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/ Probability Paper Plot \

Let X be a random variable with PDF P, (x).

Let {x,}  be a sample of X.
Pmbﬁty paper 1s a special plotting device i which

v-axis 1s scaled mn such a way that the PDF function

appears as a straight line.

Example

Py (x)=1-exp(-Ax)&— AL 20
1- Py (x) =Gy (x)=exp(—Ax)

log G, (x)=—Ax

The complement of the cumulative PDF

appears as a straight line. /




Probability Paper Plot
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PP plot-for practice

5.96 25
6.83 2Ek
6.84 2oL5
8.17 2
8.68 S0
8.74 2
9.41 30.88
10.36 Sl
159 34.28
22.5 et
99 7 37.407
93 40.03
23.509 Sbte
23.6 48.53
23.7 ik

94 7 46.31
95 9 46.397
25.407 ion
50.888

63.319




01-09-2019

Maximum Likelihood Estimation

General Mathematical Statement of Estimation Problem:

For... Measured Data x = [ x[0] x[1] ... x[N-1] ]
Unknown Parameter 6=1[6, 6, ... & ]

0 1s Not Random
X 1s an N-dimensional random data vector

Q: What captures all the statistical information needed for an
estimation problem ?

A: Need the N-dimensional PDF of the data, parameterized by 6

p(x;0)

We’ll use p(x;0) to find 0= z(x)




Maximum Likelihood Estimation

Let f(x;#) be the density function of population X

@ 1s the only parameter to be estimated

from a set of sample values xy,x2,...,x,

Joint density function of the sample
[ (X1, X0, e vee e e, X3 0)

This is in general difficult to work with
« Simplify it by making independence assumption

» Each sample is sampled independently of the others

» Each sample belongs to the same parent distribution

Joint density simplifiesto  f(x1;0)f (x2;0) - - - f (x,; 0)
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/Maximum Likelihood Estimation

A better and somewhat well behaved function: Likelihood

We define the likelihood function L of a set of n sample values from the
population by

L(xlax,?: ey X 9) =f(x1:|9)f(x2:6) o 'tf(xﬂ;g)'

In the case when X i1s discrete, we write

L(J—’l;xz; ooy X 9) — p(xl : g)p(xh 6) o 'p(xﬁ; 9)

 Likelihood function L is a function of a single variable

« Method of maximum likelihood: Comprises of choosing, as

an estimate of @, the particular value of that maximizes L
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/Maximum Likelihood Estimation

The maximum of L(0) occurs at the value of 6 where dL(#)/df is zero.

Hence, in a large number of cases, the maximum likelihood estimate

(MLE) 0 of 0 based on sample values x,x2,..., and x, can be determined

from

o~

dL(x1,x2,...,Xn;0)
dé

= 0.
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/ Gaussian with known sigma \

@ the log-likelihood is:

n n
_ 1 te-—1 1 d
; In p(X;|0) = j; —5(Xj — 1) T (Xj — p) — 5l (2m)7 |2
@ The gradient wrt to the mean is:
n n
VY np(xj6) =" T (x; — p)
j=1

j=1

@ Setting the gradient to zero gives:

n
- Y-y =0 = p=-3x /
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Gaussian with unknown mean &
sigma

@ the log-likelihood is:

i = Z (X —miF = %11’1 27w0°

@ The gradient is:

Xij —
V#?nglz Z} 1 2( H) ] o

(G —p)°
Ve~ e

1 » 1¢ 2
— szf g = EZ(){J; — 1)
J_

'
Question: Work out the case where sigma is known and varies
& at each point




