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REGRESSION

TABLE Experimental data for foree [M) and velecity [m/s) from a wind tunnel
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REGRESSION
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LINEAR REGRESSION

Observation: [ x, y, |
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CRITERIA FOR BEST FIT

Minimize sum of the square of the errors
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Differentiate with respect to each coefficient:
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BEST FIT LINE
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MULTI LINEAR REGRESSION

2-variable case

Y= CyT X T CoX,y
- . )
- - - — N S _ S "
Sum of squares of the residual: § =Y (y. —¢, —¢x;, —¢,x,,)

Ditterentiate with respect to unknowns:
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MULTI LINEAR REGRESSION

Setting the partial derivatives to O
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GENERAL CASE
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ERRORS

Define 1 Sum of the square of the errors :
_ Q2
Sxy = LXiYi — EinZyi, S, = SxxSyy — Sxy

1 Sxx
2 2
Sxx = in - E (le) )

1
Syy - Zylz - E(Z%’)Z

Standard error of estimate :

Su /v = or
yixT In=2
Standard deviation:
Coefficient of determination :
SZ
2 _ Xy Syy
r Sy —
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Example: error analysis of the linear fit

S yi :
’ ’ ’ ks LS. =140-28%/7=28
1 0.5 1 0.5 0.25
2 2.5 4 5.0 6 25 108 A2 A
3 50 9 5.0 ; S, =105-247/7=227
4 4.0 16 16.0 16
5 3.5 25 175 1225 5, =119.5-28x24/7=235
6 6.0 36 36.0 36
[ 49 385 3025 § —(28x22.7-23.5%)/28
X 28 24 140 1195 105 _ 2077
Since s < s, linear regression has merit /22-7
- - Pyx V2 ' g ' i S = =2.131
] ) ! =
23.5°
Pt = =0.869 s = 2277 0972
28x22.7 - 7-2

lains 86.9% of original uncertainty.
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CONFIDENCE INTERVAL

—or mean u with known variance
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CONFIDENCE INTERVAL
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Cl- example

Consider the 41 observations of the Young's modulus
given In Table (next slide). The sample mean and
standard deviation are 29,576 ksi and 1,507 Ksi,
respectively.

Assume further that the Young's modulus is known to
have a population standard deviation of 1,507 ksi.

Determine:
(a) the 95% confidence interval for the mean
(b) the 99% confidence interval for the mean.
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Cl- example

m E (ksi) m E (ksi)
1 25,900 21 29,400
2 27,400 22 209,400
3 27,400 23 29,500
4 27,500 24 29,600
5 27,600 25 29,600
6 28,100 26 29,900
7 28,300 27 30,200
8 28,300 28 30,200
9 28,400 29 30,200
10 28,400 30 30,300
11 28,700 Hil 30,500
12 28,800 32 30,500
13 28,900 33 30,600
14 29,000 34 31,100
15 29,200 35 31,200
16 29,300 36 31,300
17 29,300 37 31.300
18 29.300 38 31,300
19 29,300 39 32,000
20 29,300 40 32,700
41 33,400
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Cl- example

Step 1
1—-0=095, or ct=1-0.95=0.05
o/2=005/2=0025 and 1-c/2=1-0.025=0.975.

Step 2
Using the standard normal table

ko iz = ko025 = @7 (0.975) =1.96.
Siepid s 1,507
iy — 1.96 = 461.
NG NS

Thus, 95% CI is given by
< WU >495=(29,576-461; 29,576+461)=(29,115; 30,037) ksi.

Similarly, 99% CI can be found out as
K >505=1(29,576—-007; 29,576+ 607)=(28,969; 30,183) ksi.
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For mean u with unknown variance

fr()=

, —ce<t<oo

I‘[(f+ 1)/ 2] [1 +i]—(f+1)!2
JUT(F /20 f

X =1
P(—fa/z.n—l S S/ 7 S [(x/2,n—lJ =1—0.

= A} = S
<SH=y 5= [»’f ~las2,n-1 75"; X+ Loz ﬁ]
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Consider again the previous example

Assume that the variance 1s unknown

Since n =41, use student-t distribution with (n-1) = 40 degrees
of freedom

fos2,n-1 = 10.025,40 = L0.975,40 = 2.021

< U >g95=|29,576 —2.021 1’\/—5210_12; 29,576+ 2,021 15491“7}
=[29,100; 30,052] ksi.

18



14-09-2018

Consider again the previous example with a
minor twist

Assume that the variance Is unknown and only
10 samples of data are available

i 1,507 1,507
=\| 2 -2 262, =L : 576 +2.262 ——— | ks
< U >005 _ 9,576 6 o 29.576 6 i }kﬂl
=[28,498; 30,654] ksi.
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Linear Regression and CI

&

L )

X i

For Cl 95%, you can be 95% confident that the two
curved confidence bands enclose the true best-fit linear
regression line, leaving a 5% chance that the true line is
e those boundaries.

20



14-09-2018

A 100 (1 - &) % confidence mterval for y, 1s given by
Confidence interval 95% — «=0.05

. 1 (x,—X)°
y;‘ itozfz Sv/x — ¥
| N S

XX

Example: to estimate y when x 1s 3.4 using 95% confidence interval:

X; ¥; v =ox + B = 0.8363(3.4) + 0.0714 = 2.9148

95% Confidence - a=0.05 =7, =1, ,s(df=n-2 =5)=2.571
0.5

2.5

2
2.0 TInterval: 29148 + (2.571)(0.772)\X%+(3'42;4)

1
2
3
4 4.0
5
6
7

3.5
6.0 2.9148 + 0.7832 ‘

5.5
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MATLAB functions

Polynomial fitting:
Second-order polynomual:
y=ay,+ax+a,x’

Sum of the squares of the residuals:

22
Sr =Z(yf —d, —dax, _azxi)

22
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Fit a second-order polynomuial to the data

A Vi

0 2.1
1 7.7
2 13.6
3 27.2
4
5

40.9
61.1

2 15 152.6
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Solving by MATLAB polyfit Function

>> X =

>>y=

01234 5]

2.17.713.6 27.2 40.9 61.1];

>> ¢ = polyfit(x, vy, 2)

>> [c, s] = polyfit(x, y, 2)

>> st = sum((y - mean(y)).*2)

>> gr = sum((y - polyval(c, x)).*2)

>> 1 = sqrt((st - sr) / st)
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Evaluate polynomual at the points defined by the mput vector

>> y = polyval(c, Xx)
where x = Input vector

y = Value of polynomial evaluated at x

¢ = vector of coeflicient in descending order
Y = c(1)*x2+ ¢c(2)*x@D +  +¢(n)*x + c(n+1)

Example: y=1.86071x%+ 2.35929x + 2.47857

>>

| \ \\\\\\\ \

[1.86071 2.35929 2.47857]
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Errors

By passing an optional second output parameter from polyfit as an input
to polyval.

>> [c,s] = polyfit(x,y,2)

>> [y2,delta] = polyval(c,x,s)

>> plot(x,y,'o',x,y2,'g-",X,y2+2*delta, 'r:"',x,y2-2*delta, 'r:")

Interval of £2A = 95% confidence interval
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