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Convergence of Random Process

Definitions:

Sequence of RVs: {𝑋𝑛, n ≥ 1};       𝑛 ∈ 𝑁

𝐸 [𝑋𝑛
2] < ∞

Mean squared Error: MSE 𝑋𝑛, 𝑋 ≔ 𝐸 (𝑋𝑛−𝑋
2]

Limit in mean square: l. i. m.
𝑛→∞

𝑋𝑛= 𝑋

Is the same way of stating lim
𝑛→∞

MSE 𝑋𝑛, 𝑋 → 0
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Convergence of Random Process
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Mean Square Calculus

A random process X(t) is said to be continuous in 

mean square (m.s.) if

Theorem:

A random process X(t) is m.s. continuous, then it is

also continuous in mean

lim
𝜀→0

𝐸 𝑋 𝑡 + 𝜀 − 𝑋 𝑡 2 = 0

lim
𝜀→0

𝜇𝑋 𝑡 + 𝜀 = 𝜇𝑋(𝑡)
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Mean Square Calculus

Theorem: 

A random process X(t) is said to be m.s. continuous if and 

only if its autocorrelation function 𝑅𝑋 𝑡, 𝑠 is continuous

Theorem: 

A WSS stationary random process X(t) is said to be m.s. 

continuous if and only if its autocorrelation function 𝑅𝑋 𝜏 is 

continuous at 𝜏 = 0

Lemma: Wiener process X(t) is m.s. continuous
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Mean Square Calculus

A random process X(t) is said to have a m.s. derivative X'(t) if

l. i. m.
𝜀→0

𝑋 𝑡 + 𝜀 − 𝑋 𝑡

𝜀
= 𝑋′(𝑡)

l. i. m.
𝜀→0

implies limit in mean square

X(t) has the m.s. derivative X'(t), then its mean and autocorrelation-

function are given by
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Mean Square Calculus

Theorem: 

A random process X(t) has a m.s. derivative 𝑋′(𝑡) if 
𝜕2𝑅𝑋 𝑡,𝑠

𝜕𝑡 𝜕𝑠
exists at s = t
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Mean Square Calculus

The autocorrelation function of 𝑋′; 𝑅𝑋′ 𝑡, 𝑠 is  
𝜕2𝑅𝑋 𝑡,𝑠

𝜕𝑡 𝜕𝑠

If X(t) is WSS then RX′ 𝜏 = −
𝑑2𝑅𝑋(𝜏)

𝑑𝜏2

Although Wiener process X(t) is m.s. continuous, it does not 

possess m.s. derivative.
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Mean Square Calculus

• Wiener process X(t) does not possess m.s. derivative
𝜕𝑅𝑋 𝑡, 𝑠

𝜕𝑠
= 𝜎2 𝒰(𝑡 − 𝑠)

where 𝒰 is the unit step function

• However, a generalized derivative can be defined by using

the relationship between step function and the Dirac Delta 

function

𝑅𝑋′ 𝑡, 𝑠 =
𝜕2𝑅𝑋 𝑡, 𝑠

𝜕𝑠𝜕𝑡
= 𝜎2 𝛿(𝑡 − 𝑠)
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Mean Square Riemann Integral
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Mean Square Riemann Integral
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Mean Square Riemann Integral
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Mean Square Riemann Integral

Variance of Riemann Integral 0׬
𝑡
𝑓 𝑠 𝑊 𝑠 𝑑𝑠

Now Apply Fubini’s Theorem twice and derive the final integral form of

𝐸 𝑌2 𝑡 = ? ?
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Mean Square Riemann Integral
Example-1: Variance of the Integrated WP

The integral with respect to r is decomposed into the sum of two integrals with s as 

the integration limit such that the minimum function can be specified explicitly


