1. Curl of a gradient is
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= 0 Dby equality of cross-derivatives .

Now,Vf = 2zy324% + 322224y + 422y3 232, so
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= X (3 x 4z?y?23 — 4 x 3x2y223) +¥y (4 x 2xy3z® — 2 x 4my3z3)
+ Z (2 x 3xy?zt — 3 x 2$y2z4)
= 0.

2. The parametrization for given helix C': r(¢) = (R cos ¢, Rsin ¢,p%).

[v'(¢)] = [(—Rsing, Rcosep,p/2m)| = 21 (47TR2+p2)1/2

T on
The length of helix is
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3. The surface S and its projection R on the xy plane are shown in the figure below.

JJsA ndS = [ [y A n s

To obtain n note that a vector perpendicular to the surface 2x + 3y + 6z = 12 is given by
V (22 4+ 3y + 6z) = 2i +3j + 6k. Then a unit normal to any point of S is
n— 2it3it6k T 2., 35 6y
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Thus n-k = (2i+ Zj+ $k)-k = £ and so $29¥ = Tdady.

Also A -n = (18zi — 12j + 3yk) - (2i+ 2j + Sk) = 20230418y — 36-12e

using the fact that Z:W from the equation of S. Then

dzd —12x
JJsA-ndS=[ [, A -nigh = [ Jr(3552) §dw = [ [(6 — 2z)dwdy
To evaluate this double integral over R, keep «x fixed and integrate with respect to y from
y=0toy= @; the integrate with respect to x from x = 0 to £ = 6. In this manner R

is completely covered. The integral becomes
S iS5 (6 = 20)dyda = [ (24— 120+ 22 ) do = 24

y=0
If we had chosen the positive unit normal n opposite to that in the figure, we would have
obtained the result —24.

4. [Tdr = [ z*dzdydz. You can do the integrals in any order - here it is simplest to save z
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The sloping surface is  + y + z = 1, so the x integral is
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For a given z, y ranges from 0 to 1 — z, so the y integral is
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Finally, the z integral is
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5. V x v=%(0 — 2y)+§(0 — 32)+2(0 — x)=—2yX—3zy—2Z.
da=dydzx, if we agree that the path integral shall run counterclockwise. So
(V x v)-da=—2ydydz.
2—z
J(Vxv) -da :f{ o (—Qy)dy}dz
=[P4 -4z + 2%)dz=—(8 — 8+ 5)=—%
Meanwhile, v - dl=(ay)dx+(2yz)dy+(3zz)dz. There are three segments.

(a) 2=2=0;de=dz=0.y:0—2. [v-dl=0.
(b) x=0;2=2—y;dx =0,dz = —dy,y : 2 — 0.v-dl = 2yzdy.
Jv-dl= [}2y(2 = y)dy = — [§ (4y - 29*)dy = —3.
() z=y=0de=dy=0;2:2—>0v-dl=0.[v-dl=0.50 §v-dl=-3.
6. V-v==%2(r’rcost) +-—L,2(sinfrsinf) + ﬁ%(rsin@cosq’))

=53r?cosf + —L—r2sinfcosd + ——rsin6d(—sin )
=3 cos 0+2 cos  —sin ¢p=>5 cos f—sin ¢
J(V - v)dr = [ (5cos0 — sin ¢)r* sin §drdfdg= [ r2dr [E )37 (5 cos 6 — sin ¢)d¢]dO sin 0
=(Z)(107) . sin 6 cos 60
g
Tw30 surfaces - one the hemisphere: da=R?sindfdoi; r = R; ¢: 0 — 2w, 60 : 0 — 5
[v - da=[(r cos §) R? sin §dfd¢=R> fog sin 0 cos 0df f d¢=R3(3)(2m)=mR3.
other the flat bottom: da=(dr)(rsin #de)(+8)=rdrdef (here § = 3).m0—=R, ¢:0— 2T
[ v-da=[(rsin 9)(rdrd¢):f0R r2drf027r d¢:27r%3.
Total: [v-da=rR3+27R3=2mR3.

7. From the figure, § = cos ¢X + sin ¢y; $ = — sin ¢% + cos oY; 72 = 2.
Multiply first by cos ¢, second by sin ¢, and substract
Scos¢ — Qﬁsmqﬁ = cos? ¢X + cos ¢ sin ¢ + sin® ¢x — sin ¢ cos p§ = (sm ¢+ cos? ¢) = XR.
So % = cos ¢8 — sin .
Multiply first by sin ¢, second by cos ¢, and add:
Ssin ¢ + (Z)COb ¢ =sin ¢ cos X + sin 2 ¢y — sin ¢cos ¢X + cos? ¢§ = F(sin? ¢ + cos? ¢) =
So § = sin @8 + cos ¢p. z = 2.

8. Solutions are

(a) [* ,(22 + 3)36(x)dr = £(0+ 3) =

(b) (1—x)—5(x—1),501+3+2—6.
© [ 922 56(x + $)de = 9(—1)%% = 3.
(d) 1 (ifa>0),0 (if a < ).



