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𝒙(𝒕𝒊+𝟏) = 𝒙 𝒕𝒊 + 𝒂 𝒀𝒊 𝚫𝐭 + 𝒃 𝒀𝒊 𝚫𝑩𝒊 +
𝟏

𝟐
𝒃 𝒀𝒊 𝒃

′ 𝒀𝒊 𝚫𝑩𝒊
𝟐 − 𝜟𝒕 +

𝒂(𝒀𝒊)𝒂
′(𝒀𝒊) + 𝒃𝟐(𝒀𝒊)𝒂

′′(𝒀𝒊)
𝜟𝒕 𝟐

𝟐
+

𝒃(𝒀𝒊)𝒂
′(𝒀𝒊)∆𝒁 +

{𝒂(𝒀𝒊)𝒃
′(𝒀𝒊) +

𝟏

𝟐
𝒃𝟐(𝒀𝒊)𝒃

′′(𝒀𝒊)} (𝜟𝑾𝜟𝒕- 𝜟𝒁)+

+ 
𝟏

𝟐
𝒃(𝒀𝒊){𝒃(𝒀𝒊)𝒃

′′(𝒀𝒊)+𝒃
𝟐(𝒀𝒊)}

𝜟𝑾𝟐

𝟑
− 𝜟𝒕 (𝜟𝑾)

Euler-Maruyama Scheme 
Milstein 1.0 strong Method

Taylor 1.5 strong scheme

Through implicitness in Yi as:

𝑌𝑖 = 𝑏 𝑌𝑖 + 𝑏 𝑌𝑖 √Δ𝑡𝑖 −

𝑏(𝑌𝑖)
Results,

Stochastic Runge-Kutta

Evolution of the present techniques:
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STOCHASTIC DEQ: Preliminaries

ITO-Taylor expansion: Preliminaries

Consider the ODE 
𝑑𝑥

𝑑𝑡
= 𝑎 )𝑥(𝑡 ;           𝑥 𝑡0 = 𝑥0 & 0 ≤ 𝑡0 ≤ 𝑇

The solution can be written as: 𝑥 𝑡 = 𝑥 𝑡0 +න
𝑡𝑜

𝑡

𝑎 𝑥(𝑠) 𝑑𝑠

= 𝑥0 +න
𝑡𝑜

𝑡

𝑎 𝑥(𝑠) 𝑑𝑠

Define:
𝑑 𝑓 𝑥(𝑡)

𝑑𝑡
= ℒ𝑓 𝑥(𝑡)

For a function 𝑓 )𝑥(𝑡 we can write 
𝑑 𝑓 )𝑥(𝑡

𝑑𝑡
=
𝜕 𝑓 )𝑥(𝑡

𝜕𝑥

𝑑𝑥

𝑑𝑡

𝑑 𝑓 )𝑥(𝑡

𝑑𝑡
= 𝑎 )𝑥(𝑡

𝜕 𝑓 )𝑥(𝑡

𝜕𝑥

Eq. 1
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Integral equation : By defining a linear operator   ℒ = 𝑎 𝑥(𝑡)
𝜕

𝜕𝑥

Eq. 1 can be written in terms of the integral equation as:

𝑓 )𝑥(𝑡 = 𝑓 𝑥 𝑡0 +න
𝑡𝑜

𝑡

ℒ𝑓 )𝑥(𝑠 𝑑𝑠

Case-1) 

𝑓 𝑥(𝑡) = 𝑥(𝑡)

𝑑𝑥(𝑡)

𝑑𝑡
= ℒ𝑥 𝑡 = 𝑎 𝑥(𝑡)

𝜕𝑥

𝜕𝑥
= 𝑎 𝑥(𝑡)

𝑥 𝑡 = 𝑥0 +න
𝑡𝑜

𝑡

𝑎 𝑥(𝑠) 𝑑𝑠

Case-2)

𝑓 𝑥(𝑡) = 𝑎 𝑥(𝑡)

𝑑 𝑎 𝑥(𝑡)

𝑑𝑡
= ℒ 𝑎 𝑥 𝑡 = 𝑎 𝑥(𝑡)

𝜕

𝜕𝑥
𝑎 𝑥(𝑡)

𝑎 𝑥(𝑡) = 𝑎 𝑥(𝑡0) + න
𝑡𝑜

𝑡

ℒ𝑎 𝑥(𝑠) 𝑑𝑠Eq. 2

Eq. 3
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STOCHASTIC DEQ: Preliminaries

From 2 and 3 : x 𝑡 = 𝑥0 + 𝑡𝑜׬
𝑡
ℒ𝑎 𝑥0 + 𝑡𝑜׬

𝑡
ℒ𝑎 𝑥 𝑠2 𝑑𝑠2 𝑑𝑠

= 𝑥0 + 𝑎 𝑥0 න
𝑡𝑜

𝑡

𝑑𝑠1 +න
𝑡𝑜

𝑡

න
𝑡𝑜

𝑠1

ℒ𝑎 𝑥(𝑠2) 𝑑𝑠2 𝑑𝑠1

Eq. 4

Now for,           𝐹 = ℒ 𝑎 𝑥(𝑡)

𝑑 ℒ 𝑎 𝑥 𝑡

𝑑𝑡
= ℒ ℒ𝑎 𝑥 𝑡 = ℒ2𝑎 𝑥 𝑡

ℒ 𝑎 𝑥 𝑡 = ℒ𝑎 𝑥0 +න
𝑡𝑜

𝑡

ℒ2𝑎 𝑥 𝑠 𝑑𝑠

ℒ 𝑎 𝑥 𝑠2 = ℒ𝑎 𝑥0 +න
𝑡𝑜

𝑠2

ℒ2𝑎 𝑥 𝑠3 𝑑𝑠3 Eq. 5

𝑎 𝑥(𝑡) = 𝑎 𝑥(𝑡0) + න
𝑡𝑜

𝑡

ℒ𝑎 𝑥(𝑠) 𝑑𝑠
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𝑥 𝑡 = 𝑥0 + 𝑎 𝑥0 න
𝑡𝑜

𝑡

𝑑𝑠1 +න
𝑡𝑜

𝑡

න
𝑡𝑜

𝑠1

ℒ𝑎 𝑥0 +න
𝑡𝑜

𝑠1

ℒ2𝑎 𝑥(𝑠3) 𝑑𝑠3 𝑑𝑠2 𝑑𝑠1

= 𝑥0 + 𝑎 𝑥0 න
𝑡𝑜

𝑡

𝑑𝑠1 + ℒ𝑎 𝑥0 න
𝑡𝑜

𝑡

න
𝑡𝑜

𝑠1

𝑑𝑠2 𝑑𝑠1 + ℒ2𝑎 𝑥(𝑠3) න
𝑡𝑜

𝑡

න
𝑡𝑜

𝑠1

න
𝑡0

𝑠2

𝑑𝑠3𝑑𝑠2𝑑𝑠1

= 𝑥0 + 𝑎 𝑥0 න
𝑡𝑜

𝑡

𝑑𝑠1 + ℒ𝑎 𝑥0 න
𝑡𝑜

𝑡

න
𝑡𝑜

𝑠1

𝑑𝑠2 𝑑𝑠1 + 𝑅

𝑅 = න
𝑡𝑜

𝑡

න
𝑡𝑜

𝑠1

න
𝑡0

𝑠2

ℒ2𝑎 𝑥(𝑠3) 𝑑𝑠3𝑑𝑠2𝑑𝑠1

From Eq. 4 and 5 :
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2. STOCH-DEQ: ITO-Taylor expansion

𝑑𝑥 𝑡 = 𝑎 )𝑥(𝑡 𝑑𝑡 + 𝑏 𝑥 𝑡 𝑑𝐵 𝑡 , 𝑥 𝑡0 = 𝑥0

Starting point: Diffusion Equation and Ito’s lemma

𝑑𝑓 𝑥 𝑡 = 𝑓′ 𝑥 𝑡 𝑑𝑥 𝑡 +
1

2
𝑓′′ 𝑥 𝑡 𝑏2 𝑥 𝑡 𝑑𝑡Ito’s Lemma: 

𝑑𝑓 𝑥 𝑡 = 𝑓′ 𝑥 𝑡 𝑎 𝑥 𝑡 𝑑𝑡 + 𝑏 𝑥 𝑡 𝑑𝐵 𝑡 +
1

2
𝑓′′ 𝑥 𝑡 𝑏2 𝑥 𝑡 𝑑𝑡

= 𝑎 𝑥 𝑡
𝜕𝑓′ 𝑥 𝑡

𝜕𝑥
+
1

2
𝑏2 𝑥 𝑡

𝜕2𝑓 𝑥 𝑡

𝜕𝑥2
𝑑𝑡 + 𝑏 𝑥(𝑡)

𝜕𝑓 𝑥 𝑡

𝜕𝑥
𝑑𝐵(𝑡)

𝑓 𝑥 𝑡

= 𝑓 )𝑥(𝑡0 +න
𝑡𝑜

𝑡

𝑎 𝑥 𝑠
𝜕𝑓 𝑥 𝑠

𝜕𝑥
+
1

2
𝑏2 𝑥 𝑠

𝜕2𝑓 𝑥 𝑠

𝜕𝑥2
𝑑𝑠 + න

𝑡0

𝑡

𝑏 )𝑥(𝑠
𝜕𝑓 𝑥 𝑠

𝜕𝑥
𝑑𝐵(𝑠)

Eq. 2.1
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STOCH-DEQ: ITO-Taylor expansion

ℒ0 = 𝑎 )𝑥(𝑠
𝜕

𝜕𝑥
+
1

2
𝑏2 𝑥 𝑠

𝜕2

𝜕𝑥2
and ℒ1 = 𝑏 )𝑥(𝑠

𝜕

𝜕𝑥
Define:

Eqn. 2.1 becomes 𝑓 𝑥 𝑡 = 𝑓 )𝑥(𝑡0 +න
𝑡0

𝑡

ℒ0𝑓 )𝑥(𝑠 𝑑𝑠 +න
𝑡0

𝑡

)ℒ1𝑓 𝑥 𝑠 𝑑𝐵(𝑠 Eq. 2.2

𝑓 𝑥 𝑡 = 𝑥 𝑡

ℒ0 = 𝑎 𝑥(𝑠)
𝜕

𝜕𝑥
+
1

2
𝑏2 𝑥 𝑠

𝜕2

𝜕𝑥2
𝑥 𝑡 = 𝑎 𝑥(𝑠) ; ℒ1 = 𝑏 𝑥(𝑠)

𝜕

𝜕𝑥
𝑥 𝑡 = 𝑏 𝑥(𝑠)

𝑥 𝑡 = 𝑥 𝑡0 +න
𝑡0

𝑡

ℒ0 𝑥(𝑠) 𝑑𝑠 + න
𝑡0

𝑡

ℒ1 𝑥 𝑠 𝑑𝐵(𝑠)

= 𝑥 𝑡0 +න
𝑡0

𝑡

𝑎 𝑥(𝑠) 𝑑𝑠 + න
𝑡0

𝑡

𝑏 𝑥 𝑠 𝑑𝐵(𝑠)
Eq. 2.3
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Further for  𝑓 𝑥 𝑡 = 𝑎 𝑥 𝑠 and using eq. 2.2 

𝑎 𝑥 𝑠 = 𝑎 )𝑥(𝑡0 + 𝑡0׬
𝑠1 ℒ0 𝑎 )𝑥(𝑠2 𝑑𝑠2 + 𝑡0׬

𝑠1 ℒ1 𝑎 𝑥 𝑠2 𝑑𝐵(𝑠2) Eq. 2.4

For  𝑓 𝑥 𝑡 = 𝑏 𝑥 𝑠 and using eq. 2.2 

𝑏 𝑥 𝑠 = 𝑏 𝑥 𝑡0 + 𝑡0׬
𝑠1 ℒ0 𝑏 )𝑥(𝑠2 𝑑𝑠2 + 𝑡0׬

𝑠1 ℒ1 𝑏 𝑥 𝑠2 𝑑𝐵(𝑠2) Eq. 2.5

Inserting the results of Eqs. 2.4 and 2.5 into Eq. 2.3

𝑥 𝑡 = 𝑥 𝑡0 +න
𝑡0

𝑡

𝑎 𝑥(𝑡0) + න
𝑡0

𝑠1

ℒ0 𝑎 𝑥(𝑠2) 𝑑𝑠2 +න
𝑡0

𝑠1

ℒ1 𝑎 𝑥 𝑠2 𝑑𝐵(𝑠2) 𝑑𝑠1

+න
𝑡0

𝑡

𝑏 𝑥(𝑡0) + න
𝑡0

𝑠1

ℒ0 𝑏 𝑥(𝑠2) 𝑑𝑠2 +න
𝑡0

𝑠1

ℒ1 𝑏 𝑥 𝑠2 𝑑𝐵(𝑠2) 𝑑𝐵(𝑠1)

= 𝑥 𝑡0 +න
𝑡0

𝑡

𝑎 𝑥 𝑡0 𝑑𝑠1 +න
𝑡0

𝑡

𝑏 𝑥 𝑡0 𝑑𝐵 𝑠1 + 𝑅
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𝑅 = න
𝑡0

𝑡

න
𝑡0

𝑠1

ℒ0𝑎 𝑥(𝑠2) 𝑑𝑠2 +න
𝑡0

𝑡

න
𝑡0

𝑠1

ℒ1𝑎 𝑥(𝑠2) 𝑑𝐵(𝑠2) 𝑑𝑠1

+ න
𝑡0

𝑡

න
𝑡0

𝑠1

ℒ1𝑏 𝑥 𝑠2 𝑑𝑠2𝑑𝐵(𝑠1) + න
𝑡0

𝑡

න
𝑡0

𝑠1

ℒ1𝑏 𝑥(𝑠2) 𝑑𝐵(𝑠2) 𝑑𝐵(𝑠1)

R is referred to as the remainder term. We will learn more about this in 

the next lecture  


