, θ → π − θ and φ→ φ+ π.

Yl,m(π − θ, φ+ π) = (−1)lYlm(θ, φ)
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(a) l = 0, m = 0

(b) l = 1, m = 0, 1

(c) l = 2, m = 0, 1, 2

(d) l = 3, m = 0, 1, 2, 3

Figure 4.1: Polar Plots of |Ylm|2.

� Clearly,

L2Yl.m(θ, φ) = l(l + 1)~2Yl.m(θ, φ)
LzYl.m(θ, φ) = m~Yl.m(θ, φ)
L−Yl.m(θ, φ) = ~

√
l(l + 1)−m(m− 1)Yl.m−1(θ, φ)

L+Yl.m(θ, φ) = ~
√
l(l + 1)−m(m+ 1)Yl.m+1(θ, φ)

〈Ylm,LxYlm〉 = 0 = 〈Ylm,LxYlm〉〈
Ylm,L2

xYlm
〉

=
1
2
〈
Ylm,

(
L2 − L2

z

)
Ylm
〉

=
~2

2
[
l(l + 1)−m2

]
� Addition Theorem: Let r1 = (r1, θ1, φ1) and r2 = (r2, θ2, φ2). Let θ be the angle between

vectors, r1 and r2. Then,

Pl(cos θ) =
4π

2l + 1

l∑
m=−l

Y ∗lm(θ1, φ1)Ylm(θ2, φ2).

�
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